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Strain Plasticity1 

A finite-element model is proposed which allows for both straining within each element 
and slip between two elements. Basic equations are derived and are shown to almost com
pletely uncouple into two constituent components: the conventional finite-element equa
tions for continuous displacement fields and the "slip" equations which were recently de
rived for a model based on slipping of rigid triangles. The model is applied to the Prandtl 
punch problem and is shown to combine the best features of its two constituents. 

1 Introduction 

In an earlier paper [1] we pointed out that classical finite-element 
methods suffer from two potential drawbacks when applied to 
plane-strain problems of contained flow of an elastic/perfectly plastic 
material. On the one hand, plastic strain increments are incom
pressible, a condition which imposes severe constraints on the possible 
element configurations and may lead to very poor results [2]. Second, 
some continuum solutions of plasticity problems are known to exhibit 
discontinuities of tangential velocity across certain boundaries, and 
classical models cannot handle this feature. 

In [1] we proposed a "slip model" which consisted of rigid triangular 
elements which were free to slide but not separate. Applied to a par
ticular example, the slip model predicted good approximations to the 
yield-point load, collapse mechanism, and shape of the elastic dis
placement field. However, all results were obtained in terms of a fic
titious elastic modulus which is essentially unknowable. 

The present paper is concerned with a "combined model" which 
apparently has all of the advantages and none of the drawbacks of the 
classical and slip models taken separately. Further, the computations 
"essentially reduce to a sequence of solutions for classical models and 
slip models so that the large body of knowledge available for the 
elastic/plastic classical model can be applied immediately, as can the 
experience gained in [1] with the slip model. 

All three models are based on triangular elements. For simplicity 
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Fig. 1 Finite-element arrangement for Prandtl punch 
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of exposition and application we shall consider the regular array of 
right-isosceles triangular elements shown in Fig. 1. The kinematics 
of the classical model [3] are defined by the dimensionless nodal 
displacements (uu, Vk). These displacements define a continuous, 
piecewise differentiable displacement field and a piecewise constant 
strain field over the entire domain. Fig. 2 shows the basic unit 
mechanisms.u& associated with a "small node" (Fig. 2(a)) and "large 
node" (Fig. 2(6)); the Vk mechanisms are similar. 

As shown in [1], the kinematics of the slip model are defined by 
nodal rotations Qk defined in Fig. 3. The resulting deformation field 
consists of infinitesimal rigid-body motions of the triangles accom
panied by slip of one triangle relative to another. 

The proposed combined model has three degrees of freedom at each 
interior node: a horizontal displacement Uk defined in Fig. 2, a similar 
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Fig. 2 Elementary horizontal mechanisms; (a) small node and (b) large 
node 

vertical displacement Vu, and a rotation 6k defined in Fig. 3. We recall 
that in the classical model Uk and Vk can also be interpreted as the 
actual motion of node k. However, in the slip and combined models 
the rotation 6k gives a different motion to each vertex at a node, so 
that the concept of "nodal displacement" has no direct physical sig
nificance. 

The kinematics of the combined model are fully defined by Figs. 
2 and 3; obviously they are the sum of the kinematics, of the classical 
and slip models and there is no kinematic coupling of the two 
models. 

The statics of each model can be obtained from Figs. 2 and 3 and 
the Principle of Virtual Work. If there are no body forces, then it is 
evident that the resulting static equations for each interior node will 
be homogeneous and linear, and that the combined model is simply 
the sum of the other two. 

It remains then, to consider the constitutive equations and the 
boundary conditions, and we will do that in Sections 2 and 3, re
spectively. Section 2 will also list generic kinematic and static equa
tions. Then in Section 4 we will examine in detail a specific bound
ary-value problem in order to clearly indicate the character of the 
proposed model, with particular reference to the close relation be
tween it and the classical and slip models for the same problem. 
Section 5 will apply the model to an approximation to the Prandtl 
punch problem [5, 6]. The paper will conclude with a discussion of the 
merits of the model. 

lejfz 

K ^ M 

Fig. 3 Elementary slip mechanism; (a) small node and (b) large node 

2 Basic Equations 
We begin by reviewing the well-known equations for the classical 

model, follow with a summary of the slip-model equations from [1], 
and conclude by demonstrating that the slip-model constitutive 
equations are the only ones which must be modified before these 
equations can be applied to the combined model. 

