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ABSTRACT

This paper establishes a new type component mode synthe-
sis method for a flexible beam element based on the absolute
nodal coordinate formulation. The deformation of the beam el-
ement is defined as the sum of the global shape function and
the analytical clamped-clamped beam modes. This formulation
leads to a constant and symmetric mass matrix as the conven-
tional absolute nodal coordinate formulation, and makes it possi-
ble to reduce the system coordinates of the beam structure which
undergoes large rotations and large deformations. Numerical
examples show that the excellent agreements are examined be-
tween the presented formulation and the conventional absolute
nodal coordinate formulation. These results demonstrate that the
presented formulation has high accuracy in the sense that the pre-
sented solutions are similar to the conventional oneswiththe less
system coordinates and high efficiency in computation.

Keywords: flexible beam, large rotation, large deformation, com-
ponent mode synthesis, absolute nodal coordinate formulation

INTRODUCTION

Recently, the absolute nodal coordinate formulation
(A.N.C.F) [1] for formulating large rotation and large deforma-
tion problems of very flexible beam, plate and shell elements
has been proposed. In this formulation, beams, plates and shells
which have primarily been established as a non-isoparametric el-
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ement are considered as an isoparametric element. Although the
vector of nodal coordinates does not contain infinitesimal or fi-
nite rotation coordinates, global slope coordinatesare used for an
exact arbitrary rigid body description instead. Using the shape
function of the conformal type that ensures the continuity of all

the displacements, displacement gradientsat nodal points and el-
ement interfaces in the analysis of two and three dimensional el-
ement, the center line and mid surface can be smooth. This kind
of shape function satisfies both the compatibility conditions and

the completeness conditions which imply one of the sufficient
conditions for the convergence of finite element.

Two different methods can be used to derive the element
elagtic forces in A.N.C.F. In one method, the element coordi-
nate system such as a pinned frame and a tangent frame that
are used for the description of the element deformation is in-
troduced. These element coordinate systems alow for the use of
linear strain-displacement relationships [2-4].

Another method for deriving the elastic forces is to use a
continuum mechanics approach (C.M.A) that does not require
the use of a local element coordinate system. The beam ele-
ment based on the assumption of Euler-Bernoulli beam model
was established in the previous study of A.N.C.F [5,6]. A more
general longitudinal deformation model which does not employ
the constant or the small strain assumptions was presented [6].
Omar [7] established a more general shear deformable beam el-
ement based on the nonlinear strain-displacement relationships,
and Mikkola [8] developed it into three dimensional plate and
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shell element. A new three dimensional beam element is now
being developed [9]. Using C.M.A, much simpler elastic forces
can be obtained than those of the former method using local el-
ement coordinate system. Moreover the solutions obtained by
C.M.A converge well with small numbers of finite elements.

A.N.C.F tendsto increase the number of degrees of freedom
to be solved, as it is based on the finite element method. The
reduced order formulation is desired to decrease the degrees of
freedom. One of the present authors has developed a new type
of component mode synthesis method (C.M.S) [10] where the
displacement function of the linear beam finite element based
on the classical Euler-Bernoulli beam theory is treated as a lin-
ear combination of thethird order polynomials and the analytical
clamped-clamped beam modes, and applied for the large rotation
vector formulation [11]. Using this kind of C.M.S, mode trunca-
tions a nodal points can be prevented since the applied modes
are chosen to the type of clamped beam that satisfies the bound-
ary condition of zero displacement and zero slope at both ends.

In this study, we shed light on three kinds of the Euler-
Bernoulli beam based element [2-5] in order to extend these
models to the lower order and more accurate models with re-
duced number of system degrees of freedom in comparison with
the conventional beam element based on A.N.C.F. Since the dis-
placement function is modeled by using the constraint modes,
the present shape function ensures the continuity of al the dis-
placements and displacement gradients at nodal points. As a
consequence, the presented beam element satisfies C! continu-
ity condition and does not account for the shear deformation. In
this paper, the accuracies of C.M.S based models are evaluated
numerically by comparing with the large numbers of finite beam
elements only based on the conventional A.N.C.F.

