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Interval Type-2 Fuzzy Sets are generalization of
Interval-Valued Fuzzy Sets: Towards a Wider view
on their relationship

Humberto Bustince, Javier Fernandez, Hani Hagras, Frantlscra, Miguel Pagola and Edurne Barrenechea

Abstract—In this paper, we will present a wider view on the paper will allow a more general perspective of interval e
relationship between interval-valued fuzzy sets and interval type  fuzzy sets which will allow representing concepts whicHctou
2 fuzzy sets where we will show that interval-valued fuzzy sets ,q: pe presented by interval-valued fuzzy sets

are a particular case of the interval type-2 fuzzy sets. For this Thi . ized foll In Section I I
reason, both concepts should be treated in a different way. In IS paper Is organized as follows. In Section Il, we reca

addition, the view presented in this paper will allow a more the notions of type-1 fuzzy sets, interval-valued fuzzysset
general perspective of interval type-2 fuzzy sets which will allow type-2 fuzzy sets and interval type-2 fuzzy sets. In Section

representing concepts which could not be presented by interval- |||, we show how type-1 fuzzy sets and interval-valued fuzzy
valued fuzzy sets. sets are particular cases of interval type-2 fuzzy sets amd w
Index Terms—Interval-valued fuzzy sets; Interval type-2 fuzzy also present some examples of interval type-2 fuzzy setshwhi
sets; Type-2 fuzzy sets. are neither type-1 fuzzy sets nor interval-valued fuzzs.set
Section IV presents the conclusions.

I. INTRODUCTION

Since Zadeh introduced fuzzy sets in 1965 ([35]), redl. TYPE-1FUZZY SETS INTERVAL-VALUED FUZZY SETS
searchers have realized that a key problem for using fuzsy se AND INTERVAL TYPE-2 FUZZY SETS

is the construction of the membership grades. The difficulty |, cjassical logic propositions an input can only be either
arises from the uncertainty associated with allocatingX@t® e or false. Aristotle formulated the basic principles of

numerical membership value for each element within thgis |ogic which encompass the non-contradiction prirecigal
considered fuzzy set. For this reason, in 1971 Zadeh ([3&Qhtement can not be true and false at the same time) and the
suggested the notion of a type-2 fuzzy set (which was latgfciuded middle principle (every statement is either true o
formally introduced in [37]), where the membership degree Blse).

each element is given by another fuzzy set defined over the; j5 easy to note that there are many situations for which

referential[0, 1]. _ more than two truth values are needed. This fact led Peirce
In 1975, Sambuc ([29]) presented interval-valued fuzzg sqf, say that Aristotle’s formulation is theimplest hypothesis

which can be used when there is a problem in determining can work with ([28]). In fact, as human knowledge
exact membership values of th_e given elements. In '_nterv%presentation is based upon concepts ([9]), and theseptnc
valued fuzzy sets, we may use intervals as membership valugs ot crisp in nature, hence, we should not expect that huma
in such a way that the exact numerical membership degreg,i§ings use binary logic so often in their daily life. For anste,
a value inside the considered interval. everyday perspectives such as taste, meaning of adjeatizes

In 2000, Liang and Mendel in their paper Interval type-2,, ‘only be studied precisely if we consider more complex

fuzzy logic systems: Theory and design, [21] introduced thgjings rather than the binary true or false grading.
definition of an interval type-2 fuzzy set as a particularecas’ Thase considerations have led to the proposal of differ-

of their mathematical formulation of the concept of a type-gnt |ogical formulations which allowed for more than two

fuzzy set where the secondary membership degree is equal{fy, values, like Brouwer's intuitionistic logic ([5]) tially
one. . . ) caught by the so called intuitionistic propositional célsu

In this paper, we will show that the notion of interval type-2,, ,deled by Heyting algebras) and multivalued logics pre-
fuzzy set encompasses type-1 fuzzy se_ts, Interval-valugxyf. sented by Lukasiewicz ([22]), or Zadeh'’s fuzzy logic (which
sets and other types of sefhus, the view presented in th'sreplaces the sef0, 1} by the set0, 1], [35]).
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In this definition 4 (z) represents the degree of membemotion of interval-valued fuzzy set. One year later, Gratta
ship of the element € X to the setA. In this work we are Guinness ([17]) established a definition of an intervalseal
going to use the following notationd(z) = pa(z) for all  membership function. In that decade interval-valued fusztgp
reX. appeared in the literature in various guises and it was nilt un