For the classical model the generalized displacements are the di-
mensionless nodal displacements 

"* = Uk/l vk = Vk/l (1) 

where / is the length of the triangle hypotenuse. These displacements 
determine a unique continuous piecewise-linear displacement field 
which leads to piecewise-constant strains. Taking these as generalized 
strains ex

a, Cy", Jxy", we obtain for triangle ADB (triangle 1) in Fig. 
2(a), 

e*1 = uB-uA iy
l = vA + vB- 2UD 

Ixy1 = UA+UB~ 2UD + UB~VA 

with similar expressions for the other elements. 
Generalized stresses will be defined by 

4 r 
ff*" = — j ax(x,y)dA 

l2k JA« 

(2) 

(3) 

etc., where k is the yield stress in shear. For any reasonable homoge
neous material, constant strains will produce constant stresses so that 
(3) reduces to 

(Ox ') = (1/ftKo-* y ) (4) 

If point D is the only node with a nonzero displacement in Fig. 2(a), 
then the internal work done in triangle ABD is 

Wit r 
J Al 

(uxex + <Tyey + Txyyxy)dA 
I ABD 

= (kl2/2)(-vDay
l - UDT^1) 

.The total internal work done by a motion of point D is 

(5) 
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W in t = (kl2/2)[uD(-ax
2 + crx

4 - T V + r l y
3 ) 

+ i)f l (-<7y l+(ry3-T ; C3,2+TJ y ' t )] (6) 

If there is no force applied to node D, the internal work must vanish 
for all choices of UD and VD, hence we obtain the linear homogeneous 
static equations 

(o'x2-o-x4) + ( r x y
1 ~ r x y

3 ) = 0 (7a) 

(rxy
2 - Txy*) + (ay1 - ayZ) = 0 (lb) 

associated with a generic small node. Similarly, at a large node, Fig. 
2(b), we are led to 

(a,1 + ax
2 + ox* + o*4) - (<rx

5 + aj + <rx
7 + <rx») 

~> \TXy "•" Txy > TXy ' TXy ) 

- (rxy
3 + T l y

4 + r x y
5 + Txy

6) = 0 (7c) 

\Jxy ' 7*xy ' TXy *+" TXy ) \TXy ~r TXy + TXy " Txy ) 

+ (ay1 + (Ty8 + Oy1 + By 2) ~ (ffj,3 + dy4 + d y
 5 + ffy 6) = 0 (Id) 

We consider an isotropic elastic/perfectly plastic material in plane 
strain. In each element the stresses and strains will be constant, so 
that the constitutive equations relating the generalized stresses and 
strains for element a are trivially derived from those for the con
tinuum 

/ " = (ox
a- <ry")2/4 + (Txy«)2<l X « > 0 

ax« = 2(G/k)[kx" + v(ex« + iy«)/(l - 2v)} - \«(<rx« ~ <ry")/2 

ay" = 2(G/k)[iy
a + v(kx« + ey«)/(l - 2v)} - X«(<ry« - ax

a)/2 

TXy" = (G/k)jXy« - 2\«TXy" 

if f < 1 or /« < 0 then X" = 0 

else \a=(G/2k)[(arx''-aya)(ix
a-iy

a) + TXyayXy«] (8) 

For the slip model, the dimensionless generalized displacements 
are 6D and 6Q defined in Figs. 3(a, b). A dimensionless generalized 
strain co is defined for a generic edge PQ by 

UPQ = dpQlpQ/l2 (9) 

where dpg is the relative motion of the two triangles along PQ, defined 
as positive clockwise. As shown in [1], generalized strains are defined 
for each horizontal and vertical edge between nodes, but a single 
generalized strain is defined for each diagonal of a square. Thus the 
only nonzero strains associated with the elementary mechanisms in 
Figs. 3(a, 6), respectively, are 

