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NONLINEAR DIFFERENCE INEQUALITIES WITH AN

INFINITE SUMMATION AND THEIR APPLICATIONS

YING LIANG, XIAOPEI LI, HAISHAN DONG AND SHUISHENG CHEN

(Communicated by A. Gilányi)

Abstract. Some new infinite difference inequalities involving two independent variables with
more than one nonlinear terms are established. These inequalities provide a handy tool in de-
riving the boundedness and uniqueness of solutions of certain nonlinear infinite difference equa-
tions.

1. Introduction

In this paper, we study a class of nonlinear infinite difference inequalities with the
following form

u(m,n) � a(m,n)+
k

∑
i=1

m−1

∑
s=0

∞

∑
t=n+1

fi(m,n,s,t)υi(u(s,t)), m,n ∈ N0, (1.1)

where a(m,n), fi(m,n,s,t), υi(u(s,t)) are real functions and m,n,s,t ∈N0 = {0,1,2, ...} .
In the research of solutions of certain difference equations, if the solutions are

unknown, then it is necessary to study their qualitative and quantitative properties such
as existence, uniqueness, boundedness, stability and continuous dependence on initial
data and so on. The Gronwall-Bellman inequality and its various generalizations that
provide explicit bounds play a fundamental role in the research of this domain. Many
such generalized inequalities have been established in the literature (for example, see
[1, 4, 7, 8, 9, 11, 12, 15, 18] for continuous cases, and [3, 5, 6, 17] for discrete cases, also
see the books [2, 14]). As we know, the theory of difference equations is very important
to the study of dynamics of physical systems. In the study of many finite difference and
sum-difference equations, finite difference inequalities which provide explicit estimates
on unknown functions have become very effective and powerful tools for studying the
qualitative behaviors of their solutions. In the past few years a large number of new
finite difference inequalities have been discovered.
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For Eq. (1.1), if we take a(m,n) = c (c > 0 is a constant), i = 1, fi(m,n,s,t) =
f (t) , υi(u(s, t)) = υi(u(t)) , then Eq. (1.1) becomes the variation of [10] considered by
Mate and Nevai

u(n) � c+
∞

∑
t=n+1

p(t)u(t). (1.2)

If we take i = 1, fi(m,n,s,t) = f (s,t) , υi(u(s,t)) = υ(s, t) , then Eq. (1.1) is reduced
to the following inequalities [13]

u(m,n) � a(m,n)+
m−1

∑
s=0

∞

∑
t=n+1

b(s,t)u(s, t), m,n ∈ N0. (1.3)

If we take k nonlinear finite terms of Eq. (1.1), it is as follows

u(m,n) � a(m,n)+
k

∑
i=1

m−1

∑
s=0

n−1

∑
t=0

fi(m,n,s,t)υi(u(s,t)), m,n ∈ N0, (1.4)

which was discussed by Deng [6] under the condition that υi+1
υi

is increasing.
In order to fulfill the analysis of qualitative and quantitative properties of the so-

lutions of difference equations, the results provided by the earlier inequalities are in-
adequate. Thus, it is necessary to seek some new discrete inequalities so as to obtain
desired results.

In this paper, we present a more general discrete inequality (1.1), which has two
independent variables with more than one nonlinear terms. Moreover, we do not require
that υi+1

υi
is increasing.

This paper is organized as follows. In section 2, we give some assumptions and
lemmas. In section 3, using the mathematical induction, we discuss the upper bound of
the unknown function u(m,n) of (1.1). In section 4, we present some corollaries. In
section 5, we give an example to show the boundedness and uniqueness of solutions of
a certain nonlinear infinite difference equation.

2. Preliminaries

In this section we make some assumptions and lemmas which will be used later.
Assume that

(A1 ) a(m,n) is nonnegative for m,n ∈ N0 and a(0,∞) > 0; Δ1ã(m,n) is nonnegative
and decreasing in n where ã(m,n)= max0�τ�m,η�n,τ,η∈N0 a(τ,η) and Δ1ã(m,n)
= ã(m+1,n)− ã(m,n) ;

(A2 ) fi(m,n,s, t) (i = 1, · · · ,k) is nonnegative for m,n,s,t ∈ N0 ;

(A3 ) υi (i = 1, · · · ,k) is continuous on [0,∞) and positive on (0,∞) .
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Define that

f̃i(m,n,s,t) � max
0�τ�m,η�n,τ,η∈N0

fi(τ,η ,s, t),

w1(s) � max
0�τ�s

υ1(τ), wi(s) � max
0�τ�s

{ υi(τ)
wi−1(τ)

}wi−1(s),

Wi(u) �
∫ u

ui

dz
wi(z)

, φi(u) � wi(u)
wi−1(u)

, i = 1,2, · · · ,k−1, (2.5)

where ui is a given positive constant, φ1(u)= w1(u) , W0 = I (Identity), and rk(m,n,s,t)
are defined as

r1(m,n,s, t) � ã(s,t),

ri+1(m,n,s, t) � Wi(r1(m,n,0,t))+
s−1

∑
τ=0

∞

∑
η=t+1

f̃i(m,n,τ,η)

