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Abstract

A Greedy Givens algorithm for computing the rank-1 updating of the QR decomposition is
proposed. An exclusive-read exclusive-write parallel random access machine computational
model is assumed. The complexity of the algorithms is calculated in two different ways. In
the unlimited parallelism case a single time unit is required to apply a compound disjoint Gi-
vens rotation of any size. In the limited parallelism case all the disjoint Givens rotations can be
applied simultaneously, but one time unit is required to apply a rotation to a two-element vec-
tor. The proposed Greedy algorithm requires approximately 5/8 the number of steps per-
formed by the conventional sequential Givens rank-1 algorithm under unlimited
parallelism. A parallel implementation of the sequential Givens algorithm outperforms the
Greedy one under limited parallelism. An adaptation of the Greedy algorithm to compute
the rank-k updating of the QR decomposition has been developed. This algorithm outper-
forms a recently reported parallel method for small &, but its efficiency decreases as k in-
creases.
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1. Introduction

Consider the QR decomposition (QRD) of the non-singular matrix 4 € R™”
A= OR, (1)

where O € R™" is orthogonal and R € R™" is upper triangular. If x,y € R™*, then
the rank-k updating of the QRD (UQRD) problem is the recalculation of the QRD

A=A4+x" = OR, (2)

when (1) has already been computed [11,13]. Thus, the UQRD problem is equivalent
to computing the QRD

OR+2v") = OR, (3)
where z = QTx. The sequential Givens method solves the rank-1 UQRD problem in
two stages [4,5]. The first stage computes

G'(z R Q")=(les H G'Q"), (4)

where G is the product of n — 1 Givens rotations which annihilate the elements of z
from bottom to the top, &= 2"z, e is the first column of the n x n identity matrix Z,,
and H is upper Hessenberg. The second stage applies » — 1 Givens rotations to
retriangularize the upper Hessenberg matrix

H=H+ ey (5)
That is, it computes

G'(H G'Q")=(R Q) (6)
where G! is the product of Givens rotations which annihilate the elements of the
subdiagonal of A from top to the bottom.

In the rank-k UQRD problem, the orthogonal factorizations (4) and (6) are re-
placed by the factorizations

Gy(z R Q")=(R. H GyQO") (7)
and

Gy(H Gj0")=(R Q). (8)
where GyR. is the QRD of z and H = H + R.y". A parallel algorithm—the SK al-
gorithm—solves the rank-k (1 <k <n) UQRD problem using 2(n + k —2) com-
pound disjoint Givens rotations (CDGRs) [9]. The SK algorithm employs the Sameh
and Kuck annihilation scheme in [12] to compute the QRD of z using (n + k —2)
CDGRs. This results H in (7), and consequently H, to have zero in its last n — k — 1
subdiagonals. The retriangularization of H is obtained using (n + k —2) CDGRs. A
CDGR is the product of a number of disjoint Givens rotations that can simulta-
neously annihilate elements of a matrix [3,7]. A Givens rotation in plane (i, j) that

reduces to zero the element B;; when it is applied from the left of B € R™" will be

denoted by Gfﬁ-), where 1 <i,j<mand | <k<n.



E.J. Kontoghiorghes | Parallel Computing 28 (2002) 1257-1273 1259

The complexity analyses of the algorithms to be discussed are based on an exclu-
sive-read exclusive-write (EREW) parallel random access machine (PRAM) compu-
tational model [2,8]. It is assumed that sufficient processors are available to apply
simultaneously all the disjoint Givens rotations. The complexity of applying a single
Givens rotation will be defined in two different ways. In the unlimited parallelism
case a single time unit is defined to be the time required to apply a Givens rotation
on any matrix conformable with the transformation. In the limited parallelism case a
single time unit is defined to be the time required to apply a Givens rotation to a two-
element vector [9]. Thus, in the second case, the complexity of a Givens rotation is
determined by the length of the vectors affected by the rotation. The complexity
based on the unlimited parallelism will also hold for SIMD systems if all the matrices
(i.e. z, R and Q) can be stored in a single memory layer [7]. The times to construct a
Givens rotation and to compute the updating H + R.y" will not be taken into ac-
count. Thus, the complexity of the rank-1 algorithms includes the computations of
(4) and (6). Similarly, for the complexity of the rank-k algorithms the computations
(7) and (8) are considered.