U>FG = OlGB = <>>BA - &AF = @D &AG = &BF = ~26D 

(10a) 

"FL = WLH = UHB = COBf = -wpa = - W i G = -UHG = _ m G = gG 

(106) 

Generalized strains may be related to continuum strains by re
garding the edge as a rectangular domain of small thickness IS. In a 
general edge PQ the only nonzero strain is 

7 = UPQI/(IPQO) (11) 

Since y is constant, the only nonzero continuum stress is the constant 
T and we define a generalized stress by 

C TdA T 
TPQ^lim ) - — - = - (12) 

6-*0 J A KllpqO k 

Then the internal work done in edge PQ is 

Wi„tp« = kl2rPQ^PQ (13) 

Therefore, if no external work is done in the mechanism motions in 
Fig. 3, the linear homogeneous static equations are easily obtained 

TFG + TQB + TBA + TAF ~ 2 T A G ~ 2TBF = 0 (14a) 

TFL + TLH + THB + TBF ~ TpG — TLG ~ THG ~ TBG ~ 0 (146) 

Formal combination of the Prandtl-Reuss flow law for pure shear 
with equations (11) and (12) leads to the constitutive equation for edge 
PQ 

TPQ2 < 1 (15a) 

if TPQ2 < 1 or TPQTPQ < 0 (156) 

then TPQ = (Gl/klpQ&)6)pQ (15c) 

else TPQ = 0 (15d) 

Now, equation (15c) is not usable as written, since it contains the 
"thickness" 8 of the edge—which must tend to zero. For the slip model 
this dilemma is resolved by defining a "slip modulus." 

G' = G/S (16) 

As shown in [1], this procedure enables us to obtain complete elas
tic/plastic stress distributions and to obtain displacement fields in 
terms of the unknown (and unknowable) constant G'. 

However, for the combined model considered here, the shear 
modulus G is necessary for equations (8) to have meaning, and hence 
it cannot be allowed to tend to zero as is implied by equation (16). 
Therefore, we must resolve our dilemma in a different way by defining 
new alternative kinematic variables dp, etc., by 

dpQ = dpq& wpq = WPQS dP = 6pS (17) 

Equations (15) then become 

TPQ2 ^ 1 (18a) 

if TPQ2 < 1 or TPQTPQ < 0 (186) 

then WPQ = 0 and fPQ = (Gl/klpQ)wPQ (18c) 

else TpQ - 0 (18d) 

If (186) is satisfied, there will be no slip. However, in view of equation 
(17), zero strain is compatible with nonzero alternative variables WPQ 
so that we still have a nontrivial set of slip equations. In particular, 
TPQ and hence TPQ can be determined so that the continued validity 
of (186) can be tested. On the other hand, if (186) is violated, we by
pass (18c) to obtain directly the simple (18d). Since this equation gives 
no kinematic information it is compatible with either zero oipq and 
nontrivial oJpQ, or with nonzero COPQ in which case the alternative ki
nematic variables are discarded. The choice between these two al
ternatives will depend upon the problem as a whole, and will be dis
cussed in later sections. 

With the exception of the foregoing discussion of the constitutive 
equations, it is clear that the defining equations for the classical and 
slip parts are independent and hence may be added to obtain the 
combined model. Therefore, for the combined model the kinematics 
are governed by equations (2), (10) and (17), the statics by (7) and (14), 
and the constitutive behavior by (8) and (18). 

3 B o u n d a r y - V a l u e P r o b l e m 
Boundary conditions are most easily discussed in terms of a specific 

example. To this end we consider the problem shown in Fig. 1. For any 
of the three models local constitutive equations and strain-displace
ment equations will exactly match the unknown generalized strains 
and stresses. Therefore, in order to balance the total system of 
equations and unknowns, there must be one equilibrium equation for 
each generalized displacement. 