As mentioned in [19], traditionally, a type-1 fuzzy set ig nothe 1980s, with the work of Gorzalczany and Turksen ([11],
visualized in three dimensions, however, it is implicit et [13]-[16], [7], [30]-[32],[33]), that the importance of ¢ke
definition of a type-1 fuzzy set that all the secondary gradssts, as well as their name, was definitely established.
in the third dimension are equal to 1. This indicates thaheac Let us denote by ([0, 1]) the set of all closed subintervals
primary membership grade.f(z)) is fully certain (i.e. in in [0, 1], that is,

a type-1 fuzzy set, for each value there is no uncertainty _ B B
associated with the primary membership value) and thezefor ~ L([0,1]) = {x = [z, z]|(z,2) € [0,1]* andz < z}.
modelled as a crisp singleton. Thus, as all the secondadggra
in the third dimension are equal 1, the third dimension i . .
not visualized as it is redundant and does not present y7é 0 is a mapping

information. AU — L([0,1]),

It is worth to mention that in 1967 ([12]) Goguen introduced _ o
the notion of L-fuzzy set, which extended the definition ofSUch thatthe membership degree:af X is given byA(z) =
fuzzy set by considering for truth values a lattice différerfA(z), A(z)] € L([0,1]), whereA : X —[0,1] and A : X —
from the unit intervall0, 1]. v -

Definition 2: An interval-valued fuzzy sefl on the universe

[0, 1] are mappings defining the lower and the upper bound of
the membership interval(z), respectively (see Fig. 2).
B. Type-2 fuzzy sets

In 1971, Zadeh suggested in his pagguantitative fuzzy
semanticq[36]) that the construction of the fuzzy set (whict 1
includes the allocation of the membership degree of ea ool ]
element to the fuzzy set) is the biggest problem for usir
fuzzy sets theory in real world applications. This fact leah h

0.8 1

to introduce the concept of a type-2 fuzzy set in the follayvin 07r 1
way: A type-2 fuzzy set is &-fuzzy set over a referential 06} ]
set X for which the membership degrees of the elements ¢ + osl |
given by fuzzy sets defined over the referential[&et] (see =4

Fig. 1) (which is a lattice with respect to Zadeh’s union an 04r 1
intersection operators, [36]). 03t 8

0.2 1

0.1F 1

Fig. 2. Example of Interval-valued fuzzy set

Similar to the case of type-1 fuzzy sets, traditionally, an
interval-valued fuzzy set is not visualized in three diniens,
however, it is implicit in the definition of an interval-vadd
fuzzy set that all the secondary grades in the third dimensio
are equal to 1 (i.e. each point in the interval has a secondary
membership equal to 1). Thus, as all the secondary grades
in the third dimension are equal 1, the third dimension is
not visualized as it is redundant and does not present any
information. Several different applications of these saty
be found in [10].

Fig. 1. Example of a type-2 fuzzy set
D. Interval type-2 fuzzy sets
Based on Zadeh's ideas, in 1976 Mizumoto and Tanaka
C. Interval-valued fuzzy sets ([25]) presented the mathematical definition of a type-2juz
In 1975 Sambuc ([29]) presented in his doctoral thesset. Since then, several authors have studied these sats usi
the concept of an interval-valued fuzzy set namedpa different notations. In particular, in 2006 Mendel, Johrdan
fuzzy set. In the same year, Jahn ([18]) wrote about théu defined these sets as follows ([24]):
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Definition 3: A type-2 fuzzy set, denoted, on the universe
X # 0 is given by

A={((z,u), pa(z,u))| forall z € X, forall u € J, C[0,1]}
in which 0 < pa(z,u) < 1.

Remark: This definition, including the notation, is dirgctl
extracted from [24].

From this definition, in 1999 (see [20]), Karnik, Mendel and
Liang introduced the notion of interval type-2 fuzzy sets. |
particular, Mendel, John and Liu defined interval type-2zfuz
sets in 2006 (see [24], [23]) as follows:

Definition 4: When all z4(x,u) = 1 then A is an interval
type-2 fuzzy set.

For the operations of interval type-2 fuzzy sets, meet and
join operations should be used instead of union and inter-
section. Without meet and join operations, the fuzzifiernn a
interval type-2 fuzzy logic system would not work.

Ill. SOME SPECIAL CASES OANTERVAL TYPE-2 FUZZY
SETS

In this section we present some particular cases of Definiti
4. For simplicity, we are going to work with a finite refereatti
setX of cardinalm. However, we could also deal with a non-
finite referential set.