In this work Greedy parallel Givens strategies are investigated which use a smaller
number of CDGRs than the sequential and SK algorithms for solving the rank-1 and
rank-k (k < log, n) UQRD problems, respectively. In the Section 2 the Greedy algo-
rithm for solving the rank-1 UQRD problem is presented. The adaptation and mod-
ification of a Greedy sequence to solve the rank-k UQRD problem is considered in
Section 3. Finally, in Section 4 some conclusions are presented.

2. The Greedy rank-1 updating algorithm

Using the Greedy, or recursive doubling, method the reduction of the n-element
vector z to the form {e; can be achieved by applying the minimum number of
[log, n] CDGRs. It is assumed that there are enough processors to apply all the dis-
joint rotations simultaneously. This implies that at least [n/2] processors are avail-
able. The Givens rotations are not performed on adjacent planes and, generally, the
application of the single Givens rotation G,(y (i > j) from the left of the augmented
matrix (z R) annihilates the ith element of z and fills in the elements j to (i — 1) of the
ith row of R. However, a sequence of CDGRs can be found which retriangularizes R
fast enough so that the complexity of solving the UQRD problem is less than that of
the sequential algorithm.

Assume for simplicity that n = 2¢. At the ith (i = 1,...,g) step of the Greedy al-
gorithm the elements 2¢~) + 1 to 2*+1=) of z are annihilated by the 2¢ x 2¢ CDGR

2(g+1-i)

ig) _ (1)
Clig) — H do.iz(g,,.),

j=2(E-41

which can also be written as

. Cli-lg-1) 0 .
Clg) = ( (g—1 fori>1.
0 12g )
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The orthogonal matrix GT in (4) is given by C®¢%) ... C(1¢) It can be proved that the
matrices
H® — e ...clap
and
H® = H® 4 eyt (9)

have special recursive structures which facilitate the development of an efficient
Givens algorithm for triangularizing H'®.

Theorem 1. The structure of the matrix H¢+) = Cletle+l) ... CUetDR js given by
26 28
HE = qe Bo 2, (10)
R® Bl |28

where g = 0, B®) and B® are full matrices, R is upper triangular, H® has the same
structure as H¢Y but with g replaced by g — 1 and H" is a non-zero scalar.

Proof. The proof is by induction. For g = 0 the matrix H) = CVR = GJ)R is a
2 x 2 full matrix which satisfies the structure (10). The inductive hypothesis is that
H'® has a structure defined in (10). It is required to show that ##*1 has the structure
(10). Recall that H'® is of order n x n with n = 2¢. Consider the case with n = 2(¢+1,
The application of the first CDGR from the left of the R gives

26 28
clerg —( R B 2¢, (11)
R pBla) | 28

where R® and R® are upper triangular, and B® and B® are full matrices. This is
obvious since the Givens rotation G;lj)fzg fills in the elements (j — 2¢) to (j — 1) of the
jth row of R (j =2¢+1,...,2¢*!). That is, the fill-in of R from the application of
C#+D) is enclosed in a parallelogram of height 2¢. For B®) = [, C%®)B® the ap-
plication of the CDGRs from the left of R can be written as

gl ¢ g B B
(g+1) _ ety p _ (I, C 0 R® B
HE = HC TR = ( 0 L )\ R® B©

B (H’f_l R g<g>>

R B

Now, using the inductive hypothesis H® =[5, C“9R®, it follows from the latter
that ¢+ can be expressed in the form

(e g
( +1) o H B
HE = (R(g) fg(g)>’

which completes the proof. [
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Clearly H (see (9)) has the same structure as H¢. Only the first row of H® dif-
fers from H'®. Fig. 1 shows the recursive structure of /¢ and the process of reduc-
ing (zR) to ({;e; H®) for g = 4. In the first picture the numeral i (i =1,...,g)
denotes the elements of z and R which are annihilated and filled in, respectively,
by the ith CDGR.