For the classical model, each of the interior nodes has two dis
placement unknowns «; and u,-, and the same number of equations, 
equations (7). On the boundary, u - 0 for nodes G through M, u = 0 
for nodes M through S, and 
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US = UT = Uu = "V = Uw = Ux = UA = U0 UF-VG= -VQ (19) 

For the remaining 10 unknown u's and 15 unknown v's we can use 
equations (7c) and (Id), respectively, keeping only those stress terms 
which correspond to triangles in the domain. 

Applying the principle of virtual work to motions defined by Uo and 
uo, respectively, we obtain 

T2 = (1/24) £ [-(<rxH + aJa + 2cx«) + ( r x y
; i - Txy

i3)] (20a) 
l 

Tl = d/4) [-(Txy
71 + Tx /2 + Tx /2 - Txy«) 

- (<ry
71 + o>72 + 2 a / 1 + a / 2 + cr/4)] (206) 

where kTz and £Ti are, respectively, the forces per unit length 
pushing SA to the right and FG down. If T% is given, (20a) is the 
necessary equation for the additional unknown u0; if u0 is given, (20a) 
defines the necessary force T2. Similar interpretations apply to T\ 
and equation (206). 

For the slip model, we first note that if all 8; were equal, the entire 
domain would remain unchanged, so that we may arbitrarily set 
6M = 0. It then follows from Fig. 1 (see [1] for details) that all of do 
through 8s vanish, 

BT = du/2 = 0 v /3 = 6W/A = 0 x / 5 = 9/i/6 = 2u0 h = -2v0 (21) 

and 6B, 8C, Q'D, and BE are four new variables. 
As shown in [1] boundary mechanisms are somewhat simpler than 

interior ones, so that the equilibrium equation for node B is 

TAX' + TCX' ~ TBX' = 0 

with similar expressions for nodes C, D, and E. The mechanism mo
tion for vo involves only node F and leads to 

2Ti = -TEF' ~ TQF' + TFF' + TFG/2 (22a) 

whereas the mechanism motion for UQ involves all of the nodes on the 
left and leads to 

3T2 = (TST' + TUT' - TTT') + 2(TTW + TVU' ~ TUV') 

+ 3(TUV +-TWV - TVV') + 4 ( T V » " + TXW ~ TWW') 

+ 5(TWX' + TAX' - TXX') + 6 T X B (226) 

As with the classical model, equations (22) may be used to find dis
placements if forces are given or to define forces for given UQ and/or 
vo-

For the combined model, we must interpret the prescribed 
boundary motions in terms of permissible mechanism motions. 
However, before doing this, we observe that not all of the generalized 
displacements in the total domain are independent. As with the slip 
model, we may arbitrarily set 8M - 0. Further, we observe from Fig. 
3 that the combination of motions 6A = 8B = 2X, dp = X, uo = —X 
results in zero motion for any X, so that one of the variables is not 
independent. A similar argument can be applied to any rectangular 
domain in both the horizontal and vertical direction. Therefore in Fig. 
1 we arbitrarily set 8L = 8N = 0. We note that these three arbitrary 
conditions are inherent in our choice of kinematic variables and are 
not related to a rigid-body motion of the entire domain. 

For the problem in Fig. 1 it is not difficult to show [4] that if we 
replace uo and VQ by uoc and uQc in equations (19) and by UQS and VQS 

in (21), then these four new variables are related by 

"0c + «0s = "0 VOc + V0s = Uo (23) 

The total system of equations is still balanced since we can use all four 
of equations (20) and (22) for the two additional variables T\ and 
T2. 

Examining the boundary-value problems for the three models, we 
see that the combined model equations are the totality of those for 
the other two models except for the equations based on motions u<$ 
and uo- Thus a combined model problem can be almost completely 
uncoupled into separate classical and slip model problems. We shall 
discuss the details of this phenomenon in the next section. 