Since J, is a subset of0, 1]; (that is.J, C [0,1]), in this
work we are going to consider the following four special case

CASE (A) whenJ, = {uz} € [0,1]. It is easy to see
that in this setting we recovéype-1 fuzzy setsy taking:

A(z) = uy € 10,1]

By Definition 4 we have (see Fig. 3):

( ) 1 fu=0

X1, U) =

pralt 0 fust0
gy 1 Tu=05
To,U) = .

praliz 0 if u0.55
( ) 1 fu=1
r3,u) =

palts, 0 ifu#l
( ) 1 fu=05
T4, U) = .

pralta 0 ifu05
ooy {1 Tu=02
T5,U) = .

pralts 0 if ut02

Then we have the fuzzy set:
A= {(.131,14(.131) = O), (J)Q, A(l‘g) = 0.51), (l‘g,A(J?g) = 1),
(x4, A(x4) = 0.5), (x5, A(z5) = 0.2)}

Fig. 3. Example of case A: an interval type-2 fuzzy set whicldtually a
Example 1iLet X = {1, , 3,24, 25} be the refer- type-l fuzzy set

ential set. Consider the set:
A= {(x1,pa(z1,u) wWith u € J,,

= {ua, } = {0} € [0,1]),
(x2, pa(xe,uw) With u € J,, = {us,}
= {0.55} C [0,1]),
(23, ppa(zs,u) with u € Jp, = {ug,}
= {1} € [0,1]),
(24, pa(xg,uw) with u € J,, = {ug, }
={0.5} € [0,1]),
(x5, ppa(zs,u) with u € J,, = {ug, }
={0.2} € [0,1])}

CASE (B) when J, = {ul,u2,--
ul #uld if i # 7.

Clearly, for different elements we may take different
values ofn. Notice that the sets defined in this way are
a particular case of multisetehere every membership
is different from each other ([34], [4], [26]).

Example 2:

Let X = {x1,29,23,24,25} be the referential set.

Ju} C [0,1] with
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Consider the set:

A={(x1,pa(z1,u) with u € J,,
= ful a2, o, } = {0,0.05,0.1} € [0, 1))
(z2, a(ze,u) With u € J,,
= {umz’ u§27ui27ui2’u22} =
{0.55,0.6,0.65,0.75} C [0,1]),
(ng,uA(ch, u) with u € J,,
= {ul, 0, } = {0.95.1} € 0.1)),
(:c4,uA(x4, u) with v € J,,
= {um, . Jdk} ={0.35,0.4,0.5} C [0, 1]),
(J]5,/LA(.’L’57 u) with u € J,,
— {ul, 02, ud ) = {0.2,0.25,0.3) € [0,1])}

By Definition 4 we have (see Fig. 4):

oy~ {1 1€ {0,005,01)
HAELW =30 otherwise
oy — {1 1w € {0.55,06,065,0.75)

HAEZR W =9 0 otherwise

1 if we {0951}
Halws,u) = {0 otherwise

1 if ue {0.35,0.4,0.5)
Halea,u) = {0 otherwise

1 if we {0.2,0.25,0.3}
Halws,u) = {0 otherwise

Then, we have the multiset:
A = {(21,0,0.5,0.1), (22, 0.56, 0.6,0.69, 0.75),
(23,0.95,1), (24,0.35,0.4,0.5), (z5,0.2,0.25,0.3) }

Note that this example may correspond, for instance, to
a setting in which several anonymous users of a web
recommendation system provide their valuations for a
given object. In this situation (and due to anonymity, on
the one hand, and the fact that not every user of the
system may vote for every object), sets with more than
one membership value arise.

CASE (C) when J, = [A,, A,] C [0,1]. In this set-
ting, we recoverinterval-valued fuzzy set3aking into
account the mathematical equivalence between interval-
valued fuzzy sets and Atanassov’s intuitionistic fuzzy
sets ([1], [2]), with J, = [A,, A,] C [0,1] we also
recover Atanassov intuitionistic fuzzy sets. Note that
this mathematical equivalence is defined as follows:
given an interval(4,, A,], we takepa(z) = A, and
va(zr) =1— A,. In this way,pua(z) +va(z) < 1.
Example 3:Let X = {z1,x2,23,24, 25} be the refer-

H(x, u)