+
s−1

∑
τ=0

Δ3ri(m,n,τ,t)
φi(W−1

i−1(ri(0,∞,τ,∞)))
, i = 1, · · · ,k−1,

Δ3ri(m,n,s, t) � ri(m,n,s+1,t)− ri(m,n,s,t)

�
∞

∑
η=t+1

f̃i(m,n,s,η)+
Δ3ri(m,n,s,t)

φi(W−1
i−1(ri(0,∞,s,∞)))

, i = 2, · · · ,k. (2.6)

LEMMA 2.1. wi ( i = 1, · · · ,k ) is increasing and satisfies the relationship w1 ∝
w2 ∝ · · ·∝ wk (See [15]) where wi ∝ wi+1 means that wi+1

wi
is increasing on (0,∞); then,

φi(u) is continuous and increasing in its corresponding domain and is positive; Wi is
strictly increasing so its inverse W−1

i is well defined, continuous and increasing in its
corresponding domain; ã(m,n) and f̃i(m,n,s,t) are nonnegative, increasing in m and
decreasing in n, ã(m,n) � a(m,n) and f̃i(m,n,s,t) � fi(m,n,s,t) where i = 1, · · · ,k ;
a(0,∞) > 0 in (A1 ) implies that ã(m,n) > 0 for all m,n ∈ N0 .

LEMMA 2.2. Δ3ri(m,n,s,t) is nonnegative, increasing in m, decreasing in n and
t , and ri(m,n,s, t) is nonnegative, increasing in m, decreasing in n and t where i =
1, · · · ,k .

Proof. By the definitions of ã(m,n) and f̃i(m,n,s,t) and the fact that r1(0,∞,s,∞)
= ã(s,∞) > 0, we have

Δ3r1(m+1,n,s, t)−Δ3r1(m,n,s,t) = 0,

Δ3r2(m+1,n,s, t)−Δ3r2(m,n,s,t) =
∞

∑
j=t+1

f̃1(m+1,n,s, j)−
∞

∑
j=t+1

f̃1(m,n,s, j)

+
Δ3r1(m+1,n,s,t)−Δ3r1(m,n,s, t)

w1(r1(0,∞,s,∞))
� 0,
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so we know that Δ3r1(m,n,s,t) and Δ3r2(m,n,s,t) are increasing in m . Assume that
Δ3rl(m,n,s, t) is increasing in m . Then we have

Δ3rl+1(m+1,n,s, t)−Δ3rl+1(m,n,s,t)

=
∞

∑
j=t+1

f̃l(m+1,n,s, j)−
∞

∑
j=t+1

f̃l(m,n,s, j)+
Δ3rl(m+1,n,s,t)−Δ3rl(m,n,s, t)

φl(W−1
l−1(rl(0,∞,s,∞)))

� 0,

which means that Δ3rl+1(m,n,s,t) is increasing in m . By the mathematical induction,
Δ3ri(m,n,s, t) is increasing in m .

Similarly, since f̃1(m,n,s,t) is decreasing in n , we can have

Δ3r1(m,n+1,s, t)−Δ3r1(m,n,s,t) = 0,

Δ3r2(m,n+1,s, t)−Δ3r2(m,n,s,t) =
∞

∑
j=t+1

(
f̃1(m,n+1,s, j)− f̃1(m,n,s, j)

)

+
Δ3r1(m,n+1,s,t)−Δ3r1(m,n,s, t)

w1(r1(0,∞,s,∞))
� 0.

Thus, Δ3r1(m,n,s, t) and Δ3r2(m,n,s,t) are decreasing in n . Assume that Δ3rl(m,n,s,t)
is decreasing in n . Then

Δ3rl+1(m,n+1,s, t)−Δ3rl+1(m,n,s,t) =
∞

∑
j=t+1

(
f̃l(m,n+1,s, j)− f̃l(m,n,s, j)

)

+
Δ3rl(m,n+1,s,t)−Δ3rl(m,n,s,t)

φl(W−1
l−1(rl(0,∞,s,∞)))

� 0,

which implies that Δ3ri(m,n,s,t) is decreasing in n . It is easy to check that Δ3ri(m,n,s,t)
is nonnegative and decreasing in t by the mathematical induction again. Thus, ri(m,n,s,t)
is nonnegative, increasing in m , and decreasing in n and t . �

3. Main results

THEOREM 3.1. Suppose that (A1)–(A3) hold and u(m,n) is a nonnegative func-
tion for m,n ∈ N0 satisfying (1.1). Then

u(m,n) � W−1
k

[
Wk(ã(0,n))+

m−1

∑
s=0

∞

∑
t=n+1

f̃k(m,n,s, t)

