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POSITIVE SOLUTION OF CRITICAL HARDY-SOBOLEV
ELLIPTIC SYSTEMS WITH THE BOUNDARY SINGULARITY
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(Communicated by Dongsheng Kang)

Abstract. In this paper, we are concerned with the existence of positive solutions to the system

oa—1,p8 .
—Au= quup lvqJr 200 u in 97

o+p \x\* ’
—Av = %u”vq’1 + % “ ‘;/‘3:1 , in Q, ©.1)
u>0,v>0, in Q
u=v=0, on 0Q,
where Q isa C? domainin RY with 0€9Q, 0<s<2, A >0, p+q=2"= 25, a+f =

2%(s) = % , N >3. We show that if Q = Rﬁ’ , problem (0.1) possesses a least energy solution
and if Q is bounded, 0 € dQ, there exists A > 0 such that problem (0.1) has at least a positive
solution provided 0 < A < A*.

1. Introduction

In this paper, we are concerned with the existence of positive solutions to the
system

Ay 20 p—1.g. 2Aa u® VB :
Au = Pl V+a+ﬁ mF oo N Q,

1 .
“Av= 24 ypya-1 2AB WL i in Q

pta atf R ’ (1.1)
u>0,v>0, in Q
u=v=0, on dQ,

where Q is a C2 bounded domain in RY with 0€ 9Q, 0<s<2, 1 >0,

2N
+g=2"= o+ 2"
ptaq N3 ¢tB=20)=
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The exponent 2*(s) is the critical exponent for the Hardy-Sobolev inequality

uP'® N7 )
/ dx SC/ |Vul|”dx (1.2)
RN ‘x‘s RN

for u € D'2(RN), where D'?(RY) is the completion of C;’(R") under the norm

1
lull pragny = (/]RN \Vul*dx)?.

Let Q be a domain in RY and denote by H{(Q) the usual Sobolev space, the best
constant () of the Hardy-Sobolev inequality is defined by

. Vul?dx
,us (Q) = lmf fQ 2‘* B ‘ 5 -
ueHy (Q\O} ([, % dx) 7O

(1.3)

If s =0, (1.2) is reduced to the Sobolev inequality. The best constant fi;(Q) becomes
the Sobolev constant

Vul|*d
S=8(Q)= inf f“‘iu‘xz (1.4)
ueH} (Q)\{0} (fg \u|2* dx) 2%
Due to the scaling invariance, S(Q) = S(R"), that is, S(Q) is independent of the do-
main Q. It is well known that S is achieved if and only if Q = R", and by the function

N-2

Ue(x) = <L>T (1.5)

€24 |x|?

Similarly, if s # 0 and 0 € Q, we also have u(Q) = u(RY). Thus p,(Q) is never
attained unless Q = RY. However, if s # 0 and 0 € dQ, the quantity () may
depend on the domain Q. In fact, Ghoussoub and Robert [6, 7] proved that p;(Q) is
attained if, among other things, the mean curvature H(0) of dQ at 0 is negative. This
fact was used in [5] to study the existence of positive solutions of the critical problem

W2 91

+Au’, u>0 in Q u=0, on JQ, (1.6)

—Au=
Jx]*

where A > 0,1 <p< %, and Q is a bounded domain in RY,0 € Q. In the spirit

of [2], it was shown in [5] that the associated functional of (1.6) satisfies the (PS).
condition for ¢ € (0, ﬁ Us(Q) %) . Then the existence result can be obtained as [2]
by the mountain pass theorem. It was discussed in [1 1] the existence of a similar prob-
lem with Neumann boundary condition and 0 € dQ. In [9], the existence of positive

solutions for the problem with double critical nonlinearities

u (-1 N2

—Au= +Auv=2, u>0 in Q5 u=0, on JQ, (1.7)

]
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was considered. As a replacement of the energy level related to the best constant, the
least energy c( of solutions of the problem

2% (s)—1
]

was taken into account. It was proved that the (PS). condition holds for the functional
related to (1.7) and ¢ € (0,¢g).

In this paper, we consider the existence of positive solutions of system (1.1) with
double critical exponents and 0 € dQ. In [3], the existence of solutions for a critical
singular system was considered in € with 0 € Q. In our case, the geometry at the
singularity should be considered.

Suppose throughout this paper that dQ is C? at 0, the mean curvature of JQ at
0 isnegative,and 0 <s < 1 if N=3,0<s<2if N >4.