DERIVATION OF EQUATIONS OF MOTION BASED ON
A.N.C.F USING C.M.S
Kinematic Equations

Figure 1 shows the planar beam element and the coordinate
system used in this study. In A.N.C.F, the global position vector
of an arbitrary point on the beam element based on the Euler-
Bernoulli beam theory which does not account for the shear de-
formation is defined using the following equation:

1 = gle) )

wherer'l isthe global position vector of an arbitrary point on the
beam element, S isthe element shape function matrix, €'/ isthe
vector of nodal coordinates, and superscript i j refers to element
j onbody i. We define the element shape function matrix S'/ and
the vector of nodal coordinates €'l which are based on C.M.S can

Element ;5 on Body 7

ij

Y
\4

0

Figure 1. The planar beam element based on A.N.C.F & C.M.S

be written as follows:
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where |j is the length of the element, X; is the axial coordinate
that defines the position of an arbitrary point on the element in
the undeformed configuration, and @, ®, are the clamped-
clamped beam mode vector defined as:

@ = ol = [41(6)) - o€ | “

In Eq. 2, the two components of the displacement are in-
terpolated using the same polynomials since these displacement
components are defined in the global coordinate system. In Eq. 3,
e/ and €] arethetranslational coordinates at the node at point A

asshowninFig. 1, ei5j and (e"6j are thetrandational coordinates at
the node at point Bj, €] and € are the global slope coordinates
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at the node at point A, and €, and € are the global slope coor-
dinates at the node at point B, respectively. In addition to these
components, { {” are the k th norma mode coordinates for
the global X, Y dlrectlons of the element and ¢«(¢j) isthe k th
constraint mode.

Itis note that when the A.N.C.F isused inthisstudy, there is
no reason for using different modes and different degrees of nor-
mal mode coordinates to describe different components of the
displacements of the beam element since these components are
defined in the global coordinate system. Therefore we use the
same modes and the same numbers of modes to describe the
global X, Y directions. By using the global slope coordinates
as nodal coordinates in this formulation, it can be shown that the
conventional modes of the beam can be used to define an isopara
metric element in succession from the previous study based on
A.N.C.F. The applied modes in this study must be chosen to
avoid leading mode truncations at nodal points. This can be cir-
cumvented using the constraint modes like that of a clamped-
clamped beam. As a consequence, the shape function developed
in this study ensures continuity of all the displacements and dis-
placement gradients at nodal points of the beam element. This
continuity will be investigated numerically later in this paper.

For convenience of derivation of equations, we redefine the
element shape function matrix S' in Eq. 2 as follows:

Sy 0@l o }_[S’f} -

=[5 @hl= [OS’J 0 @) | |s)

Mass Matrix

Using Eq. 1, the kinetic energy of the beam element can be
defined as:

T = %fpijfiijijdVij = %'e”TMijieij (6)

Vil

where p'l and V' are the mass density and volume of the finite
element j of the deformable body i. M1 isthe constant symmet-
ric mass matrix of the beam element using C.M.S proposed in
this study, and can be defined as:

Ml = fpijs'ﬂs'ide
Vil

i i
_rii|{Mp Mpm (7)
Muip Mp,

The matrix Mipj in Eq. 7 can be written explicitly [1] as:

o [MU 0
1] 1
Mp_{ Op ij } (8)

13 111, 9 13lj]

35 210 70 420
12 12

4ol

il 105 420 140
Iv'pl_MpZ_ 13 11|j (9)

35 210

12

The matrices M ipjm and M 'nJ] in EQ. 7 can be derived by integrating

the clamped-clamped beam modes.

, M”m 0
Mpm—MrTJuTJ:{ glM'J }
1 .
_ f SiT@lla, (10)
0
1 .
Mih= [ el ollas,
0
1
= fo diag| ¢2(£)) - ¢2(&)) $3(6)) -+ #2E) |de; (12)

The applied modes ¢x(£;) can be written explicitly as:

ok(&j) = Ck{ (sinh A — sinAk) (cosh Akéj — cOS AkE)
—(sinh &) —sin i) (cosh Ak —cos )| (12)

where A in Eq. 12 isthe solution of the following equation:
cosdgcoshly =1 (13

Since ¢k(£;) in Eq. 12 is orthogonal, one can normalize as:

1
fo #2(E)déj = 1 (14)

Using thisrelationship, the arbitrary constant Cy in Eq. 12 can be

defined numerically, and the matrix M 'nﬂ in EQ. 11 can be written
as:

Mph = | 2kx 2k (15)
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Figure 2. Deformations defined in the pinned coordinate system
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Figure 3. Deformations defined by using C.M.A

where | is the identity matrix. The matrices Mipjml,Mipjm2 in
Eqg. 10 are coupling terms of polynomials and modes. These ma-

trices can be analytically obtained.