The reduction of the matrix H®)(g > 1) to upper triangular form can be obtained
by constructing the orthogonal factorizations

e~ - 7(g-1)  ple-1) (e-1) ple-1) g—1
Tre) _ AT H B (W B 2
GHY =G (R(gU B?(gl)> _( R jgigfl) 2g-1 (12a)
and
~r [ WD éié’ 1) =
G* <R?(g1) B*g 1) - R7 (lzb)

where w1 and R are upper triangular matrices and (GG,)R is the QRD of
). That is, G" in (6) is given by GTGT
The factorization of (12a) can be computed in 2(¢=2) steps using a Givens sequence
similar to that in [7]. At the ith (i = 1,..., 2 2) step the pth subdiagonal of A¢~Y
annihilated by applying the CDGR C g) where p=2&2 + 1 The jth element of

the pth subdiagonal is zeroed by the Givens rotation GV ot 26D where j =
6iy...,2€2 47— 1 and o, is the index of the first non-zero element Thus, C®
is deﬁned by
208-2) 41
(ig) — ()
e = H Gjraev (13)
J=0i

The 2¢?-element vector ¢ can be written as o = (¢(),...,¢¢1), where % = /,

p=1,...,¢—1land 2 =1,...,[2¢7%7#]. The subvector ¢ starts at position ¢ -+ 1
of o, where ¢ = (2*~! — 1)2¢7#~!. Thus, 0,,; = aﬁ”) = ). For example, if g = 5, then
o=1(1,2,3,4,1,2,1,1).

Notice that the factorization (12a) can start after the second CDGR on z has been
applied. Fig. 2 illustrates the factorization of (12a), where g = 4. The full matrices
BV and B®Y are not shown. Arcs connecting the elements (and subrows) of
H® Y and R®Y indicate those affected by Givens rotations.

The factorization (12b) is divided into two stages. In the first stage the upper tri-
angular matrix R~ is reduced to zero by applying 2(¢-)) CDGRs. This is performed
using the strategies employed to update a QL decomposition by a lower triangular
matrix [6,7]. The CDGRs annihilate, diagonal by diagonal, the non-zero entries of
RV while preserving the triangular structure of W', Specifically, at the ith
(i=1,...,2e"V) step the CDGR

206D _j4]

(ig) _ (i+j-1)
= H Gj+2(£'*'>,i+j—1

J=1
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The reduction of (z R) into (T;e; H®))
7= Ce R—H®

[ ] ] = = e o e i ]

The recursive structure of A%
12 4 8 16

non-zero D zero

fill-in L

Fig. 1. The computationi of ({;e; H™) using the Greedy algorithm and the structure of A,

is applied in order to annihilate the ith superdiagonal of R®~" where, in this context,
the main diagonal is equivalent to the first superdiagonal. Fig. 3 illustrates this
Givens sequence.

In the second stage of computing (12b) the matrix B¢~Y is triangularized using
28 —3 CDGRs by employing the Sameh and Kuck (SK) annihilation scheme in
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CDGR #1 CDGR #2 CDGR #3 CDGR #4 Final matrix

S

| - |
Non zero  [] Zero Annihilated
Fig. 2. Factorization of (12a) using CDGRs, where g =4 and ¢ = (1,2,1,1).

CDGR#1 CDGR#2 CDGR#3 CDGR#4

Fig. 3. Assimilation of R#~" in the factorization of (12b) using CDGRS, where g = 3.

[12]. The elements of a column of B®~! are annihilated by successive CDGRs from
bottom to the top with the (2i — 1)th CDGR starting to annihilate the elements of
the ith column. Notice, however, that the annihilation of ft’ff*” can commence after
the last two rows of R¢~ have been zeroed. That is, the annihilation of B&~" starts
after the second CDGR of the first stage has been applied. Hence, 26 — 1 CDGRs are
needed to compute factorization (12b).

