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A maximum energy approach is investigated in this paper to design fixed wideband beamformer. This approach has been
improved by integrating response variation (RV) into the target function to maintain the frequency invariant property of wideband
beamformer over the whole passband. Two methods for designing null to suppress interference signal also have been proposed to
make the wideband beamformer robust in complicated environment. Comparisons among other methods are provided to illustrate
the effectiveness and enhancement of performance of the new approaches.

1. Introduction

The term beamforming is derived from early spatial filters
that were designed for beams in order to receive a signal
radiated from a specific location and attenuate others from
other locations [1, 2]. Beamforming is widely adopted by sig-
nal processing of radar, sonar, communication, seismology,
geophysics, and so on [3-7].

Wideband beamforming has attracted increasing atten-
tions in recent years because of the advantages of wideband
signal such as larger channel capacity. Wideband beamform-
ing can be achieved mainly through two approaches: adaptive
wideband beamforming and fixed wideband beamformer.
Fixed wideband beamformer directly constrains the response
of beamformer, and the beam pattern is constant once set.
Three approaches are mainly adopted to design the fixed
wideband beamformer: iterative optimization, least square
approach, and eigenfilter approach [2]. Eigenfilter approach is
efficient because no matrix inversion (least square approach)
or iteration (iterative optimization) is required during the
optimization.

Eigenfilter is a filter whose coeflicients are the elements
of an eigenvector. It was first proposed to design digital filters
and then extended to the design of beamformer [8]. In [9],
fixed wideband beamformer was achieved by maximizing the

ratio of mainlobe’s energy to sidelobe’s energy through eigen-
filter approach. It can also be achieved by minimizing total
least squares error between reference response and responses
over wide passband, both in near field and in far field [9, 10].

All the methods above have not discussed the design of
null for interference, which is of great importance for beam-
former to get a good result in complicated environment with
inferences. The width of mainlobe varies over the passband.
It will produce distortion if the signal is not coming from the
main direction. Response variation (RV) was introduced in
[11-14] to maintain a good frequency invariant property in
wideband beamforming.

An improved maximum energy approach is proposed to
design fixed wideband beamformer. In this approach, RV is
integrated into the target function with a trade-off coeflicient,
which makes it possible to get a good frequency invariant
property and constrain the beamformer’s response directly
at reference frequency simultaneously. Two methods for null
designing are discussed: linear constraint approach and null’s
expanded energy approach. Both methods are transformed
into a standard maximum energy problem and can be solved
through a generalized vector approach.

The outline of the paper is as follows.

In Sectionl, a brief introduction about the wideband
beamforming is made.
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In the next section, a TDL (Tapped Delay Line) structure
and beam patterns are described. The standard maximum
energy problem and generalized vector approach are also
discussed in this section.

In Section 3, we will describe the method we proposed
with improved target function and simplified constraint. Two
methods for designing null are shown as well, both of which
can be casted into a standard maximum energy problem.

The methods are tested in Section 4. The results demon-
strate the effectiveness of the proposed methods compared
with other methods.

2. Wideband Beamforming through Maximum
Energy Approach

2.1. Wideband Beamforming Model with TDL Structure. A
TDL structure is shown in Figure 1, where there is a linear
array that consists of M sensors with a J order FIR connecting
to each of them.

The symbol “A” in the structure represents a TDL unit
which produces a delay of 7, which has been set to sampling
time T for simplicity.

The output of this TDL structure can be expressed as
follows:

y(t) = wix (), M
where
W = [w0,0’ ey wM_l,]—l]T
x(t) =[x ()5 s Xpy (), %0 (E=T5)5-., @

T
xya (-0 -DTI]
where w is M] x 1 weight vector and x(¢) is the received signal
through TDL structure.
We denote the received signal at the first sensor by x(t).