" +AuME, u>0 in RY, u=0, on IRV, (1.8)

—Au=

Let )
\Y \%
(u,v)€(Hg (2))2\{0} (folul?|v|adx) >
where 2 < p+¢q < 2*. We know from [1] that
Spq(Q) = (s)ﬁﬂg)% S(Q). (1.10)

Since S is independent of the domain €, sois S p7q(Q). Moreover, if wy is a minimizer
of S(RY), then (p1wo,q1wo) is a minimizer of S, ,(RY) with p;,q; € R satisfying

iy

We first consider the existence of the least energy solution of the problem

2p p—1.q . 2Ac u® LB . N
_Au—p+qu vl + , in RI,

otf
Ay — 24 ,pg—1 | 2AB u%B-! : N
Av= g™+ axp e 0 Ry (1.11)
u>0,v>0, in RY,
u=v=0, on JRY,

where RY = {x = (x1,---,xy_1,%v) € RV xy > 0} is the half space. The functional
associated to system (1.11)

1 1 2 24 u*WP
J = ~|Vul> + =|Vv)* = Pyl — —— ——)d 1.12
)= [y GVl 4510 == s ae

is C! on H}(RY) x H}(RY). We firstly construct an approximating sequence of so-
lutions by solving a subcritical system, then using blow up argument, we analyse the
limiting behavior of the sequence. In contrast with one equation case, there are two
components of the approximating sequence of solutions for the system, so we need to
carefully study the limiting behavior of both components. We find that both compo-
nents of approximating solutions have the same blow up rate. Eventually, we show that
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there exists a least energy solution of problem (1.11). By a least energy solution of
problem (1.11), we mean a solution with the energy level

co = inf{J(u,v) | (u,v)is a positive solution of (1.11) and J(u,v) > 0}, (1.13)

that is, it is a solution with the least energy among all solutions. We have the following
result.

THEOREM 1.1. For N >3, A >0, there exists a least energy solution (u,v) of
system (1.11). Furthermore, the energy cq of the least energy solution satisfies
1 2w y

co=J(u,v) < NZTSIW' (1.14)

Next, we turn to the existence of positive solutions for problem (1.1). We will
show that the functional associated to problem (1.1)

1 1 2 20 uP
I(u,v :/(—Vu2+—Vv2——upvq— )d
(u:v) Q 2‘ | 2| | rP+q o+ |x*
defined on H}(Q) x H}(Q), satisfies the (PS). condition for ¢ € (0,cp). Using the
blow up argument again, we obtain

(1.15)

THEOREM 1.2. Suppose that the mean curvature of dQ at 0 is negative. There

exists A* > 0 such that system (1.1) has at least a positive solution provided 0 < A <
At

In section 2, we find an upper bound of the mountain pass level of / and give a
nonexistence result for problem (1.1). Then, we prove Theorem 1.1 in section 3 and
Theorem 1.2 in section 4 respectively.

2. Some estimates and nonexistence results

In this section, we find an upper bound of the mountain pass level of 7, which
will be used in the proof of Theorem 1.2. We also establish a nonexistence result for
problem (1.1).

LEMMA 2.1. For A >0, there exist nonnegative functions uy and vq in H} () \
{0}, such that 1(up,vo) < 0, and
1 2w

I(tug,iv0) < ~22"S
max ] (tuo,1vo) <

Sz

» 2.1)

Proof. Let U be givenin (1.5) and Z—ll = \/g. Then (pU,q U) is the minimizer
of S,4(RY). Let xo be an interior point of Q such that Bs,(xg) C Q. Take ¢ €
Co (B3, (x0)) be a cutoff function such that ¢@|g () =1 and 0 < @ < 1. Let

N=2 X — X N=2 X — X0

WU, vel) = e 90U

ug(x) = p1€
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We have ug,ve € H} (Q).
Now, we estimate each term in I(ug, v, ). Note that

[ eWu—)Vevu(—2)ax
BZr(x())
1 X — X X — X0
=5, VWP a5 [ pWap (L ax
By, (x0) B)(xp) €
we deduce that
_N=2 X — Xi
[ VuePar=pt [ 1v(e"7 oo () Pax
Q Q €
_ X—X0.|2
= P N/ o) VU (=20 P ax
BZr(XO) £
2.2-N 2,X—X0
—pl€ / U o (x)Ap(x)dx
! Bar (%0)\Br(x0) (T )eae)

=ntf,  VUOIPR 0t e)ay
U2 (7)@(x0 + £Y)AQ(xo + £y) dy.