+
m−1

∑
s=0

Δ3rk(m,n,s,n)
φk(W−1

k−1(rk(0,∞,s,∞)))

]
, 0 � m � M1, n � N1, (3.1)

where M1 and N1 are positive integers satisfying

Wi(ã(0,N1))+
M1−1

∑
s=0

∞

∑
t=N1+1

f̃i(M1,N1,s,t)+
M1−1

∑
s=0

Δ3ri(M1,N1,s,N1)
φi(W−1

i−1(ri(0,∞,s,∞)))

�
∫ ∞

ui

dz
wi(z)

, i = 1, · · · ,k. (3.2)
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Proof. Consider an auxiliary inequality

u(m,n) � r1(m̃, ñ,m,n)+
k

∑
i=1

m−1

∑
s=0

∞

∑
t=n+1

f̃i(m̃, ñ,s,t)wi(u(s,t)) (3.3)

for 0 � m � m̃ and n � ñ where the arbitrary positive integers m̃ and ñ satisfy m̃ � M1

and ñ � N1 . Claim that u(m,n) in (3.3) satisfies

u(m,n) � W−1
k

[
Wk(r1(m̃, ñ,0,n))+

m−1

∑
s=0

∞

∑
t=n+1

f̃k(m̃, ñ,s, t)

+
m−1

∑
s=0

Δ3rk(m̃, ñ,s,n)
φk(W−1

k−1(rk(0,∞,s,∞)))

]
(3.4)

for 0 � m � min{m̃,M2} and n � max{ñ,N2} where M2 and N2 are positive integers
satisfying

Wi(r1(m̃, ñ,0,N2))+
M2−1

∑
s=0

∞

∑
t=N2+1

f̃i(m̃, ñ,s,t)+
M2−1

∑
s=0

Δ3ri(m̃, ñ,s,N2)
φi(W−1

i−1(ri(0,∞,s,∞)))

�
∫ ∞

ui

dz
wi(z)

, i = 1, · · · ,k. (3.5)

Since ri(m̃, ñ,m,n) , Δ3ri(m̃, ñ,m,n) and f̃i(m̃, ñ,m,n) are increasing in m̃ and
decreasing in ñ by Lemma 2.1 and Lemma 2.2, M2 gets smaller and N2 gets bigger
as m̃ is chosen bigger and ñ is chosen smaller. In particular, M2 and N2 satisfy the
same (3.2) as M1 and N1 for m̃ = M1 and ñ = N1 . Thus, we may choose M1 � M2 and
N1 � N2 so that 0 � m � min{m̃,M2} and n � max{ñ,N2} are reduced to 0 � m � m̃
and n � ñ .

Now we prove (3.4) into two steps by using the mathematical induction.
Step 1. k = 1.
For k = 1, we have

u(m,n) � r1(m̃, ñ,m,n)+
m−1

∑
s=0

∞

∑
t=n+1

f̃1(m̃, ñ,s,t)w1(u(s,t)) (3.6)

and let z(m,n) = ∑m−1
s=0 ∑∞

t=n+1 f̃1(m̃, ñ,s,t)w1(u(s,t)) and z(0,n) = 0. Thus, z(m,n)
is nonnegative, increasing in m and decreasing in n . Hence (3.6) is equivalent to
u(m,n) � r1(m̃, ñ,m,n)+ z(m,n) for 0 � m � m̃,n � ñ and

Δ1z(m,n) =
∞

∑
t=n+1

f̃1(m̃, ñ,m,t)w1(u(m,t))

�
∞

∑
t=n+1

f̃1(m̃, ñ,m,t)w1(r1(m̃, ñ,m, t)+ z(m,t))

� w1(r1(m̃, ñ,m,n)+ z(m,n))
∞

∑
t=n+1

f̃1(m̃, ñ,m,t).
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Since w1 is increasing and r1(m̃, ñ,m,n) > 0, we have

Δ1z(m,n)+Δ3r1(m̃, ñ,m,n)
w1(z(m,n)+r1(m̃, ñ,m,n))

�
∞

∑
t=n+1

f̃1(m̃, ñ,m,t)+
Δ3r1(m̃, ñ,m,n)

w1(z(m,n)+r1(m̃, ñ,m,n))

�
∞

∑
t=n+1

f̃1(m̃, ñ,m,t)+
Δ3r1(m̃, ñ,m,n)

w1(r1(0,∞,m,∞))
. (3.7)

Note that

∫ z(m+1,n)+r1(m̃,ñ,m+1,n)

z(m,n)+r1(m̃,ñ,m,n)

dτ
w1(τ)

�
∫ z(m+1,n)+r1(m̃,ñ,m+1,n)

z(m,n)+r1(m̃,ñ,m,n)

dτ
w1(z(m,n)+ r1(m̃, ñ,m,n))

� Δ1z(m,n)+ Δ3r1(m̃, ñ,m,n)
w1(z(m,n)+ r1(m̃, ñ,m,n))

,

which implies together with (3.7)

∫ z(m+1,n)+r1(m̃,ñ,m+1,n)

z(m,n)+r1(m̃,ñ,m,n)

dτ
w1(τ)

�
∞

∑
t=n+1

f̃1(m̃, ñ,m, t)+
Δ3r1(m̃, ñ,m,n)

w1(r1(0,∞,m,∞))
.