It can be represented as an inverse Fourier transformation
within the bandwidth [w;, wy,]:

x, () = % J ' X, (0) e duw. (3)

Thus, the signal at mth and ith unit of the TDL structure
can be represented as

1 (% L .
Xy (t) = % J XO (w) er(t (Tm+sz))dw. (4)

Wy
Hence, (1) can be derived in a new form:

L[ S (z,,+T,)
[7) —Jw(T, 1 *
y(t) = Py J X, (w) e’ E E g T Tt w,, dw

@ m=0 i=0

©)

1 i jwt
= —J X, (w) e P (6, w) dw,
27 Jo,
where P(0,w) is the response of the beamformer and is
expressed as
M-1]-1 .
P,0) =Y Ye My = wha(w,6), (6

m=0 i=0
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FIGURE 1: Structure of TDL.

where a(w, 0) is the steering vector of the TDL structure; that
is,

—jwT, —jwTy —jw(ty+T;)
a(w,@)z[e] 0 ., e ML TN D

7)

= jw(rM,1+(1—1)Ts)]T ’

where w is the frequency and 0 is the arriving direction of the
signal. 7,7, ..., Ty, is the time delay in the array, which
can be computed through 7,, = md x sin(0)/c, where m =
0,...,M — 1and c is the speed of light.

For fixed wideband beamformer, P(w, 0) is only related to
the weight vector and steering vector of the array.

2.2. Maximum Energy Approach. Maximum energy ap-
proach can provide a closed-form solution to the fixed
wideband beamformer and it is computationally efficient
because no matrix inversion is involved.

Given a Hermitian matrix R and a positive definite matrix
B, generalized Rayleigh ratio is described as

w'Rw )

wHBw'
Equation (8) reaches its maximum when w is the general-
ized eigenvector corresponding to the maximum generalized
eigenvalue of matrix pair R and B, Rw = A_  Bw, and
reaches its minimum when w is the generalized eigenvector
corresponding to the minimum generalized eigenvalue of
matrix pair R and B, Rw = A ; Bw.

According to the property of (8), the design of fixed
wideband beamformer can be implemented by maximizing
the Rayleigh ratio of beamformer’s energy on angle range of
interest to the energy over the whole direction area on the
passband. For simplification, the angle range of interest is
referred to as mainlobe in the paper, and the angle range that
is not of interest is referred to as sidelobe. Hence,

.[QPB I@ML |WHa (w, 9)|2 dfdw

ax 5 . 9)
w IQ I®|wHa(w,9)| dodw
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In (9), the numerator is the energy of the beamformer
on mainlobe ®,; on passband Qpp and the denominator
represents the beamformer’s energy over the whole angle
region ® on Qpp.

A variation of (9) is achieved by replacing the beam-
former’s energy over whole direction area with the energy
only on sidelobe:

Jo, o, [Wa e, 6)| d6 dw

w jQ .[®~ |wHa (w,0)|” dodw
which is equivalent to
H
maxw’ 1)
v wHAGw
where
Ay = J J a(w,0)a(w 0 dodw
QPB ®ML
(12)

Ag = J J a(w,0)a(w, 0" dodw.
Qpy JO

SL

Maximum energy approach does not guarantee a smooth
constant response over different frequencies [2]. Linear con-
straints C'w = f can be added to get a smooth response
at mainlobe by directly constraining the response of the
beamformer over different frequencies [2]. C is NJ x J
constraint matrix and f is the J x 1 response vector. Thus, (11)
becomes
wHAMLw

m“;}x o
w ASLW (13)

subject to  CHw =f.
Equation (13) can be transformed into another form:

—HT  ~
A
max ML
w w ASLW (14)
. =H__
subjectto C W =0,

where

Ay = :
ML 0 0]
(15)
_ [ASL o]
SL — 0 0 ’
c=[c" £

It is shown in the constraint of (14) that W locates in
the null space of C. Equation (14) can be transformed into a
standard maximum energy problem by introducing a matrix

Z whose columns are the bases of the null space of C and it
satisfies W = Zw. Hence,
Wz Ay ZW
maxH—AMLw (16)
W WZHAGZw

Equation (16) is a standard maximum energy problem and
can be solved through generalized vector approach. As we can
see in the first equation in (15), the first M] elements of W can
be regarded as w only when the last element of W has been
scaled to —1.

3. Improved Maximum Energy Approach

3.1. Maximum Energy Approach with Response Variation. RV
describes the Euclidean distance between responses at ref-
erence frequency and responses at other frequencies within
whole angle-frequency region of interest.