Direct calculation gives

i VUGPay=pt [ VU)ot
B, (0) RY

and
et [ U2(3) (v + £3) @i+ £7) dy = O(e"2).
B, (0)\B1(0)
Hence,
[ IVuePax=pt [ 1VUO)Pdy+0(e"2). 22
Q RN
Similarly,
L 1veePax=ai [ [VU)Pdy+0(e* ). 3
Q RN
In the same way, we have
2 P q N
/ ugvedx = piqi / UN2(y)dy+prgp / (U () (xo+ey)) V-2 dy,
Q B (0) B (0)\B£(0)

2N
ol | U)o+ en) ¥ dy = 0(e"),
B, (0\B1 (0)
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and
P gl Uf\%2 d O(e
plql/N\Bz,(O) () y= ( )

Therefore,

2N 2N
[t =ptat( [ otsoia- [ vPso)a)+oe)
Q RN RM\B; o,

2N
= plaf [ UT20)dy+0(e"). 2.4
We can also infer that
B 2%(s)
ug've / U=Y) o)
dx _— X0+ €y)dy. (2.5)
/Q FE b0 ot e’ (xo +ey)dy

We remark that the integral on the righthand side is positive and independent of €. Now.
we prove (2.1). Obviously, there exists T > 0 large such that I(tug,tve) <0 if t > T.
By (2.2)-(2.5),fort >0and 0 <s <N—2,ie. 0<s<1lif N=3 and 0 <s <2 if

N > 4 we have

_1217% 2 N-2 f26]% 2 N-2
I(ms;tve)—T RN|VU(y)| dy+0(e )+T RN\VU(Y)I dy+0(e"7)

2% N

S pid] /RN U™ (y)dy+O(e")
U 9(y)

—CS/’ 20 02 6) (x4 ey)d

o 0 ot e ? (xo +&y)dy

€

r 2 2% P a L .
—(p1+q1)/ VU (y)|dy — —; plql/ UN-2(y)dy := j(t).
RN 2 RN

2
The function j(r) attains its maximum value at
2 2\ M2 2 N2
t:<P1+Q1> N (fRN|VU(y)| dy) 4
2074 Jax UF2 (y) dy
with the maximum value
N-2
Loy o (pitar) 2 o
ma S2
wa ) = 5,08+ a1) (G
lzzp%"'q%NTizP" Pﬁpi%ﬂ
=~ +q)< ) [—P*H—W] S7
NP1 1 Zp;laqzlz (q) (q) Pa
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As aresult, for 0 < € < g,
I(tug,tve) < (1) = IZPTNS%
Igag( Ug,IVe 1}1;8(] -N P4
Choosing ug = Tug,, vo = Tvg,, we obtain (2.1). The proof is complete.

LEMMA 2.2. If the domain Q C RN is bounded and star-shaped around the ori-
gin, then system (1.1) has no positive solution.

Proof. Multiplying the first equation in (1.1) by x-Vu and the second one by
x - Vv respectively, integrating by part and adding both of them, we obtain

N-2 1 du\? [v\*
— Q(|Vu|2—|— |Vv‘2) dx+ E/&Q |:<W) + (E) :|(X,V)dS
uyP

= (N—2)/Q (upvq—i-l T )dx, (2.6)

which and (1.1) lead to

/BQ [(3—3)2+ (3—:)2] (x,v)dS =0. (2.7)

Since Q is a star-shaped around the origin, then (x-v) > 0. We deduce that

0 d
%:0 and %:0 a.eon dQ
and by (1.1)
8 2 21 a—1,p8
/—Audxz —udS:/(—p uP~ 1 4 ¢ u)dxzo'
Q 0 dv rpt+aq a+p  |xff

Hence, the result follows.

3. Problem in the half space

In this section, we prove Theorem 1.1 by the blow up argument and the mountain
pass theorem. We start with the following lemma, which is a counterpart of Lemma 2.6
in [10], for reader’s convenience, we sketch the proof.

LEMMA 3.1. Let (u,v) be apositive solution of system (1.11). Then the following
conclusions hold:
1.8 V.
(1) u,ye C*P(R,);
(2) There is a constant C, such that

u)L V) <+ DY [Vu)]LIVve)| < C(L+[y]) 7.
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Proof. We consider the regularity result first. It is enough to consider the regularity
at 0 e 8R¥. By the Nash-Moser iteration method, u and v are locally bounded. Then

we have u € C%(B] ) for 0 < o <min{2 —s,1}, where B =B (0)NRY. Set

u(x)]

o = sup{a;supBT e <o 0< o<1}

Then for any 0 < a < @, we have |u(x)| < C|x|* for x € B , and

Jux) 0

|x|.\'

We may prove 0p = 1. So (3.1) holds forany 0 < o < 1.