Fig. 4 illustrates the annihilation pattern of the Greedy parallel Givens strategies
for solving the rank-1 UQRD problem, where g = 4. In this figure, a numeral i de-
notes the elements annihilated by the ith CDGR. The steps of the Greedy algorithm
are shown in Algorithm 1. The standard colon notation has been used to represent
sequences of adjacent elements. The loop at lines 3-19 reduces z to {e; while simul-
taneously computing the factorization (12a). The loop at lines 20-37 computes the
factorization (12b). Note, the two conditional statements (lines 5-11 and lines 12—
17) controlled by the parallel do at line 4 are executed simultaneously. This also holds
for the conditional statements controlled by the parallel do at line 21. A Givens ro-
tation is applied from the left of a two-row matrix and annihilates the first element of
the second row. A number of Givens rotations are applied simultaneously using a for
all loop. For notational simplicity G; denotes the 2 x 2 rotation applied at the jth
step of the for all loop.
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7 — Cey Computing (12a) Computing (12b)

(=[] == =] =[] = [ro] ] 0] ] ]

Fig. 4. Annihilation pattern of the Greedy rank-1 UQRD algorithm, where g = 4.

Algorithm 1. The Greedy algorithm for solving the rank-1 UQRD problem (3),
where n = 25,

1. Letz=Q"x and R = (R Q") € R™?, where n = 2¢

2. Leto,y; = A, where A=1,...,[2¢%#], u=1,...,g—land g = (2#~' — 1)2¢7#!
3. fori=1,2,...,2¢2 +2do

4. parallel do
5. if (i< g) then
6. for all j=1,2,...,2¢ do-in-parallel
7. Let r =2 4 j
Zj Rjjon Zj Rjjon
' (2 ) -al &)
9. end for all
10. if i = g) then R, ., — Ry ., +z)" end if
11. end if
12. if (i > 2) then
13. for all j = 0, ,,...,2¢ % 4 i — 3 do-in-parallel
14. Lets =2&2 4 j—i+3and r =214
R, . R, .
15. Lrji2n - [ Arrgi2n
<Rx,j:sn ) G] (Rs,j:Zn >
16. end for all
17. end if
18. end parallel
19. end for

20. fori=1,2,...,26 —1do
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21. parallel do
22. if (i<2¢ V) then
23. for all j=1,2,...,2& ) — 41 do-in-parallel
24. Letr=i+j—1 5
Rr,r:2n Rr,r:Zn
2. (RZ(ng»j,r:Zn ) . GJ (Rz(gl)+j4r:2n )
26. end for all
27. end if
28. if (i > 2) then
29. for all j =1,2,...,2¢"1) do-in-parallel
30. Let r =260 4+ 2j—i4+1ands=2¢"D 4 r
31. if(~j<r<2<g’1)) then
32. R a0 jon — GiR 150614 jon
33. end if
34. end for all
35. end if
36.  end parallel
37. end for

2.1. Complexity

The total number of CDGRs required to solve the rank-1 UQRD using the Gree-
dy algorithm is given by

ToLg(g) =2 4262 426 -1 =5%x262 4+ 1 forg>l.

This corresponds to the unlimited parallelism case. The number of processors re-
quired is given by

281

27D B x 25 i) =202 (T x 257 +3).

=1
Notice that this is the number of processors needed to perform the first CDGR of the
Greedy algorithm.

As shown in [9], the complexity of the sequential rank-1 UQRD method when ex-

ecuted on the PRAM is given for the cases of unlimited and limited parallelism, re-
spectively, by

TULseq(g) = 2(22 - 1)

and et

Tiseq(g) = Z((2g +2+10)+ (25T 41 — i) = 3(22g —1).

i=1

In the unlimited parallelism case the sequential algorithm requires 2¢*! 4 1 proces-
sors in order to apply in parallel the rotations to all affected pairs of elements.
Omitting additive constants it follows that

TuLer(g)/TuLseq(g) =~ 5/8.



1266 E.J. Kontoghiorghes | Parallel Computing 28 (2002) 12571273

Thus, the Greedy algorithm requires approximately 5/8 of the number of steps
performed by the serial Givens rank-1 algorithm under the assumption of unlimited
parallelism.