In [11-14, 16], a general form of RV is defined:

RV = J J 'wHa (@,0) - w'a(w,, 6)'2 dbdw
Oep 10 17)

H
=w Apyw,

where

A= [ @@8)-a(w.0)
Qpy 1O (18)

-(a(@,0) - a(w,,6))" do dw,

where O represents the range of angles RV measured.

The introduction of RV factor makes it possible to
constrain response directly on the reference frequency. The
energy of mainlobe and sidelobe also can be simplified as
follows:

w'a (w,,0,) =1 (19)

AML,=J a(w,0)a(w,0) do (20

®ML

Ag= [ a@n0)al@.0)d. @

SL

Equation (19) constrains the response of beamformer at
looking direction 6,; without distortion.
Equation (13) can be transformed into a new form with
RV and new constraint:
wHAML,w

max
v wH (Ag, + aAgy) W (22)

subject to  w''a(w,,0,) =1,

where « is a positive trade-oft coeflicient, usually larger
than 1, affecting the frequency invariant (FI) property. The
beamformer will achieve better FI property with larger «.
However, if the value of « is too large, the whole beam
patterns will be degraded.



Equation (22) can be transformed into a similar form to
(14):

WAy, W

max =
w WHASRrW (2 3)

subject to clw= 0,

where
6 _ Pa(wr>0d)j| ’
1
Ay = 0 ' 0] )
(24)
- [(Ag, + aAgy) 0
Aspr = ’
0 0
W= [wH —I]H

Similarly, (23) can be transformed into a new standard
maximum energy problem:

—HryH~S —
W Z Ay LW
W W ZHAG ZW
Equation (25) reaches its maximum when W is the generalized
eigenvector corresponding to the largest generalized eigen-
value of matrix pair ZA; Z and ZH AR Z.

3.2. Design of Null Point

3.2.1. Design of Null with Linear Constraint on Null's Response.
Null can be generated by directly imposing a constraint at
interference angle 0; at reference frequency w,:

w'a(w,,0,) = &, (26)

where ¢ is a small positive value, usually smaller than 1, of
the response at null point. Null’s response in decibels can be
computed through —201g e dB.

With this constraint, (22) is rewritten as

max WHAMLrW
W wH (A, + aAgy) W
27
subject to - w''a (w,,6,) = 1 @7)
w'a(w,,0,) = ¢.

Hence, (27) can be transformed into a similar form to (14):

~H75 -~
WA W
m“271X AHAMLrA
WA, W (28)

—H
subject to C W =0,

Journal of Electrical and Computer Engineering

where
6 _ Fa(wr’ed) a(wr’ei)] i
1 &
-~ FAMLr 0
Ay, = 0 0] >
(29)

A _ F(ASLr+(XARV) 0:|

SRr 0 0 >

W= [wH —I]H

And (28) changes into an unconstrained form by introducing
a matrix Z which satisfies W = Zw:

wHzZHA,, Zw
max*MLrw. (30)
W WIZHAG Zw

Equation (30) is a standard maximum energy problem and
reaches its maximum when W is the generalized eigenvector
corresponding to the largest generalized eigenvalue of matrix
pair Z7 Ay, Z and Z7 A 7.

3.2.2. Design of Null with Expanded Nulls Energy. Null's
energy at reference frequency is defined as

J |wHa ((u,,0)|2 do = wAy w
®NL
©
Ay, = J a(w,,0)a(w,0)" d6.
®NL

Null is designed for interference, which usually locates in
sidelobe: @y, € O; .
Then, (22) changes to a new form by replacing Ag;, with

Agr, + BANL:

H
A

max  — W AmLW

W W (Ag, + PA, + adAgy) W (32)

subject to  w''a(w,,0,) =1,

where f3 is the expansion coeflicient which is also a large
positive value used to expand null’s energy in target function.
Commonly, null is lower with larger . The value of f is
related to the actual beamformer, usually bigger than 1000 for
a null low enough.

Thus, (32) can be transformed into a new form like (14):

~H73 —
W AW
m“gx — MLrA
W Agri, W (33)

—H
subject to C W =0,
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where
/c _ —a(wr’ed)] i
1
-~ —AMLr 0
Ay, = 0 0] >
(34)
i B [(Agr, + BAxy, + @Agy) 0]
SRNr - 0 ol’
w=[w —1]".