Furthermore, if 2*(s) — 1 —s >0, i.e., s < (NNLz)7 by taking o close to 1, we see

that

< Cl|@@=De=l for xe By (3.1)

|u‘2*(s -1
P €LI(B]) for 1<g<oo,
x.\
Similarly,
M2*(.\~)71
P €LI(Bf) for 1<g<eco.
By Holder’s inequality,
X (a—1) X B
[ (MY ()R Fot [y
sp\ S\ Bt ’
that is
oa—1|,,|8
%GL‘I(BT) for 1<gq<oo.
x.\

Therefore, u € C'*B(B}) for 0 < B < 1. The same conclusion also holds for v.
3

To show (2), by the Kelvin transformation, we see that

1 X 1 X

— Ul ——= and \7: — V| —=
vz ) 2" ()

U=
satisfy (1.11) and &,7 € H}(RY). By (1) of the lemma, |i(y)| < Cly| for y € B , it
yields

1-N N
<+, vyeRy.

The gradient estimate enables us to find [Vu(y)| < Cly|™ for y € RY. The proof is
complete.

Proof of Theorem 1.1 We use the blowing up argument to show the result. Let
Q be a star-shaped domain with respect to 0 and 0 € dQ. For any € > 0, by applying
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Lemma 2.1 and the mountain pass theorem, we can find a positive solution (ug,ve) of
the following subcritical system

2 -1 ety ®
—Aug = 5 ’ijugs vi+ aﬁﬁg e Te |xr§ , xeQ,
pe g1 | 2A(B—e) utP I 7E
—Ave = L upVE + G e X e, 3.2)
ug > 0,ve >0, xeQ,
ug =ve =0, x € 0Q.
The mountain pass level c, satisfies
0< 8 < ce = leue,ve) < -2 53 (3.3)
’ N Pq .
for some & > 0 independent of € > 0 small, where p. +q = 2—N — % and
Pe d

2A uo‘vlg3 8)
U™V o Ere— X
petq ©F 2(s)—e  |xf*

1 1
Ig(ug7V£): _|Vu£|2+_‘VV£‘2_
o \2 2

By (3.2) and (3.3), we may verify that both Hu£||Hé () and ||V€||H(} () are uniformly

bounded in & for € > 0 small. Thus, there is a subsequence {(uj,v;)} of {(ug,ve)}
such that

uj—u, vj—v, in H&(Q),

uj—u, vj—v, in LV 2(Q) (3.4

uj—u, vj—v, in L7 0/(Q, |x| *dx)
with (u,v) satisfies (1.1). By Lemma 2.2, u = v = 0 since € is a star-shaped. Let

mj = uj(x;) = mgxuj(x)7 nj=vj(yj) = mngj(x).
Then, we have either m; — oo or nj — co as j — oo. Indeed, on the contrary we would
have m; < C and n; < C for a positive constant C. By the Sobolev embedding,
uavﬁ_q o

€ V
/ul?’vq»dxgc vidx — 0, / dx<C —dx—>0
o’ o Q le‘ a |x®

as j — oo. This implies
u‘?‘vp_g
Vui|>+|Vvj|? dx=2/ ul?evq-dx—i—2l/ SR
SV Py =2 [ avias 424 | S

thatis, u; — 0, v; — 0 strongly in H}(Q). It yields

1
0= lim _/ (Vi P+ Vv [2)dx = &
J~>oo2 Q N



258 JIANFU YANG AND YIMIN ZHOU
a contradiction.
We will show that m; = O(1)n;, and x; — 0, y; — O at the same time, which

implies that the origin is the only blow up point. Suppose n; < m; — e and denote

ij(y) = mluj(kjy—i-xj) Vi(y) = m; vj(kjy—f—xj)

where ,
g—
St M 2N 2g;
ki=m, ? and pe +g=—c——.
c / N-2 2—5
Then (ii;,7;) satisfies
_o—1P¢j
2pe; _pe;i—1 ey .
—_Afl S ) 2A00 i Vi )
Al pe;+a Vit @ipg T in Qj,
o B1g
o J
i 29 - pejsq—1  2A(B—g) 4;V; .
—AV; = e P A .
AV; p£/+quj v; + a1P e ‘%,H‘S ,in Qj, 3.5)
' i
0<i;,v;<1, in Qj,
uj:vj:07 on an,

where Q; = {x e RV | x; +k;x € Q}.
We claim that |x;| = O(k;) and x; — 0 as j — eo. Suppose on the contrary that

limsup — x j|

J—ee J

Since mj — e, kj — 0 as j — eo. Because (ii;,V;) is uniformly bounded in CZOC , we
may assume that iij—u,v; —vin C2 .
Suppose x; — xo € Q. There are two cases: (1) xp € Q or xy € IQ and
dist(x;,0Q)
kj
dist(x,0Q)
and (2) xo € dQ and ——= — 0 > 0.
J
In the case (1), we have Q; — RN as j — oo and (u,v) with u(0) = 1 satisfies
2 2
—Au= 2P - Wi —Av= q Py~ 0<u,v<1 in RV, (3.6)
pP+q p+q