4 Solution 
We consider a specific case of the boundary-value problem defined 

in Fig. 1 where UQ — 0 and UQ is slowly increased from zero. 
For D0 sufficiently small, all elements will be elastic. Therefore all 

classical elements will follow the first branch in equations (8) and all 
slip elements will follow the first in equations (18). Thus equation 
(18c) will lead to the vanishing of all real slip displacements, specif
ically including uos and VQS. Thus u0c = 0 and VQC

 = Vo, and the com
bined problem is identical to the classical one with prescribed dis
placement conditions. Therefore, it can be solved without reference 
to equations (20) which are then available to determine T\ and T2. 
But with Ti and T2 known, the remaining combined model equations 
are identical to those of the slip model with alternative kinematic 
variables and prescribed loads. Therefore, in the elastic range we can 
solve the combined model by solving the classical and slip models in 
order. 

Now for some critical value of vQ, some element must reach yield 
and from here on all equations must be written in rate form. If a 
triangle yields we must take the second branch in (8), but the method 
of analysis remains unchanged. When the first slip element yields, 
either before or after yielding of any triangle elements, the second 
branch of equations (18) must be used for that element. However, it 
is not possible for any one IOPQ to be nonzero, so that we must continue 
to use the alternative kinematic slip variables. Thus, at this stage, we 
are in the uncoupled plastic range where the combined model is 
solved by sequential solution of the classical and slip models. 

As UQ is still further increased, more and more elements will reach 
yield and require the second branch in equations (8) or (18). Even
tually, sufficient slip elements will reach yield so that,'if UQS and Uos 

are both regarded as free variables, a combined mechanism motion 
of the slip model would be possible. Since all rotation displacements 
in this motion can be expressed in terms of Uos and UQS, the mechanism 
will be defined by some relation 

aii0 s + PVQS = 0 (24) 

where a and |8 are not both zero. It turns out that no external work 
is associated with this mechanism, so that 

6T2ii0s + T ii>os = 0 (25) 

hence 

at-t. - 6/3t2 = 0 (26) 

For further increase in u0, the boundary displacements for the 
classical problem are now defined by 

" 0 c = - " 0 s L>0c = Uo - I>0s ( 2 7 ) 

Additional equations for the two new unknowns «os and uos are pro
vided by (24) and by the substitution of (20) in (26). 

Once the classical problem is solved, «os and (>os will be known, 
hence so will those 0; which are involved in the mechanism. The re
mainder of the slip model can still be solved in terms of the alternative 
kinematic variables. In obtaining this solution we can arbitrarily set 
one of the external alternative kinematic variables equal to zero, say 
B~os, since the forces will automatically satisfy (26). 

Further increase of uo will lead to more elements becoming plastic. 
However, until a second mechanism forms we remain in the partly 
coupled plastic range where the two parts are coupled only by 
equations (24) and (26) and hence may still be solved sequentially. 

The next critical value of i>o occurs when an independent second 
slip mechanism forms. Now uos and Vos are independent variables not 
subject to (24). Since neither of these independent mechanisms will 
do net work, 

ti = t 2 = 0 (28) 

and we have reached the yield-point load. Further increase in load 
is impossible for a perfectly plastic material in equilibrium. 

Conceivably, the classical model alone could activate a yield-point 
mechanism while in the uncoupled range, or a mechanism could be 
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x Element unloads at end of stage 76 
Fig. 4 Yielding sequence for Prandtl punch; (a) edges and (b) triangles 

formed in the partly coupled range; in the examples considered, 
however, this was never the case. 

Three complications to the qualitative description just given may 
occur. In the first place, even though v0 increases monotonically, some 
elements may unload. Thus, after using the second branch in equa
tions (8), a check must be made that X" is non-negative. Similarly, if 
(18d) is used, i)pQ OIWPQ must have the same sign as TPQ. Any element 
or elements where these requirements are not met must be switched 
to the other branch. 

Second, the plastic solution to (8) for a triangle should satisfy the 
nonlinear equation / = 0. Instead, it satisfies a linear condition 
equivalent to moving along a tangent to the surface f = 1, thus re
sulting in / > 0. In order to keep the resulting error from growing too 
large, it is desirable to stop a stage whenever the change in / exceeds, 

say, 0.001, and to recompute the stress terms that appear in equations 
(8). 

Finally, in some stages a lack of uniqueness occurs for the kine-
matical slip variables. This phenomenon was found in [1] for the slip 
model. At least in the uncoupled range, it is less disturbing here than 
in [1], since it involves only the alternative kinematic slip variables 
and the true slip remains uniquely zero. 