Elastic Forces

There are two kinds of method to derive the element elastic
forcesin the previous study of A.N.C.F. Oneis called the pinned
frame approach using the local element coordinate system that
is used for the description of the element deformation as shown
in Fig. 2. Another is called a continuum mechanics approach
(C.M.A) that does not require the use of alocal element coordi-
nate system as shown in Fig. 3. The arc length S; is introduced
instead. The authors apply the shape function of C.M.Sto these
two approaches [2-5].

Pinned Frame Approach Based C.M.S Inthepinned
frame approach, the position vector uj in Fig.2 can be written as:

(16)

Uj2

u_:[ujl]_ (gilji_gilJ:Aj)e”:
: (S)-S)) ¢!

where Sf and S'zJ are the rows of the element shape function ma-
trix defined in Eq. 5, and Silej and Siszj are the rows of the shape
function matrix defined at the reference point Aj in Fig. 2. The
vector ugj that accounts for longitudinal and transverse deflec-

tions of an arbitrary point on the beam element can be defined
as:

Ugj = [w] _ {UTLIJT_J Xj} 17)
j

In this study, the authors make use of the pinned frame,
which has one of its axes passes through two nodes of the beam
element as shown in Fig. 2. In the previous study, in comparison
with the tangent frame, fewer requirements of the beam element
using the pinned frame to converge well were reported in general,
since the deformation within the element as defined with respect
to the element coordinate system remains small despite the ele-
ment large deformation [2]. The pinned frame can be introduced
by first defining the unit vector i along aline connecting point A
and point Bj. Therefore the unit vector i is:

i=[!1]= e i B (18)
2] ra -1l

Using the definition of the vector €'l in Eq. 5, one can obtain:

i i —— —
FH% El}’ d= & -dp+@-dr 9

T
&% &

where d is the distance between the nodes at Aj and B;. Let also
j be aunit vector along the axes of the beam coordinate system.
The following relationship holdsfor two-dimensional problems:

j=Ti (20)
where
- [0-1
(93] @
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Using the classical Euler-Bernoulli beam theory, the strain en-
ergy of the beam element can be written as:

o1 aur \? 82up\

J

where E is Young's modulus, A is the cross sectiona area, I is
the second moment of area. The variation of the strain energy
can be written as:

. 2
6U'J=f QT seldt (23)
t1

where Q:(j isthe vector of the element elastic forces. The elastic
forces can be written more explicitly as:

ij_ (Al LRl dii2, (all L ril)dii2
Qx _(6eij ) = (A}, +By,) €lif+ (AL, +B] ) €liZ

i Al oii
+ (A12+A21_Blz_

BY,) €lizis - Allis — Alli;
+ {e”T (A}, +B,)li —AlT ¢l

+ %e”T (Ailj2+Ai2jl—Biljz—Bizjl)e”iz}(%)T

+ {e”T (A, +BY)lip—AJT ¢l

+ %e”T (Ailjz"'Aizjl_Biljz_Bizjl)e”il}(%)T (24)

Each coefficient of matricesin Eq. 24 (r,s = 1,2) can be written

as:
i EA (L/os\T/o8)
W L) (B
S
BrS_ l;JJ, o 6512 6512 d‘(;:l ( 6)
- 1 6SJ T
A'rJ=EAf (—) dé; 27
L\ ) (27)
The authorslist typical matricesin Egs. 25 - 27 as follows:
1/6S) \T/8S] y
pl pl — Kl
— | [==d¢; =K 28
fo(agj)(ag,-)‘f’ A 29
19281 \T 6% y
pl PL) s — kil
fo ( o¢2 ) ( o¢2 )d‘f’ =R 9

) ?"‘1 déj = K{J (30)

17 aa AT /Al -
f (%) (% d¢j = K'DJ (31)
) :

déj = K|’ (32)

déj = K}/ (33)

Shabana [1] derived matrices KX and KiBj i_n Egs. 28 and 29 by
integrating the products of shape function S'pJ as.

6 i 6 1
5 102 5 102
20y b
K'J_ 15 é.o :'|3JO (34)
5 10
2|12
»Sym 5 |
[ 12 6|j -12 6|j
, 412 —61; 212
Ky = o 35
B 12 -6l; (39)
| Sym 4|J?