Furthermore, we have

£;(N-2)

tim | |Vuj\2dx=nm<m,—2ﬂ / Vit dy) > [ [Vulay,
J—JQ J—eo i ’ RN

hm/ \Vv;|?dx = hm / Vi, dy) > /N|Vv\2dy,
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¢;(N-2)

lim | uf*vidx=lim(m; > / i ¥idy) 2/ ulvi dy,
JjeJQ Jee Q; RN

u%y B—e £j(N-2) i ~/3_gj
lim / 7 e hm< e / il dy>.
j—eJa |x]* joee \ M 12 +y|5

Using these facts and (3.5), we deduce

c=limcg; = hmlg (uj,v;)

J—oo

(; 2*1@) /(|vu,\2+\vv,\)
2

2 Pe
i W
+<2*s) 2),590/91 *

(
> (% — %@)/ (|Vu|2+ [Vv| )dx+ (2*2( ] — 22—*> /RN uPvldx. (3.7)

On the other hand, by the definition of §, ,, we see that

2
S, (RY) / WA dy ) </ (|Vu\2+\vv|2)dx:2/ uPvd dx (3.8)
P4 RNV )% RN ’ '

that is .
27352,(RY) < / uvidx. (3.9)
R
Therefore,
2 1 28 N N
> N/R uPvidx > 52 787 4(RY),
which contradicts to the fact that
| .
< (tug,t —277 SZ, (RN
¢ < max (tug, 1v0) < 5 7a(RY)

In the case (2), after an orthogonal transformation, we have Q; — Rﬁ ={x=
(x1,--+,xn) | x1 >0} as j— o and @i, , V; converge to some u, v uniformly in every
compact subset of RY . Apparently, (0) = 1 and 0 < v(0) < 1. Hence, (u,v) satisfies

—Au:%ul’_lvq in RJX,
—AVZ%M’V‘FI in Rﬁ,
0<u,v<1 in ]R’X,
u=v=0 on JRY.

(3.10)

The boundary condition violates to u(0) = 1. Consequently, limsup oo % < oo, Since
kj — 0, we have x; — 0 as j — oo. '
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Next, we show that liminf;_... I),z—" > 0. Were it not the case, we would have, up
J

to a subsequence, that lim;_... ‘,f—’l = 0. Up to a rotation, we have Q; — RY and ii;
J

, Vj converge to some u, v uniformly in compact subsets of Rﬁ respectively, where
(u,v) is a solution of (1.11) with 0 < u,v < 1. Again u(0) = 0 contradicts to the fact
u(0) = 1. Hence, liminf;_... % > 0.

Now, we show that problem (1.11) has a nontrivial solution. We may assume

dist(x;,99)
[ AN

0.
kj

(o

WV

By an affine transformation, we find (7;,7;) converges to (u,v) uniformly in any com-
pact subset of RY and (u,v) satisfies (1.11) with u(o,---,0) = 1. Since u is nontrivial,
so is v. Indeed, otherwise if v =0, we would have

Au=0 in RY,
0<u<lu(o,---,00=1 in RY,
u=0 on OJRY.

By the strong maximum principle, # would be a constant because it attains its maximum
value inside RY . This yields a contradiction between u(o,---,0) = 1 and the boundary
condition. Therefore, there exists yg € Rﬁ such that v(yg) # 0. So we have proved that
problem (1.11) has a nontrivial solution. As a by product, this also implies

7j(v0) = m; 'v;(x; +kjy0) = v(y0) > 0,
and then
s Vit ko)

> >v(yg) —€>0
mj mj

1

WV

for £ >0 small and j large. As aresult, n; = O(1)m; as j — co. Replacing m; by n;
in above blow up process, we may deduce that |y;| = O(k;), where

ps,-+q*2
-1
kj—nj

So we also have y; — 0. Consequently, the origin is the only blow up point and problem
(1.11) has a solution (u,v). Observe that such a solution verifies

o,B
J(u,v)z(l—i)/ upquy—l-l(l—i)/ udy
2% Jry 2%(s) " Jry |yf* G.11)

. 1 2w y
< lim e < NZTSIW

]
since
e
uavp J

P : P4 uvP . J i
uPvidy < lim [ u'H5dy, ——dy < lim — dy.
RV j=eJa RV [y[* i==Jo |y
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Finally, we show that there exists a least energy solution of problem (1.11). Let
co = inf{J(u,v) | (u,v)is a positive solution of (1.11) and J(u,v) > 0}, (3.12)

which is finite. For any positive solution (u,v) of (1.11), by Holder’s inequality,
Sobolev and Hardy-Sobolev inequalities we deduce from

1/ (IVuf? +|Vv]2)d —/ Wi d +A/ st
2 JrY Y RY Y RY [y[S Y

that
lull g vy + IV g vy = ¥ >0 (3.13)

for some constant . This implies co > 0.