Therefore,

∫ z(m,n)+r1(m̃,ñ,m,n)

z(0,n)+r1(m̃,ñ,0,n)

dτ
w1(τ)

=
m−1

∑
s=0

∫ z(s+1,n)+r1(m̃,ñ,s+1,n)

z(s,n)+r1(m̃,ñ,s,n)

dτ
w1(τ)

�
m−1

∑
s=0

∞

∑
t=n+1

f̃1(m̃, ñ,s,t)+
m−1

∑
s=0

Δ3r1(m̃, ñ,s,n)
w1(r1(0,∞,s,∞))

.

The definition of W1 in (2.5) and z(0,n) = 0 yield

W1(z(m,n)+ r1(m̃, ñ,m,n)) � W1(r1(m̃, ñ,0,n))+
m−1

∑
s=0

∞

∑
t=n+1

f̃1(m̃, ñ,s,t)

+
m−1

∑
s=0

Δ3r1(m̃, ñ,s,n)
w1(r1(0,∞,s,∞))

, 0 � m � m̃, n � ñ. (3.8)

(3.5) shows that the right side of (3.8) is in the domain of W−1
1 for all 0 � m � m̃ and

n � ñ . Thus,

u(m,n) � z(m,n)+ r1(m̃, ñ,m,n)

� W−1
1

[
W1(r1(m̃, ñ,0,n))+

m−1

∑
s=0

∞

∑
t=n+1

f̃1(m̃, ñ,s,t)+
m−1

∑
s=0

Δ3r1(m̃, ñ,s,n)
w1(r1(0,∞,s,∞))

]

(3.9)

for 0 � m � m̃ and n � ñ . Hence (3.4) holds for k = 1.
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Step 2. k+1.

Suppose that (3.4) is true for k . Consider

u(m,n) � r1(m̃, ñ,m,n)+
k+1

∑
i=1

m−1

∑
s=0

∞

∑
t=n+1

f̃i(m̃, ñ,s,t)wi(u(s,t))

for 0 � m � m̃ and n � ñ . Let z(m,n) = ∑k+1
i=1 ∑m−1

s=0 ∑∞
t=n+1 f̃i(m̃, ñ,s,t)wi(u(s, t)) and

z(0,n) = 0. It is clear that z(m,n) is nonnegative, increasing in m , decreasing in n and
satisfies u(m,n) � r1(m̃, ñ,m,n)+ z(m,n) for 0 � m � m̃ and n � ñ . Obviously,

Δ1z(m,n) =
k+1

∑
i=1

∞

∑
t=n+1

f̃i(m̃, ñ,m,t)wi(u(m, t))

�
k+1

∑
i=1

∞

∑
t=n+1

f̃i(m̃, ñ,m,t)wi(r1(m̃, ñ,m,t)+ z(m,t)).

We have

Δ1z(m,n)+ Δ3r1(m̃, ñ,m,n)
w1(z(m,n)+ r1(m̃, ñ,m,n))

� ∑k+1
i=1 ∑∞

t=n+1 f̃i(m̃, ñ,m, t)wi(z(m,t)+ r1(m̃, ñ,m,t))
w1(z(m,n)+ r1(m̃, ñ,m,n))

+
Δ3r1(m̃, ñ,m,n)

w1(r1(m̃, ñ,m,n))

�
∞

∑
t=n+1

f̃1(m̃, ñ,m,t)+
Δ3r1(m̃, ñ,m,n)

w1(r1(0,∞,m,∞))

+
k+1

∑
i=2

∞

∑
t=n+1

f̃i(m̃, ñ,m,t)
wi(z(m,t)+ r1(m̃, ñ,m,t))
w1(z(m,t)+ r1(m̃, ñ,m,t))

�
∞

∑
t=n+1

f̃1(m̃, ñ,m,t)+
Δ3r1(m̃, ñ,m,n)

w1(r1(0,∞,m,∞))

+
k

∑
i=1

∞

∑
t=n+1

f̃i+1(m̃, ñ,m, t)φ̃i+1(z(m,t)+ r1(m̃, ñ,m,t))

for 0 � m � m̃ and n � ñ where φ̃i+1(u) = wi+1(u)
w1(u) for i = 1, · · · ,k , which implies

∫ z(m+1,n)+r1(m̃,ñ,m+1,n)

z(m,n)+r1(m̃,ñ,m,n)

dτ
w1(τ)

�
∞

∑
t=n+1

f̃1(m̃, ñ,m,t)+
Δ3r1(m̃, ñ,m,n)

w1(r1(0,∞,m,∞))