Consider now the complexity of the Greedy algorithm in the case of limited par-
allelism. The first g CDGRs which reduce z to {e; and partly compute (12a) require
2(2¢*1 + 1) steps. The ith (i=g+1,...,2¢72+2) CDGR of the Greedy algorithm
(see line 15 of Algorithm 1) requires (267! — 6,_, + 1) steps. Therefore, the remaining
(2672 — g +2) CDGRs which complete the factorization (12a) have complexity

282

S g ) =22 g 4 2) -,

where
282 282 g-2
S = (G—1)=> 6—) a—(27-g+2)
i—g—1 i=1 i=1
g—2 211 g-2
=1+ D= i— (25 —g+2)

= 263282~ 3)/3 — g(g — 5)/2 — 8/3.

Now, the ith (i=1,...,2¢71) CDGR which annihilates the corresponding superdi-
agonal of R®™Y in (12b) requires (2¢*'+1 —1i) steps. The remaining 267" — 1
CDGRs of the Greedy algorithm complete the triangularization of B¢~Y with the ith
(i=1,...,2¢2" —1) CDGR having complexity (3 x 2¢~' 4+ 1 —i). From this it fol-
lows that the number of steps required to compute (12b) is given by

2¢-1

DT 41— =27"3x20 1) - 1.

i=1
Thus, the total complexity of the Greedy algorithm is given by

Tio(g) =271 (7 +2572) = 26732572 = 3) /3 + g(g — 3)/2+ 5/3.
For large g it follows that
TLgr(g)/TLseq(g) = (3 X 22g+1 - 22g75)/(9 X 223) = 2/3

It is assumed that 2¢~! processors are available to apply simultaneously the disjoint
rotations of the Greedy algorithm. Consider now the execution of the sequential
Givens algorithm on the PRAM when these processors are used to apply in parallel a
rotation on 2¢~! pairs of elements. In this case the complexity of the sequential
Givens algorithm becomes:

2¢-1

Tranle) = 3 (128 +240)/20 ] + [ 41— )/27))

i=1
= (2026 — 1)+ (251 = 2) + 25 43) + (226 — 1) + 26+ 2571 - 1)
=7x2—4
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and

TLgr(g)/TLSeq(g) = 2t /7,

Thus, in this case, the sequential algorithm outperforms the Greedy one.

Notice that the fill-in of R in (4) using the Greedy and conventional sequential
rank-1 algorithms is Y% | 2%¢~) ~ 2% /3 and (2¢ — 1), respectively. Thus, the Greedy
algorithm requires more memory locations than the sequential one.

2.2. Recursive derivation of the QRD of H® for g > 3

The recursive computation of (12a) and (12b) i 1s considered in the context of un-
limited parallelism. Substituting g — 1 for g in H® gives

H(g 2)Ble-2) Blg 1) 782
HY =| Rle2ped | Bl ) 2¢72 (14a)
Rs-1 Ble-1) [ 2871

o Ble-D
Bl = <g<g1>>- (14b)

Initially the orthogonal factorizations

H&?2 = G,R«? (15)
and

7T/R(g—2) ‘ Ble-2) ‘g,gg—w B 0 ’ W2 ‘ <2 \Zg 2

Gy R ‘E(g—l) o k(gq) ( }Zg 1 (16)

are computed, where R¢~2, W2 and R~ are upper triangular. For

~ T 5(g—1
gy (BT
B;g_ )

and

e _ R€-2) GATg(ng)
- 0 we=2 |

the upper triangular factor of the QRD of H'® is derived after computing the or-
thogonal factorization

5 (e-1) pBle -
g '?1 ~R (17)
ReD Bg
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CDGR #1 CDGR #2 CDGR #3 CDGR #4 Final matrix

pomam

. | L
1 Non zero [ Zero & Annihilated

Fig. 5. Factorization of (16) using CDGRs, where g = 4.