Similarly, (33) can be transformed into a standard maxi-
mum energy problem:

—HrH~ —
Z7Ay,Z
max MUY (35)
W WHZHAGN, ZW
Equation (35) reaches its maximum when W is the generalized
eigenvector corresponding to the largest generalized eigen-
value of matrix pair Z7 A, Z and Z7 Ay, Z.

4. Performance Analysis

In this section, we will test and analyze the performance of the
methods proposed. The relative coefficients will be discussed
as well.

4.1. Experiment 1. The simulations are performed based on
the specifications as follows:

(i) A TDL structure with M = 14 and J = 20 is adopted
during the simulation.

(ii) Half of the sampling frequency f, has been scaled to
7 and has been sampled to 64 narrow bands; the wide
passband is set as Qpp = [0.57, 7], and the reference
frequency is set as w, = 0.771.

(iii) Space between elements is half of the wavelength
corresponding to the highest frequency of passband.

(iv) Desired signal is coming from 0°, the interference
signal comes from 50°, and null is set to be [48°, 52°].

(v) Mainlobe is set as ®,;; = [-15°,15°] and sidelobe is
settobe Qg = [-90°,-20°]U[20°, 90°], and the whole
direction area is sampled every 1°.

(vi) « = 10 and ¢ = 10* in method I; & = 200 and B =
9 x 10* in method 2.

(vii) To get a real-value w, all the matrices during the
computation are the real part of the original matrices.

Beamformer’s responses through the 2 proposed methods
are shown in Figures 2 and 3, respectively.

Good beam patterns have been achieved with distortion-
less mainlobes point at 0° and nulls reach —80 dB or lower.

To illustrate the effectiveness of the proposed methods
described in (27) and (32), we compare them with the method

Response of beamformer (dB)

~100 : : : : :
-90 -60 -30 0 30 60 90
DOA (°)

FIGURE 2: Response of beamformer with proposed method 1.

=20

—40

—60

Response of beamformer (dB)

—80

~100 : ; ;
-90 0
DOA ()

FIGURE 3: Response of beamformer with proposed method 2.

from [2, 15]. In [15], the design of wideband beamformer
was achieved through convex optimization. The weighting
functioil in [15] has been set as F(w,0) = 1,8 = 1 x 107°,
e=10""

We test these methods versus width of mainlobe over
passband, RV value of mainlobe, peak sidelobe level (SLL) of
the beam patterns averaged over passband, and suppression
values of null point.

The results are shown in Table 1.

The nulls generated by these four methods are con-
strained to —80dB, which is very good suppression for
interference signal. It can be seen in Table 1 with RV taken
into consideration during the design of fixed wideband beam-
former that both the proposed methods and the method in
[15] achieved constant beam width and smaller RV; however,
the values through the proposed methods are smaller. The
SLL produced by the proposed methods are more than 10 dB
lower than those from the method in [2, 15], indicating better
suppression over the sidelobe region.
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TaBLE 1: Evaluation of four methods.

Measurement Method in [2] Method in [15] Method 1 Method 2
Width of beam [-12°,11°] [-10°,9°] [-10°,9°] [-10%,9°]
RV of mainlobe 7.69 x 107 327x107° 1.98x 107" 3.96 x 107"
SLL (dB) -21.06 -27.03 —-44.2 -38.21

TABLE 2: Evaluation of the two proposed methods with different «.

N Method 1 Method 2
RV SLL (dB) RV SLL (dB)

1 6.85 x 1078 -45.21 175 x 1077 -41.71
10 1.98 x 1071° —442 221%x107° -40.99
20 1.76 x 10710 —44.04 6.60 x 10710 -40.23
50 1.07 x 10710 —43.37 761 x 10710 -38.51
100 6.44 x 1071 -42.69 4.04 %1071 -38.39
200 481x1071 -42 3.69 x 1071 -38.21
500 9.61 x 10712 —40.55 317 x 107" -3741
1000 1.81x107*2 -39.17 419x 1071 -3752

In order to investigate how the RV and SLL change with
different o, more simulations have been implemented and the
results are shown in Table 2 (all the specifications stay the
same except for «).