+
k

∑
i=1

∞

∑
t=n+1

f̃i+1(m̃, ñ,m,t)φ̃i+1(z(m,t)+ r1(m̃, ñ,m, t)).
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Thus, we obtain
∫ z(m,n)+r1(m̃,ñ,m,n)

z(0,n)+r1(m̃,ñ,0,n)

dτ
w1(τ)

�
m−1

∑
s=0

∞

∑
t=n+1

f̃1(m̃, ñ,s,t)+
m−1

∑
s=0

Δ3r1(m̃, ñ,s,n)
w1(r1(0,∞,s,∞))

+
k

∑
i=1

m−1

∑
s=0

∞

∑
t=n+1

f̃i+1(m̃, ñ,s,t)φ̃i+1(z(s,t)+ r1(m̃, ñ,s,t)),

which yields

W1(z(m,n)+ r1(m̃, ñ,m,n)) � W1(r1(m̃, ñ,0,n))+
m−1

∑
s=0

∞

∑
t=n+1

f̃1(m̃, ñ,s,t)

+
m−1

∑
s=0

Δ3r1(m̃, ñ,s,n)
w1(r1(0,∞,s,∞))

+
k

∑
i=1

m−1

∑
s=0

∞

∑
t=n+1

f̃i+1(m̃, ñ,s,t)φ̃i+1(z(s,t)+ r1(m̃, ñ,s,t)),

or equivalently

ξ (m,n) � c1(m̃, ñ,m,n)+
k

∑
i=1

m−1

∑
s=0

∞

∑
t=n+1

f̃i+1(m̃, ñ,s,t)φ̃i+1(W−1
1 (ξ (s,t)))

for 0 � m � m̃ and n � ñ the same as (3.3) for k where

ξ (m,n) = W1(z(m,n)+ r1(m̃, ñ,m,n)),

c1(m̃, ñ,m,n) =W1(r1(m̃, ñ,0,n))+
m−1

∑
s=0

∞

∑
t=n+1

f̃1(m̃, ñ,s, t)+
m−1

∑
s=0

Δ3r1(m̃, ñ,s,n)
w1(r1(0,∞,s,∞))

.

From the assumption (C3 ) and the definition of wi , φ̃i+1(W−1
1 ) ( i = 1, · · · ,k ) is con-

tinuous and increasing on [0,∞) and is positive on (0,∞) since W−1
1 is continuous

and increasing on [0,∞) . Moreover, φ̃2(W−1
1 ) ∝ φ̃3(W−1

1 ) ∝ · · · ∝ φ̃k+1(W−1
1 ) . By the

inductive assumption, we have

ξ (m,n) � Φ−1
k+1

[
Φk+1(c1(m̃, ñ,0,n))+

m−1

∑
s=0

∞

∑
t=n+1

f̃k+1(m̃, ñ,s,t)

+
m−1

∑
s=0

Δ3ck(m̃, ñ,s,n)
ψk+1(Φ−1

k (ck(0,∞,s,∞)))

]
(3.10)

for 0 � m � min{ñ,M3} and n � max{ñ,N3} where Φi+1(u) =
∫ u
ũi+1

dz
φ̃i+1(W−1

1 (z))
,

u > 0, Φ1 = I (Identity), ũi+1 = W1(ui+1) , Φ−1
i+1 is the inverse of Φi+1 , ψi+1(u) =

φ̃i+1(W−1
1 (u))

φ̃i(W−1
1 (u))

= wi+1(W−1
1 (u))

wi(W−1
1 (u))

, i = 1, · · · ,k ,

ci+1(m̃, ñ,m,n) = Φi+1(c1(m̃, ñ,0,n))+
m−1

∑
s=0

∞

∑
t=n+1

f̃i+1(m̃, ñ,s,t)
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+
m−1

∑
s=0

Δ3ci(m̃, ñ,s,n)
ψi+1(Φ−1

i (ci(0,∞,s,∞)))
, i = 1, · · · ,k−1,

and M3 and N3 are positive integers satisfying

Φi+1(c1(m̃, ñ,0,N3))+
M3−1

∑
s=0

∞

∑
t=N3+1

f̃i+1(m̃, ñ,s,t)+
M3−1

∑
s=0

Δ3ci(m̃, ñ,s,N3)
ψi+1(Φ−1

i (ci(0,∞,s,∞)))

�
∫ W1(∞)

ũi+1

dz

φ̃i+1(W−1
1 (z))

, i = 1, · · · ,k. (3.11)

Note that c1(m̃, ñ,0,n) = W1(r1(m̃, ñ,0,n)) ,

Φi(u) =
∫ u

ũi

dz

φ̃i(W−1
1 (z))

=
∫ u

W1(ui)

w1(W−1
1 (z))dz

wi(W−1
1 (z))

=
∫ W−1

1 (u)

ui

dz
wi(z)

= Wi ◦W−1
1 (u), i = 2, · · · ,k+1

and

ψi+1(Φ−1
i (u)) =

wi+1(W−1
1 (Φ−1

i (u)))
wi(W−1

1 (Φ−1
i (u)))

=
wi+1(W−1

1 (W1(W−1
i (u))))

wi(W−1
1 (W1(W−1

i (u))))

=
wi+1(W−1

i (u))
wi(W−1

i (u))
= φi+1(W−1

i (u)), i = 1, · · · ,k.