As for the factorization (12a) the factorization (16) can be computed in 2872 steps.
The orthogonal matrix G¥ is defined as the product of the CDGRs C®*#) ... C(19),
where C8) (i =1,...,2¢72) is defined by

2(8-2)

cte) = H Gﬁ"fz(il*z),p+2(g*1)
=
Fig. 5 illustrates the factorization (16), where g = 4. The two full matrices ng*” and
B¢V are not shown.

The QRD (15) is derived in Tyre (g — 2) = 5 x 2% 4 1 steps and the factorization
(17) is computed in 2¢ — 1 steps. Factorizations (15) and (16) can start, respectively, af-
ter the third and second CDGR has been applied from the left of z. Hence, the total
number of steps required to triangularize H'¢) using the above method is given by

Turre(g) = max (14 Tyre(g —2),2+25%) + 25— 1
=21 x2¢% 41 forg>3,

forp=i+j—1.

with
Tuiee(g)/TurLe(g) ~ 21/20.

This indicates that the recursive method requires more CDGRs for solving the rank-1
UQRD problem than does Algorithm 1. The same conclusions are anticipated if the
above method is used with g replaced by g —2' (i=0,...,log,g — 1) in (14a) and
(14b). Observe that at least 2(¢~2) steps will be required to compute simultaneously
the factorizations equivalent to (15) and (16), and 2¢ — 1 steps are needed to find the
final factorization which corresponds to (17). That is, the recursive triangularization
H'®) will require at least the same number of steps as Tyrg(g)-

3. The greedy rank-k algorithm
The Greedy Givens annihilation scheme described in [3,10] can be used to com-

pute the QRD of z € R™* using g + (k — 1) log, g CDGRs, where n = 2¢ > k. The
case k < g is considered only within the context of unlimited parallelism. The em-
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ployment of the Greedy algorithm will result in # having an almost full structure
that is difficult to exploit. This can be overcome by using a variant of the Greedy al-
gorithm called log-Greedy. At each step the log-Greedy algorithm annihilates 211024
elements of the ith column by preserving previously zeroed elements, where y; is the
maximum number of elements in column 7 that can possibly be annihilated. When
|log, 1;] < log, ;, the rotations are chosen so that less fill-in occurs in R. For
k=1 and n = 2¢ both algorithms are equivalent to the Greedy rank-1 algorithm.
Obviously, for computing the QRD of z the log-Greedy algorithm requires more
steps than the Greedy algorithm when £ > 1, but the difference in the number of step
between the two algorithms is negligible when £ < g.

Let G (i > ¢) denote the CDGR applied at step 7 in column ¢ of z. Let F(:9)
denote the fill-ins of R resulting from the application of G%“?. All of the fill-ins of
R resulting from the application of G"%, G*? ... are denoted by F-9. A fill-in
is shaped like a parallelogram with the maximum height of the parallelograms cor-
responding to Ft9 being 2(6-9). Fig. 6 illustrates the log-Greedy scheme for comput-
ing the QRD of z in (7) and the structure of H, where g = 5 and k£ = 4. The numeral i
in z and H denotes the annihilated entries and fill-ins, respectively, which have re-
sulted from the application of the corresponding CDGR. The fill-ins FG9)
(g =1,2,3,4) are shown using different shades.

Notice that H and H = H + R.y" have the same structure. The retriangularization
of H can be obtained in k multi-step stages. In stage j the algorithm annihilates si-
multaneously the fill-ins resulting from the application of the CDGRs in column
(k — j+ 1) of z—i.e. the fill-ins F**1=/)_ Using the Givens strategy for computing
the factorization (12b) a parallelogram of height 2” can be annihilated in 21 — 1
steps. Thus, the jth (j = 1,...,k) stage is completed in 2(¢~**/) — 1 steps which corre-
sponds to the number of steps required to annihilate the biggest fill-in of FG4+1-7),
After the first k — 1 stages the matrix H will have the same recursive structure as
H® in (10). However, the computation of factorization (12a) can start before
F®? is completely annihilated. The number of steps (i.e. CDGRs) required by the
log-Greedy algorithm to solve the rank-k UQRD problem (1 < £ < g and n = 2%)
is given approximately by

k
Tlogr(ka g) =~ 22@”"“) = (1 — 2*1‘)2(541)7
J=1

where the computation of factorization (12a), the QRD of z and small constants
have been ignored.
The complexity of the (unlimited parallelism) SK algorithm in [9] is given by