We shall comment on all three of these complications more fully 
in relation to the example in the next section. 

5 Example 
A computer program was written to implement the three models 

and was used to solve the problem illustrated in Fig. 1 with UQ = 0. An 
elastic/perfectly plastic material is placed in a perfectly lubricated 
box and indented with a rigid punch. This problem, which was con
sidered in Section 4, is a finite domain approximation to the Prandtl 
problem [5, 6] of a rigid rough punch indenting a semi-infinite per
fectly plastic material under conditions of plane strain. Details of the 
solution and a discussion of the computer program may be found in 
W. 

The slip model solution [1] is independent of Poisson's ratio;'for 
the classical and combined model we took v = 0.3. 

The yielding sequence of the edges and the triangles is shown in Fig. 
4. In the uncoupled range the classical part of the solution is exactly . 
the same for the classical and combined models. However, the slip part 
of the solution with the combined model is not identical with that of 
the slip model [1], since the stress solution interacts with the reaction 
forces of the classical part, even in the absence of slip. As might be 
expected, these differences grow as the load increases. A comparison 
of Fig. 4(a) and results from [1] shows that the first four edges to yield 
in the slip model are the first four to yield in the same order in the slip 
part of the combined model. The first eight edges to yield in the slip 
model are among the first nine, but in different order, to reach the 
yield stress in the slip part of the combined model. However, the ninth 
edge to yield in the slip model is only the 14th to reach yield in the slip 
part of the combined model, and the tenth yielding edge in the slip 
model is the 23rd in the slip part of the combined model. 

As in the slip model solution, more than one edge may reach yield 
at the same time, as in stages 73,76, and 90. In this example we never 
find two triangles reaching yield at the same time, although the 
phenomenon could certainly occur. However, at the end of stage 67 
we find both one triangle and one edge reaching yield. None of the 
aforementioned coincidences cause any computational difficulty. 

We also find that several stages are ended by an increase in / of 
0.001. Specifically, this happens to end stages 45, 51, and 68 in the 
uncoupled range. 

Load deflection curves for the three models are shown in Fig. 5. It 
is interesting to note than even though edge yielding in the uncoupled 
range does not influence the load deflection curve, the elastic limit 
of the combined model occurs at T\ = 2.52, u0 = 1.92 G/k when edge 
FF' reaches yield, whereas the fully elastic range in the classical model 
is terminated when triangle 72 yields at T\ = 2.76 and u0 = 2.10 
G/k. 

At the end of stage 73 we find two undetermined rotation variables 
in the lower right corner. Although this nonuniqueness of alternative 
kinematic variables is a computational nuisance, it does not affect any 
of the stress variables or real kinematic variables, and does not lead 
to coupling between the classical and slip parts. 

At the end of the stage 76, eight edges yield and produce several 
independent slip mechanisms of the true kinematic slip variables. 
However, all mechanisms involve the same motion at the boundaries, 
and equations (24) and (26) become, respectively, 

UOs 6un Tx + t 2 = 0 (29) 

As described in Section 4, we enter a new phase of the solution, 
where we have one interacting force between the classical part and 
the slip part. As a consequence the loading conditions of the classical 
part change. This change has a dramatic effect on the behavior of the 
triangular elements in that more than half of the elements which were 
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yielding at the end of stage 76 (17 out of 29), now start to unload. 
These elements are indicated by asterisks in Fig. 4(b). 

Fig. 5 shows that in this phase the load-deflection curve is no longer 
the same as the classical model due to the slip in the domain. Com
putation in this phase continues until the end of stage 90 when four 
simultaneously yielding edges cause limit load conditions. The limit 
load and the collapse mechanisms are the same as we found in [1] for 
the Prandtl rough punch with the slip model. 

Also shown in Fig. 5 is the continuation of the load deflection curve 
for the classical model up to stage 115 when the load'was about 14 
percent above the yield-point load for the combined model. Further 
computation up to stage 153 increased the load to about 30 percent 
above the combined yield-point load and caused plastic flow in more 
than half the triangles, but still did not produce a yield-point mech
anism. This phenomenon will be commented on in the final sec
tion. 