The matrices K'Cl KiDj, KiEj and KiFj in Egs. 30 — 33 are also de-
rived in the same manner and can be analytically obtained.

Continuum Mechanics Approach Based C.M.S In
the preceding section, the formulation of the elastic forces based
on C.M.Susing alocal element coordinate system was discussed.
However, in A.N.C.F, it is not necessary to use such a local
coordinate system. As discussed in the previous study based
on C.M.A [5, 6], Eqg. 1 is the parametric equation of a two-
dimensiona line. Thus the configuration of a beam element at
timet as shownin Fig. 3 can be defined as:

r=rl(x), 0<x <l (36)

Thearc length Sj in Fig. 3isrelated to x; through the differential

equation as:
. ij
dSj= ri’Triivdy;, ril’ = ZLX (37)
i
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The Green-Lagrange longitudinal strain s:j can be defined using
the following equation:

dS? - d = 2dx;é) dx; (38)
which implies that
ij_ LT
g :E(r r'l”—-1) (39

This equation can be written in terms of the vector of nodal co-
ordinates €! using Egs. 2 and 3 as:

el = 2SI TSIl 1) (40)
The longitudina deformation may be related to longitudinal
stresses by specifying the constitutive equations. Using the clas-

sical Euler-Bernoulli beam theory, the vector of generalized elas-
tic forces due to the longitudinal deformation can be defined as:

iinT
ij ou,’ ! /T’ dj
QIJ:[aT'j] =f0 EAg'S1/TS I dldx; (41)

From this equation, it is clear that if the length of the finite ele-
ment is small enough to consider &, as constant, then it is possi-
ble to factor it out of the sign of integral as follows:

Q:JzEAE:J[LJS”’TS”’de]e” (42)

where 5{ listhe average longitudinal strain which can be approx-
imated as:

od=1;
gl=—— (43)
J

In Eqg. 43, d isdefined as Eq. 19. The elastic force vector Q:j due
to the longitudinal deformation can be written as:

Q' =k/el (44)
where
Ki o klo
S NI 5

iT i
0 kd'o kY

The effect of bending moments can be introduced using the cur-
vature « of the beam element as:

M = Elx (46)
The Serret-Frenet formulas of differential geometry give:

erij
de?

d?ri
dSJ?

~
I~

= |r'1”| (47)

In this equation, the special assumption of small longitudinal de-
formations(S; ~ x;) isemployed. The strain energy U,’ account-
ing for bending deformationsis given by:

lj 1 0
Utz—j(;JElzkzdszze”TK{Je” (48)

The elastic force vector Qij due to the transverse deformation
can be written as.

=K{el (49)
where
Kg 0 K{o
: :
Kp:El_%z EiEjTgBJ &ngé (50)

ijT i
0 K{To ki

Using Egs. 44 and 49, thefinal expression of the elastic forcesin
Eq. 23isgiven by:

Q) =q/+q} (51)
The elastic forces in C.M.S based beam element are obtained by

the same manner to the conventional C.M.A [2, 6] but includes
the analytical mode shape functions.

Element Equations of Motion and Constrained Multi-
body Equations

The equations of motion of element j on body i can be writ-
ten asfollows [12,13]:

Milgl = F + FJ (52)
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where FLj = ;J —Q:(j is a vector which includes all the element

external and applied force vector .Q'aJ including the gravity forces
and the element elastic forces Q, due to deformations. F¢ isthe
vector of constraint forces resulting from connectivity between
the finite beam elements. Using a conventiona finite element as-
sembly procedure also based on C.M.S, the equations of motion
for body i can be written as:

Mg =F, (53)

where € is the vector of nodal coordinates of body i. M' and
FL are the assembled mass matrix and the external and elastic
force vector of the body, respectively. In Eq. 53, the constraint
forces dueto the element connectivity are eliminated. If the body
i is subjected to kinematic constraints resulting from mechanical
joints, specified motion trgjectories, the equations of motion of
the body i can be written as:
Miéi+c;/1=|:g, i=12....np (54)
where A is the vector of Lagrange multipliers, C is the vector
of constraint functions that depend on the coordinates and possi-
bly ontime, C4 isthe constraint Jacobian matrix associated with
the vector of nodal coordinates of the deformable body i and np
is the total number of bodies. Since the mass matrix M' of the
C.M.S based beam element in this study is constant and sym-
metric, a Cholesky velocity transformation [12, 13] can be used
to obtain a generalized identity mass matrix. Finally theresulting
augmented form of the equations of motion can be written as:

R
CClch 0 z Qc

where Cq,, isthe constraint Jacobian matrix associated with the
vector of the Cholesky coordinates qch, Qcn is the generalized
Cholesky forces and Qc is a quadratic velocity vector.