Tors(g) = 2(25 4+ k —2) = 2571 for k < 28
and it follows that
Togr(k,8)/ TuLs(g) ~ 1 — 2k,

Thus, as k increases, the efficiency of the log-Greedy algorithm decreases in relation
to the SK algorithm. For k& > g the triangularization of z using the Greedy algo-
rithms is inefficient since they result in H being a full matrix that requires O(2¢+!)
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7R, R—H
49
48
371114
371013
316/912
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2|5/811
2(5(811
2|5(8110
2/5/810
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214179
214179
113/6/8
13168
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113168
113|157
13|57
1(3|5|7
1(3|5|7
1(214|6
1(214/6
12/4]6
1(214/6
1(213|5
12135
1(213/4
1/2{3/4

Fig. 6. The log-Greedy scheme for computing the QRD of z and the fill-ins of R, where g = 5 and k = 4.

CDGRs for triangularization. The k-times (1 < k& < g) repetition of rank-1 Givens
algorithm to solve the rank-k UQRD problem will perform approximately 5k/8
more steps than the log-Greedy method.

Fig. 7 shows the first stage in triangularizing H and the whole process for solving
the rank-2 UQRD problem, where g = 4. The non-empty F*? (i = 2,4,6) is distin-
guished by bold frames and a numeral i denotes the entries annhiliated by the ith
CDGR. Note that the triangularization of H starts before the QRD of z is completed
and also that the computation which corresponds to the factorization (12a) starts at
step 9.

4. Conclusions

Givens strategies have been proposed for solving the rank-k UQRD problem. The
analysis of the algorithms is based on an EREW PRAM computational model. Ini-
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Stage 1: Annihilation of 7 (-2
H

12
113

| =
e 1 9]

1 7
QRD of 7 and triangularization of H.

z— R, H—=R
4 1

3|7

306 8

215 1

215 [ |

204 6719

2[4 819

13 1314

13 131

13 13141

1.3 31415161718
1/2 4]5 1151%11
11]2 4 %,g_ 415161
1[2 [ 141517192
2] [ | | |4]6 3141618202

Fig. 7. Solving the rank-2 UQRD problem using the log-Greedy method, where g = 4.

tially the rank-1 UQRD problem was investigated. The first Greedy Givens sequence
was found to require 3/8 less time units than the conventional sequential Givens
method under unlimited parallelism. However, in the case of limited parallelism
the sequential method was found to be the most efficient when the processors are
used to perform simultaneously the Givens rotations to all of the relevant two-ele-
ment vectors. A modification of the Greedy algorithm which recursively computes
the QRD of (12a) and (12b) required slightly more CDGRs. A log-Greedy Givens
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strategy has been described for solving the rank-k UQRD problem under unlimited
parallelism. This algorithm is found to outperform an existing parallel method (the
SK algorithm in [9]) for small k. In general, the efficiency of the log-Greedy method
decreases as k increases.

In order that the complexity analysis of the algorithms be more realistic it should
not be assumed that all of the disjoint Givens rotations can be applied simulta-
neously. In such circumstances the complexity analysis under limited parallelism
should apply to the performance of the algorithms when implemented on a shared
memory machine [1]. Furthermore, under this additional assumption, the annihila-
tion schemes presented here will be a special case of a wider class of Givens se-
quences which needs to be developed [8].

The QR decomposition of H can be obtained by a series of n Householder trans-
formations. The transformations annihilate column-by-column the non-zero ele-
ments below the main diagonal of H and without creating any fill-in. The
efficiency of this strategy compared to that of using Givens rotations merits investi-
gation. Currently the design of Givens sequences for computing the QRD decompo-
sition on the PRAM under limited parallelism is considered.
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