Fig. 4. Example of a multiset from an interval type-2 fuzzy set

ential set. Consider the set:
A= {(z1,pa(z1,u) with u € J,,

(22, pa(x2,u) With u € J,,
= [As,, Ag,] = [0.2,0.6] C [0,1]),
(3, pa(xs, u) with u € J,,
= [Asy, Azy] = [0.7,1] € [0,1]),
(x4, pa(xg,u) with u € J,,
[AM,A .1 =10.5,0.8] C [0,1)),
(5, pa(xs, u) with u € J,,
= [Asy. Az = [0.1,0.4] € [0, 1])}
By Definition 4 we have (see Fig. 5):
(21.1) 1 if uel0,0.2]
r1,U) =
falF, 0 otherwise
(22,10 1 if ue0.2,0.6]
To,U) = .
pai®z 0 otherwise
(23,10 1 if uwel0.7,1]
,u) = .
phal®s 0 otherwise
(240 1 if ue0.5,0.8]
,u) = .
fal®e 0 otherwise
(25,10 1 if uwel0.1,0.4]
,u) = .
pal®s 0 otherwise

then we have the interval-valued fuzzy set:

A ={(x1,[0,0.2]), (x2,[0.2,0.6]), (x3,[0.7,1]),
(l‘4, [0.5, 08]), (J)5, [0.1, 04])}

Note that interval valued fuzzy sets naturally arise in
those situation where an expert is not able to provide a
precise membership value for each of the elements of a
fuzzy sets ([3]).
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(e = {1 u€0,02]U[025,03
HAVLY =90 otherwise
1 if we[0.4,0.5] U0.65,0.70]U
pwa(za,u) = [0.75,0.85]
0 otherwise
( ) 1 ifuwel0.7,1]
r3,.u) =
pal®s, 0 otherwise
oy = {1 TFue [0.5,0.6] U[0.7,0.8]
HALU =0 otherwise
D L T [0.1,0.2] U [0.25,0.5]
HAWES U =0 otherwise

Then we have a particular casenobilti interval-valued
Fig. 5. Example of an interval-valued fuzzy set as an intetypé-2 fuzzy fuzzy set
set

A = {(z1,[0,0.2],[0.25,0.3]), (2, [0.4, 0.5], [0.65, 0.70],
[0.75,0.85]), (3, [0.7,1]), (24, [0.5,0.6], [0.7,0.8]),
(x5,[0.1,0.2],[0.25,0.5])}

CASE (D) when J, = [AL AL]U[42,A2]U - U
[An, A7) € [0,1] with [AL, AL]N[AZ, AL) = 0 if i # j;
that is, pairwise disjoint intervals.

Example 4:Let X = {z1,x9,x3,24, 25} be the refer-
ential set. Consider the set:

= {(xlaﬂA(xl, u) with u € J,,

AT A2
[ _x Az ] [ T Az ] [0’ 0'2] = [0'25’ 0'3] Fig. 6. Example of a multi interval-valued fuzzy set as an idetype-2
C [0,1)), fuzzy set
(x2, pa(@2,u) with w € Jo, Note that this case can be seen, from the application
[A}CQ,A1 JU [AiQ,A2 JU [AiQ,A3 ] point of view as a combination of all the previously

mentioned examples.

=10.4,0. . . . . 1 . .
= [0:4,0.5]{0.65,0.70] U {0.75,0.85] < [0, 1]), We can also consider more other particular cases for

(23, pua(es, u) With w € Jy, J,. However, we consider that with (A)-(D) the goal of
[A}Eg, ) =1[0.7,1]} € [0,1]), this work has been reached. However, we consider that
1 T 2 3 it is important to mention the foIIowing settingf, =
(x4, pa(za,u) With u € Jp, = [AuvAx Ju [AM, Am4] [Uglc, Um] [Az A2] [umui} U--- C [0,1], which is a
=10.5,0.6] U[0.7,0.8] C [0, 1)), particular case of (D) and wh|ch we analyze as Case (E)
(1:5,MA(1:5,1L) with « € JM described below.

B [An, A7) C [0,1] with [AL, AT] N [AJ, AL] =0 if i #j
N [0’1’0'2] [0'25’0'5] < [0,1])} where some of the intervals degenerate into a single
By Definition 4 we have (see Fig. 6): point; that is, pairwise disjoint intervals and points.
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Example 5:Let X = {z1,x9,23,24, 25} be the refer-

ential set. Consider the set:
A={(x1,pa(z1,u) with u € J,,
=[0,0.2] U [0.25,0.25] U [0.3,0.3] C [0,1]),
(22, pa(xe,u) With u € J,,
= [0.4,0.4] U [0.65,0.7] C [0, 1]),
(3, pa(xs, uw) with u € J,,
= [0.85,0.85] U [0.9,1] € [0,1]),
(x4, pa(xg,w) with u € J,,
=10.5,0.6) U [0.75,0.75] U [0.8,0.8] U [0.85, 0.85]
c [0,1]),
(x5, pa(xs,uw) with u € J,,
=1[0,0]U[0.1,0.2] U [0.3,0.4] C [0,1])}
By Definition 4 we have (see Fig. 7):