We have from (3.10) that

u(m,n) � r1(m̃, ñ,m,n)+ z(m,n) = W−1
1 (ξ (m,n))

� W−1
k+1

[
Wk+1(W−1

1 (c1(m̃, ñ,0,n)))+
m−1

∑
s=0

∞

∑
t=n+1

f̃k+1(m̃, ñ,s,t)

+
m−1

∑
s=0

Δ3ck(m̃, ñ,s,n)
φk+1(W−1

k (ck(0,∞,s,∞)))

]

� W−1
k+1

[
Wk+1(r1(m̃, ñ,0,n))+

m−1

∑
s=0

∞

∑
t=n+1

f̃k+1(m̃, ñ,s,t)

+
m−1

∑
s=0

Δ3ck(m̃, ñ,s,n)
φk+1(W−1

k (ck(0,∞,s,∞)))

]
(3.12)

for 0 � m � min{ñ,M3} and n � max{ñ,N3} .
Now we prove that ci(m̃, ñ,m,n) = ri+1(m̃, ñ,m,n) by the mathematical induction

again.
It is clear that c1(m̃, ñ,m,n) = r2(m̃, ñ,m,n) . Suppose that it is true for i = l . For

i = l +1, we have

cl+1(m̃, ñ,m,n)

= Φl+1(c1(m̃, ñ,0,n))+
m−1

∑
s=0

∞

∑
t=n+1

f̃l+1(m̃, ñ,s,t)+
m−1

∑
s=0

Δ3cl(m̃, ñ,s,n)
ψl+1(Φ−1

l (cl(0,∞,s,∞)))
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= Wl+1(r1(m̃, ñ,0,n))+
m−1

∑
s=0

∞

∑
t=n+1

f̃l+1(m̃, ñ,s,t)+
m−1

∑
s=0

Δ3rl+1(m̃, ñ,s,n)
φl+1(W−1

l (rl+1(0,∞,s,∞)))

= rl+2(m̃, ñ,m,n),

which implies that it is true for i = l +1. Therefore, ci(m̃, ñ,m,n) = ri+1(m̃, ñ,m,n) for
i = 1, · · · ,k .

Thus, (3.11) becomes

Wi+1(r1(m̃, ñ,0,N3))+
M3−1

∑
s=0

∞

∑
t=N3+1

f̃i+1(m̃, ñ,s,t)+
M3−1

∑
s=0

Δ3ri+1(m̃, ñ,s,N3)
φi+1(W−1

i (ri+1(0,∞,s,∞)))

�
∫ W1(∞)

ũi+1

dz

φ̃i+1(W−1
1 (z))

=
∫ W1(∞)

ũi+1

w1(W−1
1 (z))

wi+1(W−1
1 (z))

dz =
∫ ∞

ui+1

dz
wi+1(z)

(3.13)

for i = 1, · · · ,k . Again we may choose M3 = M2 and N3 = N2 . Thus, (3.12) becomes

u(m,n) � W−1
k+1

[
Wk+1(r1(m̃, ñ,0,n))+

m−1

∑
s=0

∞

∑
t=n+1

f̃k+1(m̃, ñ,s, t)

+
m−1

∑
s=0

Δ3rk+1(m̃, ñ,s,n)
φk+1(W−1

k (rk+1(0,∞,s,∞)))

]

for 0 � m � m̃ and n � ñ . It shows that (3.4) is true for k+1. Therefore, the claim is
proved.

Replacing m and n by m̃ and ñ in (3.4) respectively, we have

u(m̃, ñ) � W−1
k

[
Wk(r1(m̃, ñ,0, ñ))+

m̃−1

∑
s=0

∞

∑
t=ñ+1

f̃k(m̃, ñ,s, t)

+
m̃−1

∑
s=0

Δ3rk(m̃, ñ,s, ñ)
φk(W−1

k−1(rk(0,∞,s,∞)))

]
.

Since (3.4) is true for any m̃ � M1 and ñ � N1 , we replace m̃ and ñ by m and n and
get

u(m,n) � W−1
k

[
Wk(r1(m,n,0,n))+

m−1

∑
s=0

∞

∑
t=n+1

f̃k(m,n,s,t)

+
m−1

∑
s=0

Δ3rk(m,n,s,n)
φk(W−1

k−1(rk(0,∞,s,∞)))

]
.

Note that r1(m,n,0,n) = ã(0,n) so we have

u(m,n) � W−1
k

[
Wk(ã(0,n))+

m−1

∑
s=0

∞

∑
t=n+1

f̃k(m,n,s, t)

+
m−1

∑
s=0

Δ3rk(m,n,s,n)
φk(W−1

k−1(rk(0,∞,s,∞)))

]
, 0 � m � M1, n � N1.
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This proves Theorem 3.1. �

REMARK 3.1.