Let (uj,v;) be a minimizing sequence of cy. Denote m; = maxu;(x), n; =
maxv;(x). By Lemma 3.1, we may assume that the maximum points of u; or v; are
uniformly bounded. If m; or n; tends to infinity, we may show as before that m; =
O(1)nj. Hence, m; — oo if and only if n; — . So we need to treat two cases: (i) both
u; and v; are uniformly bounded; (ii) both m; and n; tend to infinity.

In the case (i), we have u; — u and v; — v and (u,v) is a positive solution of
problem (1.11) with J(u,v) = ¢¢. The assertion follows.

In the case (ii), since there is a solution of (1.11) such that (3.11) holds, we have

N
J(uj,vj) < —2781,2’,1.

Applying the blow up argument as before, we have that m; = O(1)n; and x; — 0.
Moreover, the functions

wi(y) = m7 uj(xj+kpy), vi(y)=m;vilxj+k;y),

2
N=2

where kj =m; """, converge to a positive solution (u,v) of (1.11) with J(u,v) <
lim;_o.J(uj,vj) = co. This means that (u,v) is the least energy solution of problem
(1.11), which satisfies (1.14). The proof is completed. O

4. Existence of solutions in bounded domains

In this section, we shall prove the existence of positive solution of system (1.1).
To this end, we need the following lemma.

LEMMA 4.1. For A >0 small, there exist nonnegative functions uo, vo € H} (Q) \
{0} such that 1(ug,vo) <0 and

magl(tuo,tvo) < cp, 4.1

=

where cq is defined in (1.14).
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Proof. Without loss of generality, we may assume that in a neighborhood of 0,
the boundary d€Q can be represented by x, = @(x') with @(0) =0, V'¢(0) =0 and
the outer normal of dQ at 0 is —ey = (0,0,--- — 1), where X' = (x1,---xy_1), V' =
(31,"'81\1_1). Define

y(x) = (5 — (x))
We choose a positive number ry small so that there exist neighborhoods U and U of
0, such that

y(U) = Bm<o>, Y(UNQ) = B (0) = B,y (0)NEY,

Suppose that (u,v) is the least energy solution of (1.11). For € > 0, we define

et = (YD) v —e (YD),

€ €

where 1 € Ci(U) is a positive cut-off function with n =1 in U.
Now we estimate each term in I(ug,ve).
First, by the change of the variable y = "’g‘) €B

(0), we obtain

oS+

Jybotan = e Y [ sty e () 0)
Q B

—/ uPvldy —/ uPvldy
RN\B

p+q)
).

—/ uPvldy+O(e
Next, we estimate
[ 1VePax= [ (VnPud+ 02 Ve +2V0 Vi) ds
Since
/QnugVnVugdxz—/Q|Vn\2u§dx—/QVnnVugugdx—/Qn(An)ugdx,

we have
/|Vu£|2dx=/ n2|Vu£|2dx—/ n(An)u? dx.
Q QNU QNU

()

By the change of the variable y = "’T and Lemma 3.1,

[ nemdax <ce | Ny (er)lan(y ! (en) () dy
By (0\8, (0)

= o(e?).
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Similarly,
| nPIVuel) P
QOU

—s/ N2y~ (e9) V() dy

= (v (&) (IVyu()? = 20,u(y)V'u(y)(V'9) (ey')

B, (0)
+ D)V @) (e))?) dy
=L+L+5.

Obviously,
| < / Vul2dy.
RY

Since 9Q is C? at 0, it holds that

N-1

o() = > owyi +o() ().

i=1

By Lemma 3.1, we have
2
y
5| < Cé? /RN (7dy =0(&?).

Integrating by part, we obtain that

4

B f M0 @DV @)IN0) i) pley)
€ B, (0)

2 20,1 ! ! !
5 e o T @DV V) 0(er )y

2

2 2 NE dju( d
g o PO DN VS o))

£
=D+ by + 1.

