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Abstract

In cooperative dynamic games with non-transferable payoffs, the players’
agreed-upon cooperative actions would determine the resulting payoff that each
player receives. This article develops a mechanism for the derivation of individual
player’s payoff functions in cooperative stochastic dynamic games with
nontransferable payoffs. This is the first time that individual player’s payoff
functions are characterized in an analytically derivable form in such a framework.
An illustrative example is provided.
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1 Introduction
In cooperative games, players negotiate to establish an agreement on how to

act and assign their payoffs. A necessary condition is that the agreement must
satisfy individual rationality. To verify individual rationality, individual players’
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payoff functions have to be derived. In the case when the game is dynamic and
stochastic while payoffs are nontransferable, analytically tractable individual
payoff functions, though difficult to be obtained, are needed for this verification
process. Yeung (2004) provided a formulation to characterize the players’
individual payoffs in continuous-time cooperative stochastic differential with
non-transferable payoffs. In this article, we develop a mechanism for the
derivation of individual player’s payoff functions for discrete-time cooperative
stochastic dynamic games. An illustrative example is given.

2 Game Framework

Consider the general T — stage n— person nonzero-sum discrete-time
stochastic dynamic game with initial state X;. The state space of the game is

X € R™ and the state dynamics of the game is characterized by the stochastic
difference equation:

X = T (R Uy, U, U + 6, 2.1)
for ke{l,2,--,T}=x and X =X,
where u, e R™ is the control vector of player i at stage k, X e X is the
state, and 6, 1is a set of statistically independent random variables.
The objective of player i is
.
Eel,az,...,ar{ ; Ok (X, U, U=, U) +9' (%) }s (2.2)
for ie{l,2,---,n}=N,
where Eé.ljé.zg_._’élr is the expectation operator with respect to the statistics of
6,,6,,-+,0;,and q'(x,,) is the terminal payoff that player i will received in
stage T +1.
The payoffs of the players are not transferable. Let {¢,(X), for k e ¥ and
ie N} denote a set of strategies that provides a feedback Nash equilibrium
solution (if it exists) to the game (2.1)-(2.2), and V'(k,x), for k € K, denote the

value functions indicating the expected payoff to player i over the stages from
k to T. The theorems characterizing a Nash of the game (2.1)-(2.2) can be
found in standard textbooks (for instance see Theorem 13.1 in Yeung and
Petrosyan (2012)).

For the sake of exposition, we sidestep the issue of multiple equilibria and
focus on solvable games in which a particular noncooperative Nash equilibrium is
chosen by the players in the entire game.
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3 Cooperation Scheme and Individual Payoffs

Now consider the case when the players agree to cooperate and enhance their
payoffs according to an agreed-upon cooperative scheme. In the scheme, the
players would adopt the agreed-upon cooperative strategies which would directly
determine the payoffs of the players.

3.1. Optimal Cooperative Strategies
To obtain a group optimal outcome one has to consider the derivation of a set
of cooperative strategies using payoff weights in which the players agree to adopt

a vector of constant payoff weights «a =(a',a’,--,a") for Z a' =1. Dockner
j=1

and Jorgensen (1984), Hamalainen et al (1986), Leitmann (1974), and Yeung and

Petrosyan (2005) provided analysis along this line. Conditional upon an

agreed-upon vector of weights «, the agents’ optimal cooperative strategies can

be generated by solving the following stochastic control problem of maximizing

their joint weighted expected payoft:

n T o o
Eﬁl,az,---ﬂr{ Z[ a’g¢ (X U U, ) + '’ (%) } } (3.1

-1 k=
subject to (2.1).

An optimal solution to the problem (3.1)-(2.1) can be characterized by the
following Theorem.

Theorem 3.1. A set of strategies {\””(x), for kex and ie N} provides an
optimal solution to the problem (3.1)-(2.1) if there exist functions W *(k,X),

for k € K, such that the following recursive relations are satisfied:
n

W(a)(T'l_laX): Z ajqj(XTJrl)a (32)

J=1

W@ (k, x) = 1n;aane,k{ D algl (XU, ug, - uy)
U Ui s+ U j=1
+W(a)[k+1> fk(xk>ull<aulfa"'7ul?)+0k] }
:Eﬁk{ Zajglj[x’l/llga)l(x):l/llga)z(x)ﬂ'"al/llga)n(x)]
i1

+W Tk +1, f, (@M (), w2 (X), -, w " (X)) + 6, ] } (3.3)

Proof. The results in (3.2)-(3.3) comes directly from the stochastic optimal
control techniques (See Basar and Olsder (1999) and Yeung and Petrosyan
(2012)). ]
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Substituting the optimal control {w\*” (x), for ke x and ieN} into the
state dynamics (2.1), one can obtain the dynamics of the cooperative trajectory as:
X = e (X nga)l(xk)a l//lga)z(xk)a R nga)n(xk N+6, (3.4)

Weuse x\“ e X\* to denote the value of the state at stage k generated by
(3.4), where X\” is the set of realizable values of X(*’. The term W (k,x)

gives the expected weighted cooperative payoff over the stages from k to T if
X\ =x e X isrealized at stage k € «.