NUMERICAL EXAMPLES

In this section, four numerical examples including spin-up
maneuver, flexible cantilever beam, slider crank mechanism and
four bar mechanism are investigated in order to demonstrate the
use of the propased method based on C.M.S in case of not only
the small deformation but & so the large rotation and large defor-
mation problem. The authors provide five models, Model A, B,
C, D and E. Modd A, B and C are based on C.M.S, and Model
D and E are based on the conventional A.N.C.F. In all examples,
denoted as Model A based on a pinned frame approach is ex-
tended to C.M.S model. Model B and C are based on C.M.A

(which corresponds to Model | of [6] and the model of [5]) ex-
tended to C.M.S model, respectively. Both Model D and Model
E are comparative models not extended to C.M.S model. Model
D is based on C.M.A (which corresponds to Model 111 of [6]).
Model E is based on a pinned frame approach [2-4].

Spin-Up Maneuver Inthisexample, the spin-up maneu-
ver of a rotating beam is employed to investigate how accurate
the beam element proposed in this study is with the totally re-
duced system degrees of freedom in case of small deformation
undergoes large rotation. To compare with the previous formu-
lation [14, 15] of a rotating beam of length L = 8.0 m, density
p = 2.767x10° kg/m?, cross sectional area A = 7.299x 1075 n?,
and bending stiffness El, = 5.664 x 10> Nm? in the example of
[14],and L = 10, pA= 1.2, EA=2.8x10" and El, = 1.4x 10% in
the example of [15], the shaft is given an angular displacement
0(t) about the global Z axis, defined as:

. (fr)—: %th(%) (cos(_l_—s)—l)], t<Ts 5
ws(t—%), t>Ts

where ws and Ts are set to 4.0 rad/sec and 15 sec, respectively in
the example of [14], and to 6.0 rad/sec and 15 sec in the example
of [15]. Figures 4 and 5 show the transverse and longitudinal
deflections of the rotating beam at the free end.

The results presented in these figures show that there is a
good agreement between the present models and the conven-
tional models. In Fig. 4, Model B has one beam element with
one C.M.S vibration mode, while Model D has two beam ele-
ments. In case of Fig. 5, Model B has two beam elements with
two vibration modes, while Model D has five beam elements.
The results obtained in this example show that presented method
based on C.M.S givesa good agreement with the results obtained
by only using A.N.C.F. In addition to thisfact, a steady state ex-
tension at the free end of 5.14x 10~* can be also confirmed as
shown in Fig. 5. Model D is chosen to be a comparative model
in this example because of its high accuracy in the case of large
longitudinal deformation [6]. The total CPU time used to obtain
the solution on a Mobile AMD Athlon 4 Processor 1.10 GHz us-
ing MATLAB is 133 sec (Model B) and 1656 sec (Model D) in
the example of [14] and 907 sec (Model B) and 9604 sec (M odel
D) in the example of [15], respectively.

Flexible Cantilever Beam In this example, the accu-
racy with reduced system degrees of freedom is examined by
using small numbers of finite elementsin case of large deforma-
tion. The authors consider aflexible cantilever beam [4] assumed
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Figure 4. Transverse deflection at the free end of the rotating beam in 15k
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to be subjected to a vertical concentrated force Fo = 0.09 N in the
following equation.