6 C o n c l u s i o n s 
We begin this section by summarizing some of the results for the 

three different models as applied to the Prandtl punch problem 
considered in Section 5. The classical model provides a well-defined 
elastic solution which agrees well with an analytical solution for a 
semi-infinite domain obtained by Green and Zerna [7]. Plastic regions 
develop in what appears to be a reasonable sequence with no un
loading up to a load of about 7.25. As shown in [4], the computer 
program appears to become unstable above this point, and it does not 
predict a limit load. However, the theorems of limit analysis may be 
applied directly to this model [4, Appendix C] and they show that 
Ti = 7.23 is the true limit load for the model. 

The slip model gives only relative displacements, but these agree 
well with the analytical solution [7], I t predicts a limit load of 6.00, 
which is a reasonable upper bound on the true value of 5.14 [5, 6]. It 
provides many possible collapse mechanisms, one of which agrees well 
with the analytical one [1]. 

The combined model agrees exactly with the classical one up to 
T\ = 5.7, gives exactly the same collapse load Ti = 6.00 and mecha
nisms as the slip one, and provides a transition solution between these 
two which appears reasonable. 

We note that all three models give limit loads above the true value. 
This is to be expected since each model is based on a kinematically 
admissible field for the continuum. An earlier slip model proposed 
by Fremond and Salengon [8] is only admissible in an "average" sense 
and hence does not provide true bounds. 

Bars with notches in one or both sides and the Prandtl problem with 
a smooth punch were also considered in [4], with similar results. Based 
on this limited experience it appears that the combined model gives 
results which combine the best features of the other two. 

The computations were carried out on a CDC Cyber 74. The total 
CPU times were approximately 30,80, and 130 sec for the slip, clas
sical, and combined models, respectively. A more meaningful com
parison is the time per degree of freedom which was, respectively, 0.44, 
0.55, and 0.62 sec for the three models. Unquestionably, more efficient 
programmers could reduce these times substantially, but their relative 

magnitudes are probably meaningful. Thus, on either a total or de-
gree-of-freedom basis, the combined model is the most time-con
suming. However, in view of the fact that neither the classical nor slip 
models provide an adequate complete elastic-plastic history, it is 
important to note that the combined-model time is only slightly more 
than the sum of the other two. 

Some interesting questions remain to be answered. Two of the most 
important ones concern convergence to the true solution, and the 
partial lack of uniqueness mentioned earlier. 

Since convergence of the classical model has been well studied, we 
restrict our remarks to the slip model. It would be desirable to examine 
the solution as the number of elements is increased and to compare 
the sequence so obtained with the continuum solution. This topic is 
one of continuing investigation and no specific results are available 
yet. However, with a different arrangement of triangles specifically 
chosen for the example in Section 5, convergence to the limit load can 
be explicitly demonstrated. To this end we consider the triangle ar
rangement in Fig. 6. 

The limit load for any finite number n of wedge-triangles can be 
explicitly calculated [4, Chapter 3] 

• 2 + 4rctan— 
4n 

(30) 

which converges to the continuum limit load of 2 + IT as n tends to 
infinity. 

For a perfectly plastic structure at yield point it is well known that 
the magnitude of deformation must be nonunique and there are many 
examples of structures whose yield-point mechanisms have many 
independent degrees of freedom. However, although the present 
model is the first known example which exhibits more than one degree 
of freedom below the yield-point load, an investigation currently in 
progress [9] indicates that the phenomenon may also occur in simple 
truss and frame problems. Meanwhile, several facts concerning this 
situation are worth mentioning 

1 The stresses and stress rates are all unique. 
2 All velocities associated with external work are unique. 
3 Explicit finite bounds are available on all nonunique kinematic 

variables. 
4 Nonunique strain rates are associated only with plastic 

stresses. 
5 There are no major computational difficulties in obtaining 

values for all unique quantities and bounds for all nonunique ones. 
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