By Lemma 3.1, we deduce

ilsee [ ) PPy < et
o 0

€ 2e

In the same way, Iy = O(¢"). Since (u,v) satisfies the system (1.11), we have

n—1 —1
2 22000 u® WP
Eaiiu:Au—aNNuz— d ubP=1ya — L

———— — Jvnu,
p+q atrp M

263
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and then

2y (ey) 2

—Uu

p=1,49 d
rg” vu(y)o(ey')dy

5, 1 2A00 u® 1B ,
€ ——0, ey')d
o P NG el )ay

o n* (" (ev))dnwu(y)Ivu(y)p(ey') dy

2
Using Lemma 3.1, we can show that I, = O(e R ). Integrating by parts, we obtain

_ 42 2/, —1 (P(g)/)vl3

b= e o T D
42 _ _ L u%P

@B oy o210 @0 @)loe) T

Ju®dy

dy

42 2, 1 s u%VP
+7/ ey))onvle(ey')]——d
4A« / 2 -1 / uavﬁ_l
—_— S ) oNyyv————d
CEYIE mbmﬂ1(w (ey))o(ey')Bonv Y
45 2 1 o u®vP
g o Dol s

=:1p1 + 1o+ Ip3 + Ipg.

+

In the same way, we have

N2_N—Ns+2
Iy Iy =0(e ¥

2 ), iz = O(gNEVI\i?) ).
Hence,
40 uavﬁ N2-N-Ns+2
I, 7/ 2y (e eV )yw———dy+0(e N2
b= ot pe BZO(O)TI (v (&) o( y)yN|y|_Y+2 y+0( )
Similarly,
1
L=- /
€ JBt

T

=]

o

Sy (&) o(ey) (Iwu(y))* dSy +O(eM )
(0)naRY
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Therefore,
45 uoyP
r=——" 2031 d
= 578 o o T @0 [y
1 2001 / 2 N—1
+- €y')(0, dSy+0(e
e o oy 1Y E)0 ) Guu) s, 0 )

=1 Ji+h+0(e" ).

We may write

4A«S u Vﬁ
Iy = 7/ N> (v (ey)o(ey )yn s dy
' (a+PBe ARULAT v Y+
41 s uoyp
- dy =:J11 +J12.
(a+p)e /B%(O)(P( )’))’N| |S+2 11+J12
2¢e
We estimate
3 -5
|JH‘ <cs/ \y\ dygcng/(vAiz)7
Bl (0\B}, (0) [YFF2(1 4 [y)(V=D2"()
and y
4As u% (N Av)
VP d O(e .
(o +B)e /]R’X\Bto(o)(p( )yN‘ 2 y=0(e ¥-2)
Hence,
42’5‘ OC ﬁ 4A«S uavﬁ
J = - d + / € / d
2= Tar e Jey p(ey )yzv‘ D B M\%(O)M y)yzv—‘y‘yr2 y
4As u%vB N(N—s)
=2 | ole)niny —5dy+0(e ¥7)
(o +B)e Jry y|s+2
4rse NSl VZynu ayp N(N—s)
ST p) & Ky T P TOETE
i=1 +
4Ase / Iy [PynuvP NS N(N—s)
== 5 dy Y o;(1+o(1)+0(e ¥2)
(a+B)N—1) Jry  |yJ+2 ,:z{
— AKH(O)(1+0(1)e+0(e N2,
where

1 Nt 4s \y’|2yNu°‘vﬁ
HO0) =—— o, and K;= / d
O=x= ; l e ) S e @
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On the other hand, we write

1
J =—/ 2y ey))o(ey)(@ 2ds
2= 2 Jit opmt opramy " (w (&) o(ey) (Ivu(y))~dSy
€ 2e
1
+—/ £y)(Quu(y))? dSy =: Jay + Jaa,
s BtoﬂaM(P(y)( u(y))”dsy 21 +J22
2e
and estimate
C
<z (@) 0" 0) e '
€ J{P<leyI<ro}

< Cg/yo ‘y/|—2N+2dy/ - O(SN).
- <ley'|<ro}

Similarly,
ey')(d 2ds, = 0(e".
Fo s, P00 @), = 066
2¢
Therefore,
! 1
J:_/ &)( 2dS——/ ey')(Ivu(y))*dS
2=7 RN*I‘P( y)(Ivu(y))“dSy c RN*'\(BtomaR’i)(p( v (Ivu(y))~dSy
2e
1

T e /RM o(ey) (Ovu(y))?dSy+0(e" 1)

—e X o [ (Ow) (7 0)PsFay (14 o(1) + O™ )

N—1
B /RN—l Qv 0) Y Py’ ¥, ei(1+0(1)) +O(e™ )
=1

=KH(0)(14+0(1))e+0(eN 1),

where K> = [pv-1 |(dvu)(y',0)[?[y'|*dy’ . Consequently, we have
/Q|Vu£|2dx< /RN Vul?dx — 2K H(0)(1+0(1))e + KH(0)(1 4 o(1))e + O(e?)
i
and in the same way,
/Q|va|2dx< /RN Vv dx— AK H(0)(1 + o(1))e+ KSH(0)(1 +o(1))e + O(e?)
i

where K3 = pv-1 |(0nv) (Y, 0)Ply' Py’
Finally, we estimate

a, B o B
/us e g > / Ve /+ u (fl)(z )(y) dy
Q | ong || BY, (0) [¥_(@)s

2e
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Since [y (y)]> = [y* + 2yv@(y') + ¢*() . we have