As we mentioned previously, larger « provide a small RV
(better frequency invariant property), but, at the same time,
SLL gets higher. One conclusion can be drawn from Table 2:
RV will not keep decreasing with the increasing of & (method
2; RV with & = 1000 is larger than that with « = 500). A good
beam pattern should be a balance between the RV and SLL
with an appropriate a.

4.2. Experiment 2. Wideband beamformer’s performance
decreases while the passband gets wider [2]. Wider passband
is discussed in this part to test the effectiveness of the pro-
posed methods. The specifications are described as follows:

(i) A TDL structure with M = 12 and J = 12 is adopted
during the simulation.

(ii) Half of the sampling frequency f, has been scaled to
7 and has been sampled to 64 narrow bands; the wide
passband is set as Qpp = [0.37, 7], and the reference
frequency is set as w, = 0.671.

(iii) Space between elements is half of the wavelength
corresponding to the highest frequency of passband.

(iv) Desired signal is coming from 10°, the interfer-
ence signal comes from —40°, and null is set to be
[-42°, -38°].

(v) Mainlobe is set as @y = [-5°,25"] and sidelobe is set
to be Qg = [-90°,-10°] U [30°,90°], and the whole
direction area is sampled every 1°.

(vi) @ = 10 and ¢ = 107> in method 1; &« = 20 and B =
5% 10° in method 2.

(vii) To get a real-value w, all the matrices during the com-
putation are the real part of the original matrices.

Response of beamformer (dB)
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FIGURE 4: Response of beamformer with proposed method 1.

Response of beamformer (dB)
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FIGURE 5: Response of beamformer with proposed method 2.

Beamformers’ responses through the 2 proposed meth-
ods are shown in Figures 4 and 5, respectively.

The beam patterns obtained are shown in Figures 4 and 5.
The mainlobes for both beam patterns are distortionless and
point at 10° as desired. All realized nulls are —60 dB or less.

Similarly, the proposed methods are compared with the
methods from [2, 15]. The weighting function in [15] has been
setas F(w,0) = 1,8 = 1x10™°, & = 107>, The results are shown
in Table 3.

All the nulls reach —60dB. The performances of four
methods decrease when we compare Table 3 with Table 1, due
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TABLE 3: Evaluation of four methods.

Measurement Method in [2] Method in [15] Method 1 Method 2

Width of beam [-3°,22°] [0°,19°] [0°,19°] [0°,19°]

RV of mainlobe 6.11 x 107 7.74x 1077 231%x107° 1.07 x 10710

SLL (dB) -18.21 —22.64 -30.24 -32.81

TABLE 4: Evaluation of the two proposed methods with different a.

N Method 1 Method 2
RV SLL (dB) RV SLL (dB)

1 831x107° -32.26 2.00%x 1077 -34.67
10 231%x107° -30.24 707 x 1071 -32.48
20 1.64x1078 —29.69 1.07 x 1071° -32.81
50 1.42x 1078 -29 1.53x 107 -321
100 1.86 x 1078 -28.37 5.90 x 10712 -31.14
200 9.99 x107° -2796 5.29 x 107! -31.36
500 250%107° -25.84 1.32x107"2 -29.85
1000 146 x107° —-24.87 1.42x 10712 -29.92

to the wider passband. But the results through the proposed
methods are still better than the rest. The mainlobes remain
constant over the whole passband, the SLL are more than 8 dB
lower than other methods, and RV through our methods is
smaller.

More simulations have been implemented to investigate
o and the results are shown in Table 4.

Similar to the previous discussion, RV decreases with the
increasing of « which also causes an increase in SLL (not
strictly satisfied in method 2). A good choice of & should take
both RV and SLL into consideration. One conclusion can be
drawn from Table 4: for a wider passband, using the second
method can achieve better beam patterns (smaller RV and
lower SLL).

5. Conclusion

In this paper, a fixed wideband beamformer designing
method based on maximum energy approach and RV has
been proposed and investigated, as well as two methods to
design null for interferences. Simulations show that good
frequency invariant property in mainlobes and stable nulls
for interference signal can be achieved through the proposed
methods and the sidelobe suppression with the proposed
methods is also lower.
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