3.2. Individual Payoff under Cooperation
Given that all players are adopting the cooperative strategies in Section 3.1

the expected payoff of player i under cooperation can be obtained as:
T

_ . 1 )
W (t,x) = Eat,eHl,-..,gT{ DA 7 GO R 7 GO RN 7 C o8

k=t

+0'(4%)

X, =X }, for ieN and tex. (3.5

To allow the derivation of the functions W *'(t,K) in a more direct way

we establish a discrete-time analog of Yeung’s (2004) characterization of the
players’ individual expected payoffs under cooperation in the following Theorem.

Theorem 3.2.
The expected payoff of player i can be characterized as

WENT +1,%) =4 (%) 4

W @it x) = Eg{{ gti[X’ W N (X), w2 (X), M (0]

FWEEHL f 06y (00,4777 00,9 " (0) + 6] } ’

for ieN and tecx. (3.6)
Proof. Note that W'(t,x) in (3.5) can be expressed as:

W ()i (t, X) — Egl Gt { gtl [X, l//t(zx)l (X), wt(a)Z ()()’ e l//t(a')n (X)]

T
) | ) .
+ Z gL[XIEa)al/IIEa) (Xﬁa))a l//lga) (Xlga))a' : "Wlia)n(xlia))] + ql (X':'Djr)l)

k=t+1

Invoking (3.5), we have:

X = x }.(3.7)

W@t +1,x8)) =

t+1
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;
_ 1 ) _
Eem,em,---,ar{ D X ) RO, N ()] + 9 (6)) }

k=t+1
(3.8)
Using (3.7) and (3.8), we have
W () (ta X) = EQ‘ { gtl [X’ Wlia)l (X)a l//t(a)z(x)a ) l//t(a)n (X)]
+W (@i [t + 15 ft (X7 l//t(a)l (X), l//t(a)z (X)> ) l//t(a)n (X)) + Ht] } 5
for ieN and tex. (3.9)
Hence Theorem 3.2 follows. [
For individual rationality to be maintained at the outset, it is required that:
W@, x")> V'(1,x)), for ieN. (3.10)

For individual rationality to be maintained throughout all the stages k € x, it is
required that:

W@k, x> Vik,x), for ieN and kex. (3.11)

If there exists an agreed-upon set of solution weights « that satisfies (3.11)
the cooperative solution satisfies both individual rationality and group optimality
throughout the cooperative duration.

4. An lllustration

We consider a non-transferable payoff version of the game in Yeung and
Petrosyan (2010). Consider two economies which can extract a renewable
resource. The planning horizon for resource extraction begins at stage 1 and ends

at stage 3 for these two extractors. Let U, denote the quantity of resource
extracted by extractor i at stage k, for ie{l,2}. Let U' be the set of
admissible extraction, and X, € X < R" the size of the resource stock at stage k.
In particular, we have U'e R" and u; +u <X . The social plus private
extraction cost for extractor i at stage K is C (U;)’/X, . The benefit of a unit
of resource to economy i is P.

The growth dynamics of the resource is governed by the stochastic
difference equation:

2 .
Xen = X +a—bx, > u) +6,, for ke {l,2,3} and x, =x°, (4.1)
j=1
where 6, is a random variable with non-negative range {6,,6;,6,} and

corresponding probabilities {4, 4,4 }.
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The objective of extractor i€ {l,2} is to maximize the present value of the
expected payoff:

EW{ i {Pﬁ Ui—i—‘k(UL)z} (ﬁ] 7 } for ie{1,2}, (4.2)

k=1
subject to (4.1).
The payoffs are nontransferable. Now consider the case when the extractors
agree to use the weight a =(a',a”) to maximize their expected weighted payoff

{ Yad [Pj u; —%(ué)z} ] } 43)

subject to (4.1).
Invoking Theorem 3.1, one can characterize the optimal controls in the
stochastic dynamic programming problem (4.1) and (4.3). In particular, a set of

control strategies {w\*"(x), for k €{1,2,3} and ie{l,2}} provides an optimal
solution to the problem (4.1) and (4.3) if there exist functions W’ (k,x):R—>R,

for k € {1,2,3}, such that the following recursive relations are satisfied:

W@ (k,x) = max{ Za {P u) - J(uk)M ! J

Uy Uk 1+r

3 20
+ D AWOk+1, x+a-bx—Y u} +6] } for k e{1,2,3}.
y=l j=1
WT +1,x)=0. (4.4)
Performing the indicated maximization in (4.4) yields the optimal cooperative
strategies:
(0!)' (X) —

( P' __Z%W(a)[k-i'l X+a—bx-— Zl//(“)l(x)+0y](1+r)k1 jzi’
(04 Ci

y=1 j=1

for 1e{l,2} and k e{1,2,3}. (4.5)

Proposition 4.1. The value function

W@k, x)=[A“x+C], for k e{1,2,3}, (4.6)
where A and C{*, for k e {1,2,3}, are constants given in (A.4), (A.9) and
(A.12) in Appendix A.
Proof.  See Appendix A. [

Using (4.5) and Proposition 4.1, the optimal cooperative strategies of the
agents can be expressed as:

(@) k-1
v @ (x)=[P - Ak“(laf L ]22, for ie{l2) and ke{l23}. (4.7)
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Invoking Theorem 3.2 we can characterize the value function W (k,x) which
indicates the expected payoff to player i under cooperation by:

wm‘(kax){ p R AUy X _fp ALIRDTp X M 1 j
a' 2¢c ! a' 4c, l+r

2 () k-1
+Z/1,ZW(“)'( K+1, X+a—bx— Z [P, - Ak“(”jr) ]2’; Lo j
i

= a
for k €{1,2,3},

W @'(4,x)=0. (4.83)
Proposition 4.2. The value function
W@k, x) = [A"x+C'], for ke{,2,3} and ie[l,2}, (4.9)

where A" and C@', for ke{1.23% and je[l.2!, are constants given in
Ak k {a H } [a } g

(B.2), (B.3) and (B.4) of Appendix B.
Proof. See Appendix B. [

5. Concluding Remarks

This article develops a mechanism for the derivation of individual player’s
payoff functions in cooperative stochastic dynamic games with nontransferable
payoffs. The analysis can be readily applied to cooperative dynamic games by
removing the stochastic elements. Further applications of the results in
discrete-time dynamic games are expected.

Appendix A: Proof of Proposition 4.1.

Consider first the last stage, that 1is stage 3. Invoking that
W@ (3,x) = [A§“)X+C3(“)] from Proposition 4.1 and W@ (4,x)=0 , the

conditions in equation (4.4) become

W@ (3,x) = [A”x+C"]= max{ Za [Pu’ ’(ug)z} (ﬁ] } (A1)

Performing the indicated maximization in (A.1) yields the optimal cooperative
strategies in stage 3 as:

(@ (x) = o for je{l1,2}. (A.2)

Substituting (A.2) into (A.1) ylelds:

2 2

1 2, (P)
@y 4 O] = i (F
A s (1+rj JZ_;“ Ac

x, for ie{l,2}, (A.3)
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h (@) LY () (@
where A = | — Za —12 and C{¥ =0. (A.4)

I+r) 3 4c;

Now we proceed to stage 2, the conditions in equation (4.4) become

W@(2,x) =[A”x+C{"]= max{ Za {P ul - J(uz) } ( ! j

1+r

3 .

+Z/1§W(“>[3,x+a—bx—2u;+9g] } (A.5)
y=1 j=1

Invoking (A.3), the condition in (A.5) can be expressed as:

[A“x+C{¥]= max{ i“{Pﬁug ’(uz)}( : )

uz U3 1+r

3 2
+ > AYl x+a-bx—Y ul +6)] } (A.6)
y=l1

j=1
Performing the indicated maximization in (A.6) yields the optimal cooperative
strategies in stage 2 as:

(a)l x)=[P - (1+ r

Af”] for 1e{l,2}. (A.7)
Substituting (A.7) into (A.6) ylelds.

[A“x+C], (A.8)
where

(a) ZZ: (l+r)A§"‘)] PJ. +(1+r)A3<a>/aj

i 4c;
+ A (1_b)—i [P, - (l”) A1 - A
< c,
Cl® = Az(“)( a+z/1y<9y J (A.9)

Finally, we proceed to the first stage, using (A.8) the conditions in equation
(4.4) become

[A“x+C{“]= max{ Za {P uj - ‘(ulj)z}

Ui

+Zﬂqy[ Al x+a—bx— ZU +6)] +C(“)J } (A.10)

j=1
Performing the indicated maximization in (A.10) yields the optimal cooperative
strategies in stage 1 and upon substitution of the optimal strategies into (A.10)
yields:
[A“x+C], (A.11)

where
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a (a) 2 a a
Af”—Za (P, - A )) i +AY (1-b) =) (P, —i)) Ai),and

4c, = a' "2 j
o = Agw( a+y 2! J +C. (A.12)
y=l1
Hence Proposition 4.1 follows. Q.E.D.

Appendix B: Proof of Proposition 4.2.

From (4.8) we have:

W(a)i(k,x)=|: PP - (a)(1+r)k 1] P (a)(lTr)k 1]2 X }( 1 ]k—l

' a' 2c, a 4c, 1+r
2 (a) k-1
+Z/1VW(“"( K+1, X+a—bx— z p Al X g J
y=1 j= al 2Cj
for k e {1,2,3}.
W@(T +1,x)=0. (B.1)

Following the analysis in the proof of Proposition 4.1 in Appendix A one can
readily obtain:

2 2
A = (_1 lrj _(j) and C{*' =0; (B-2)
+ C
(1+r) P +(1+rnA“ /a'

AT =R A

4c;

+ A" (1—b)—22: Ly _(ILJr)A;a)]%w’and

i=1 i

_ . 3
Cll = A§“)'( a +Zi§’€2y j; (B.3)
y=1
_ @ P 4 A@ 2 A A
@i_(p _Az_ i (a)' 1-b p ——2_ and
A= =) (-b-3 ¢ -7 5
. . 3 .
C = Agm'( a+y Ao j +C{", (B.4)
y=1

Q.E.D.
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