1 _L<1_syzv<p(6y’) s<p2(8y’>>

FRIESINE P 2e2yP

1 2nvo(ey) | 9*(ey) 2)
+ ho((2ee) , #len))
o\ epe *epE )
Therefore,
o, B o,,B /Y 1,0 B
/ Ug've dx:/ uw S yne(ey )uéy)v (y)dy+0(£z).
ano |x )yl € /B, |y[*
2¢ 2¢e
The fact

oyp (V=)
/N . P dy= 0(8%)
RY\B, (0)

2e

allows us to show that

I ugve / wb s / woE P e) oo
ano |xf RY [y € s}, (0) y[s+2
2e
While
s / yzv(;)(t‘y’)u”‘gy)vl3 ) gy — o5,
RY\BY, ( >
implies that

s ynp(ey )u®(y)vP (y)
- ) dy
€ JB}, (0) |y

2e

s [ weE V) s / ey ()P ()
RY\B, (0)

T e RN 2 2 y
yNyl u% N2 _Ns+4N
st 2 a,/ \y\‘“ dy(1+0(1)) + 0(e" 5™
SE vy PutvB N N2 NN
=— d o;(1 1 O(e .
N—l RIX ‘y‘s+2 ylgi l( +0( ))+ ( )

So we obtain

/ uSVe _/ “Vﬁ y—K3H(0)(1+0(1))e + O(e?),
Q

o |l 4

2,008
where K3 = s [y yN“yv“rffv dy = (‘Hﬁ)Kl.
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We may verify that there exists 7 > 0 such that I(rug,tve) <0 if 1 > T. For
0<t<T,

I(tug,tve) = J(tu,tv) + @((1@ + K} — 2K, +o(1))?

47
Ty ket o(1))r* e 4 O(e?).
It readily verifies that

J(tu,tv) =J =
I};agi (uv V) (u,v) €0

and

42
K2+K2 20K + 2(s)

for A > 0 small. Hence, for € > 0 small and H(0) < 0, we conclude that

—K3 =K+ K, — 1K, >0

T;g(l(tu&tvg) < cp.

Taking ug = toue, vo = tove , Where 1y is large enough so that I(ug,vy) < 0, we obtain
max;>o I (tug,tvop) < co. The lemma is proved.

Proof of Theorem 1.2 Let A* = sup{A > 0|(4.1) holds}. By the mountain pass
theorem and Lemma 4.1, we can find a positive solution (ug,ve) of (3.2) such that

Ce = Ig(ug7V£) < CO (4.2)

for £ > 0 small. We may show that Hu£||Hé @) H"EHH(; (@) <C, where C is independent
of € > 0. Thus, there is a subsequence (u;,v;) of (ug,ve) such that

wp—u, vi—v, i HY(Q), L¥2(Q), LXO(Q[x " dx),

and (u,v) with u,v > 0 is a solution of (1.1). If (u,v) is nontrivial, by the strong
maximum principle, u,v > 0, the theorem is proved.

In what follows, we shall prove that (u,v) is a nontrivial solution. We will use the
blow up argument as the proof of Theorem 1.1. We sketch the proof, the details may be
worked out as the proof of Theorem 1.1.

Suppose, on the contrary, that u =v = 0. Let

my = () = maxu;(x), - n=vi(yj) = maxv; (),
we have either m; or n; tends to infinity, we might assume n; < m; — . Set

ij(y) = m; uj(ky—f—xj) Vi(y) = m; vj(ky—f—xj)

where s N )
_petg—s for}
kamj 2 and p;.;-'-qzm—z_,s
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Then, (ii;,7;) satisfies (3.5). Using the fact that

1 2n &
Cg<c0<ﬁz Z Spq

|x

we may show as the proof of Theorem 1.1 that 0 < limj .. °X < oo, m; = O(1)n;

kj

and x; — 0, y; — 0. Suppose ),z—j — yo # 0, and up to an affine transformation, we

see that and 7; and ¥; uniformly converge to u and v respectively in compact subsets
of RY with (u,v) # (0,0), which satisfies (1.11). Inferring as (3.7), we obtain ¢ =
lim; ... ce; > co, which contradicts to the fact ¢ < c. So (u,v) is a nontrivial solution
of (1.1), the proof is complete. O
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