Fo (1-cog(nt)), t<lsec
Fit)={ 2 (57)

Fo, t> 1sec

The beam has a length of 24 m, a cross sectional area of
0.0018 m?, a second moment of area 1.215x 108 m*, a mass
density of 2770 kg/m® and a modulus of elasticity of 1.000 x
108 N/m?, respectively. Figure 6 shows the configurations of the
beam at the same time step of 1.0 sec. Inthisfigure, Model A has
ten beam elements with one vibration mode, Model B has five
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Figure 6. Deformation of a flexible cantilever beam subject to a concen-
trated force at the same time step of 1.0 sec
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beam elements with two vibration modes, Model C hasfive beam
elements with one vibration mode and Model E has thirty beam
elements, respectively. Inthiscase, good agreementsin deforma
tion are found between the results obtained by three C.M.S based
beam elements, Model A, B and C, and the element obtained by
the conventional A.N.C.F, Model E. Model C has 34 dof while
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Figure 8. Deformation of the midpoint of the connecting rod in case of
Slider Crank Mechanism
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Figure 9. Deformation of the midpoint of the connecting rod in case of
Four Bar Mechanism

Model E has 124 dof. Then, the high precision reduced order
formulation by C.M.S isredlized in the sense that the solutions
obtained by using C.M.S are comparatively similar to the con-
ventional ones obtained by only using A.N.C.F.

Figure 7 shows the components of the vector dr /dx along
the center line of the beam element at time 14 sec of Model B.
Thisresult demonstratesthat the global displacement gradientsat
each nodal point are continuous since the beam element proposed
in this study is modeled by using the conformal global shape
function and the analytical clamped-clamped beam modes that
satisfy not only zero displacement but also zero slope at each
node, respectively. In Fig. 7, the deformation of the center line
can be measured by the deviation of the norm of the vector dr /9x
from one, since this vector is not an orthogonal unit vector in

P B N -

t=1.78 sec t=1.89 sec
t=1.95sec t=2.00 sec

Figure 10. Computer Animation of Slider Crank Mechanism (Model B)

t=0.2 sec t=0.4 sec
t=0.6 sec t=0.8 sec

Figure 11. Computer Animation of Four Bar Mechanism (Model A)

case of large deformation. The total CPU time used to obtain
the solution is 1460 sec (Model A), 126 sec (Model B), 85 sec
(Model C) and 61452 sec (Moddl E), respectively.

Flexible Slider Crank & Four Bar Mechanism In
this example, we consider two simulations using C.M.S based
beam element. One isthe very flexible slider crank mechanism
investigated in [3], the other is the very flexible four bar mech-
anism investigated in [2]. In each case, the beam element has
the same length, cross sectional dimensions and material proper-
ties as a crank shaft, a connecting rod and a follower (in case of
four bar mechanism) in comparison with the case of [2,3]. Fig-
ures 8 and 9 show the connecting rod deflections of midpoints.
In case of dlider crank simulation, Model A has four beam ele-
ments with one vibration mode (total 36 dof), Model B has two
beam elements with three vibration modes (total 32 dof), Model
C hasfour beam elements with one vibration mode (total 36 dof),
and Model E has eight beam elements as a connecting rod (total
52 dof). In this case, Moddl A and C have the same numbers
of degrees of freedom. In Model A, B and C, the crank shaft
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has one beam element, while in Model E, it has three beam ele-
ments. In case of four bar mechanism, all models have one beam
element and four beam elements as a crankshaft and a follower.
Model A has ten beam elements with two vibration modes (to-

tal 112 dof), while Model E has twenty four beam elements (total

128 dof) asa connecting rod. There isavery good agreement be-

tween each model as shown in Figs. 8 and 9. Figures 10 and 11
show the computer animation of slider crank (Model B) and four

bar mechanism (Model A). As a consequence, we can reduce the
number of system degrees of freedom by maximum 20 dof in
case of dider crank mechanism and 16 dof in case of four bar
mechanism. The total CPU time used to obtain the solution is
1794 sec (Model A), 204 sec (Model B), 310 sec (Model C) and

9264 sec (Model E) in Fig. 8 and 5853 sec (Model A) and 20695
sec (Model E) in Fig. 9, respectively.

SUMMARY AND CONCLUSIONS

In this study, the beam element based on A.N.C.F is devel-
oped to realize higher efficiency and higher accuracy model with
the less number of elements and system coordinates. The defor-
mation is modeled by using the global shape functionand the an-
alytical clamped-clamped beam modes that ensure the continu-
ity of al the displacements and displacement gradients at nodal
points and the smoothness of the center line. The shape func-
tion proposed in this study satisfies both the compatibility con-
ditions and the completeness conditions which imply one of the
sufficient conditions for the convergence of finite element. The
present beam element belongs to the type of C1 element which
requires slope continuity. Four numerical examples are investi-
gated in order to examine the validity of the present C.M.S beam
model. We can confirm a very good agreement between the low
order C.M.S model and the large number of element types.
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