(1) In [6], υi is increasing for i = 1, · · · ,k . Here we delete this condition by using
the method in [16].

(2) If a(m,n) = 0 for all m,n∈N0, then a(0,∞) = 0 so ã(m,n) = 0. Define Wi(0) =
0, for i = 1, · · · ,k , and Δ3rl(m,n,τ,t)

φl(W
−1
l−1(rl(0,∞,τ,∞)))

= 0 if Δ3rl(m,n,τ,t) = 0, where l =

1, · · · ,k. Then (3.1) is still true.

4. Corollaries

Assume that χ ∈ C(R+,R+) is a strictly increasing function with χ(∞) = ∞
where R+ = [0,∞) . Consider the following inequality

χ(u(m,n)) � a(m,n)+
k

∑
i=1

m−1

∑
s=0

∞

∑
t=n+1

fi(m,n,s,t)υi(u(s, t)), m,n ∈ N0. (4.14)

COROLLARY 4.1. Suppose that (A1)–(A3) hold and u(m,n) is a nonnegative
function for m,n ∈ N0 satisfying (4.14). Then

u(m,n) � χ−1
[
W̃−1

k [W̃k(ã(0,n))+
m−1

∑
s=0

∞

∑
t=n+1

f̃k(m,n,s,t)

+
m−1

∑
s=0

Δ3rk(m,n,s,n)
φ̂k(W̃−1

k−1(rk(0,∞,s,∞)))
]
]
, 0 � m � M1, n � N1, (4.15)

where W̃i(u) =
∫ u
ui

dz
wi(χ−1(z)) , W̃−1

i is the inverse of W̃i , W̃0 = I (Identity), φ̂i(u) =
wi(χ−1(u))

wi−1(χ−1(u)) , φ̂1(u) = w1(χ−1(u)) , and other related functions are given in Theorem

3.1 by replacing wi(u) with wi(χ−1(u)) .

Proof. Let ξ (m,n) = χ(u(m,n)) . Then (4.14) becomes

ξ (m,n) � a(m,n)+
k

∑
i=1

m−1

∑
s=0

∞

∑
t=n+1

fi(m,n,s,t)υi(χ−1(ξ (s, t))), m,n ∈ N0. (4.16)

Note that wi(χ−1(u)) satisfies the condition (A3 ). Using Theorem 3.1, we obtain the
estimate about ξ (m,n) by replacing wi(u) with wi(χ−1(u)) . Then use the fact that
u(m,n) = χ−1(ξ (m,n)) and we get Corollary 4.1.

If χ(u) = up where p > 0, then (4.14) reads

up(m,n) � a(m,n)+
k

∑
i=1

m−1

∑
s=0

∞

∑
t=n+1

fi(m,n,s,t)υi(u(s,t)), m,n ∈ N0. (4.17)

Directly using Corollary 4.1, we have the following result. �
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COROLLARY 4.2. Suppose that (A1)–(A3) hold and u(m,n) is a nonnegative
function for m,n ∈ N0 satisfying (4.17). Then

u(m,n) � [W̃−1
k

[
W̃k(ã(0,∞))+

m−1

∑
s=0

∞

∑
t=n+1

f̃k(m,n,s,t)

+
m−1

∑
s=0

Δ3rk(m,n,s,n)
φ̂k(W̃−1

k−1(rk(0,∞,s,∞)))

] 1
p
, 0 � m � M1,n � N1, (4.18)

where W̃i(u)=
∫ u
ui

dz

wi(z
1
p )

, W̃−1
i is the inverse of W̃i , W̃0 = I (Identity), φ̂i(u) = wi(u

1
p )

wi−1(u
1
p )

,

φ̂1(u) = w1(u
1
p ) , and other related functions are in Theorem 3.1 by replacing wi(u)

with wi(u
1
p ) .

5. Applications to a difference equation

In this section, we will apply our results to study the boundedness and uniqueness
of solutions of a nonlinear difference equation.

EXAMPLE 5.1. Consider the following nonlinear difference equation

b(m,n) = β (m,n)+
m−1

∑
s=0

∞

∑
t=n+1

G(m,n,s,t,b(s,t))+
m−1

∑
s=0

∞

∑
t=n+1

P(m,n,s,t,b(s, t)) (5.1)

for m,n ∈ N0 where b : N2
0 → R is an unknown function, β maps from N2

0 to R , and
G and P map from N4

0×R to R .

Let a(m,n) = |β (m,n)| and ã(m,n) = max0�τ�m,η�n,τ,η∈N0 a(τ,η) . We have the fol-
lowing theorem.