1 if uwel0,0.2]U0.25,0.25]

(X, u)

Fig. 7. Example of a multi interval-valued fuzzy set as an waketype-2
fuzzy set

palzy,u) = Ul[0.3,0.3]
0 otherwise ) _
_ fact taking for eachr € X the subset, = [4,, A;] C [0, 1]
A (2, 1) = 1 if u€0.4,0.4] U [0.65,0.7] (Case (C)), so they are actually working with interval-eaiu
i 0 otherwise fuzzy sets. Hence, we have presented a wider view on the
. g relationship between interval-valued fuzzy Sets and vater
pa(zs,u) = {1 UCE [_0'8‘)’ 0.85]U[0.9,1] type-2 fuzzy sets where we showed that interval-valuedyfuzz
0 otherwise sets are a particular case of the interval type-2 fuzzy $ets.
1 if uwe0.5,0.6]U[0.75,0.75]  addition, the view presented in this paper will allow a more
) = UM0.8.0.8] U [0.85.0.85 general perspective of interval type—2.fuzzy sets. Thiswigl|
Halwa, u) (08, _ JU1085, } enable us to represent concepts which could not be presented
0 otherwise by interval-valued fuzzy sets.
1 ifuel0,00U[0.1,0.2] Figure 8 shows graphically the relation between the differe
palrs,u) = u[0.3,0.4] extensions considered in the present work and in Table | we
0 otherwise summarize the different cases.

Then we have:
A = {(x1,[0,0.2],[0.25,0.25],[0.3,03]),

[
(2,[0.4,0.4],[0.65,0.7)), (23, [0.85,0.85],[0.9, 1]),
(24,[0.5,0.6],[0.75,0.75],[0.8,0.8], [0.85, 0.85]),
(x5,[0,0],[0.1,0.2], [0.3,0.4])}

IV. CONCLUSIONS ANDFUTURE RESEARCHS

In this paper we have shown that interval type-2 fuzzy se
as defined in [21] are more general than interval-valuedyfuz
sets. Hence, the definition introduced by Liang and Mend
generalizes the one given by Sambuc in 1975. Moreover \
have presented four particular cases of interval type-2yfuz
sets:

- Type-1 fuzzy sets (Case (A)),

- a particular case of multi fuzzy set (Case (B)),

- interval-valued fuzzy sets (Case (C)),

- a particular case of multi interval-valued fuzzy set(Gas¢
(D) and (E)).

Clearly, there are more special cases, depending on
subsetsJ, that we take.

It is important to note that in most of the papers where
authors say they are using interval type-2 fuzzy sets, theina Fig. 8. Multi-Valued Logic Descriptive Power Hierarchy

INTERVAL T2FS

INTERVAL-VALUED FS
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TABLE |
SUMMARY OF THE DIFFERENT CASES

Type of fuzzy set J is a subset of|0, 1], that is, J,, C [0, 1]

Type-1 fuzzy set Jr ={uz} C[0,1]

A particular case of multiset Jp=A{ul w2, Jul} C0,1] with u, # ul if i # j

Interval-valued fuzzy set Jy = [Az, A;] C[0,1]

A particular case of multi J. = [AL AL U[A2, A2]U--- U[A?, A7) C [0,1]

interval-valued fuzzy set with [gfi] A [/E ALl =0 if i 7?]

A combination of numbers and Jo = [ul,ub]U[AZ, A2]U[ud, ud] U--- C[0,1] with [&,Tg]m[ﬁ,?ﬁ] =
intervals Oifi#j

In a future research paper we will study how the hierarchicgb] M. B. Gorzalczany, "An interval-valued fuzzy inferemenethod. Some

relationships among the different multi-valued logics effact __ basic properties’uzzy Sets and Systemsl. 31(2), pp. 243-251, 1989.
. . . . [17] I. Grattan-Guinness, "Fuzzy membership mapped onto vateand
the inference capabllltles of each Iog'C' In partlcular, voiéh many-valued quantitiesZeitschrift fir mathematische Logik und Grund-
analyze if the descriptive power is directly related to the laden der Mathematikvol. 22, pp. 149-160, 1976.
inference power of the Iogics. [18] K. U. Jahn, "Intervall-wertige Mengen’Mathematische Nachrichten
vol. 68, pp. 115-132, 1975.
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