THEOREM 5.1. Suppose that the condition (A1) is valid, and the functions G and
P in (5.1) satisfy the conditions

|G(m,n,s,t,b)| � f1(m,n,s,t)
√

|b|,
|P(m,n,s,t,b)| � f2(m,n,s,t)|b|, (5.2)

where f1, f2 : N4
0 → [0,∞) . If b(m,n) is a solution of (5.1) on N2

0 , then

|b(m,n)| � ã(0,∞)exp
[m−1

∑
s=0

∞

∑
t=n+1

f̃2(m,n,s,t)+
m−1

∑
s=0

∑∞
t=n+1 f̃1(m,n,s,t)+ Δ1ã(s,n)√

ã(s,∞)

p(s)

]
,

(5.3)
where

f̃1(m,n,s,t) = max
0�τ�m,η�n,τ,η∈N0

f1(τ,η ,s,t),
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f̃2(m,n,s,t) = max
0�τ�m,η�n,τ,η∈N0

f2(τ,η ,s,t),

p(s) =
√

ã(0,∞)+
1
2

s−1

∑
τ=0

Δ1ã(τ,∞)√
ã(τ,∞)

.

Proof. Using (5.1) and (5.2), the solution b(m,n) satisfies

u(m,n) � a(m,n)+
m−1

∑
s=0

∞

∑
t=n+1

f1(m,n,s,t)υ1(u(s,t))

+
m−1

∑
s=0

∞

∑
t=n+1

f2(m,n,s,t)υ2(u(s, t)), m,n ∈ N0, (5.4)

where

u(m,n) = |b(m,n)|, υ1(u) =
√

u, υ2(u) = u.

Clearly, ã(m,n) > 0 for all m,n ∈ N0 since the condition (A1) holds. For positive
constants u1 , u2 by (5.1), we have

w1(u) =
√

u, w2(u) = u,

W1(u) =
∫ u

u1

dz
w1(z)

= 2(
√

u−√
u1), W−1

1 (u) =
(u

2
+
√

u1

)2
,

W2(u) =
∫ u

u2

dz
w2(z)

= ln
u
u2

, W−1
2 (u) = u2 exp(u),

r1(m,n,s, t) = ã(s,t) > 0, r1(m,n,0,t) = ã(0,t),

r2(m,n,s, t) = 2(
√

ã(0,t)−√
u1)+

s−1

∑
τ=0

∞

∑
η=t+1

f̃1(m,n,τ,η)+
s−1

∑
τ=0

Δ1ã(τ,t)√
ã(τ,∞)

,

Δ3r2(m,n,s, t) =
∞

∑
η=t+1

f̃1(m,n,s,η)+
Δ1ã(s,t)√

ã(s,∞)
, φ2(u) =

w2(u)
w1(u)

=
√

u.

It is obvious that w1 and w2 satisfy the condition (A3 ). Applying Theorem 3.1 gives

u(m,n) � ã(0,∞)exp
[m−1

∑
s=0

∞

∑
t=n+1

f̃2(m,n,s,t)+
m−1

∑
s=0

∑∞
η=n+1 f̃1(m,n,s,η)+ Δ1ã(s,n)√

ã(s,∞)

p(s)

]

which implies (5.3). �

THEOREM 5.2. Suppose that the functions G and P in (5.1) satisfy the conditions

|G(m,n,s,t,b1)−P(m,n,s,t,b2)| � f1(m,n,s,t)
√

|b1−b2|,
|P(m,n,s,t,b1)−P(m,n,s,t,b2)| � f2(m,n,s,t)|b1−b2|. (5.5)

where f1, f2 : N4
0 → [0,∞) . Then (5.1) has at most one solution on N4

0 .
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Proof. Let b1(m,n) and b1(m,n) be two solutions of (5.1) on N4
0 . From (4.18),

we have

|b1(m,n)−b2(m,n)| �
m−1

∑
s=0

∞

∑
t=n+1

|G(m,n,s,t,b1)−G(m,n,s,t,b2)|

+
m−1

∑
s=0

∞

∑
t=n+1

|P(m,n,s,t,b1)−P(m,n,s,t,b2)|

�
m−1

∑
s=0

∞

∑
t=n+1

f1(m,n,s,t)
√
|b1−b2|

+
m−1

∑
s=0

∞

∑
t=n+1

f2(m,n,s,t)|b1−b2|, m,n ∈ N0. (5.6)

Rewriting the above, we have

u(m,n,s,t) �
m−1

∑
s=0

∞

∑
t=n+1

f1(m,n,s,t)υ1(u(s,t))

+
m−1

∑
s=0

∞

∑
t=n+1

f2(m,n,s, t)υ2(u(s,t)), (5.7)

where u(m,n)= |b1(m,n)−b2(m,n)| , a(m,n)= 0, υ2(u)=
√

u , υ1(u)= u , so w2(u)=√
u , w1(u) = u . Apply Theorem 3.1 and (2) of Remark 3.1, the inequality (5.7) leads

us to the equality u(m,n) = 0 which implies that the solution is unique. �
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