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Hierarchical Modeling of Heat
Transfer in Silicon-Based
Electronic Devices
A hierarchical model of heat transfer for the thermal analysis of electronic devices is
presented. The integration of participating scales (from nanoscale to macroscales) is
achieved by (i) estimating the input parameters and thermal properties to solve the
Boltzmann transport equation (BTE) for phonons using molecular dynamics (MD), in-
cluding phonon relaxation times, dispersion relations, group velocities, and specific heat,
(ii) applying quantum corrections to the MD results to make them suitable for the solu-
tion of BTE, and (iii) numerically solving the BTE in space and time subject to different
boundary and initial conditions. We apply our hierarchical model to estimate the silicon
out-of-plane thermal conductivity and the thermal response of an silicon on insulator
(SOI) device subject to Joule heating. We have found that relative phonon contribution to
the overall conductivity changes as the dimension of the domain is reduced as a result of
phonon confinement. The observed reduction in the thermal conductivity is produced by
the progressive transition of modes in the diffusive regime (as in the bulk) to transitional
and ballistic regimes as the film thickness is decreased. In addition, we have found that
relaxation time expressions for optical phonons are important to describe the transient
response of SOI devices and that the characteristic transport regimes, determined with
Holland and Klemens phonon models, differ significantly. �DOI: 10.1115/1.4001644�
Introduction
The performance and reliability of modern electronic devices,

uch as microprocessors, is related to their ability to dissipate the
eat generated from their operation. However, as their character-
stic dimensions become comparable to or smaller than the mean
ree path or the relaxation time of the main energy carriers, the
hermal conductivity of the constituent materials decreases from
heir bulk values. At subcontinuum scales, the interactions of the
nergy carriers become a fundamental part in the description of
he heat transport. Lower values of thermal conductivity restrict
eat dissipation and induce large thermal stresses and temperature
hanges. In semiconductor materials, these interactions are de-
cribed in terms of quantized lattice vibrations or phonons �1�.
honons are subject to complex collisions or scattering mecha-
isms �e.g., phonon-phonon, phonon-impurities, phonon-
oundaries, and phonon-defects�, which play a crucial role in de-
cribing how the heat is transported in the crystalline structure
2,3�.

To model the thermal behavior of these devices, considering all
cales involved, is a complex task. The complexity lies in the
arge variation in the participating spatial �from nanometers to
entimeters� and temporal scales �from picoseconds to hours� in
heir intricate operation and in the physical behavior and nature of
ach scale. Even though the formulation of the thermal transport
t the subcontinuum level has long been established �1–5�, no
athematical method is able to fully resolve by itself the thermal

esponse of electronic devices from nanoscale to macroscales. For
nstance, molecular dynamics �MD�, which is a classical method,
s essentially constrained to small �submicro� scales due to the
xpensive computations involved. The Boltzmann transport equa-
ion �BTE� on the other hand requires input parameters such as the
elaxation time of phonons, which are difficult to estimate �6–10�.
ikewise, the Fourier law, which is valid only at the macroscopic

evel, assumes instantaneous heat propagation and ignores inter-
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actions among phonons. From these methods, the solution of BTE
under the single mode relaxation time �SMRT�, approximation
offers the possibility to model the heat transport from subcon-
tinuum scales to continuum scales if the required phonons relax-
ation times are available.

There are several problems associated with the analytical esti-
mation of the relaxation time of phonons. First, phenomenological
models �derived from perturbation theory� are not reliable outside
the range for which their parameters were fitted �11,12� and the
effect of the approximations involved in their derivation �such as
isotropic crystal, elastic continuum behavior, piecewise linear dis-
persion relations, third-order anharmonic expansions, etc.� are
shadowed by the use of fitting parameters �13�. Second, since the
relative contribution of the acoustic �A� and optical �O� and trans-
verse �T� and longitudinal �L� phonons to the total thermal con-
ductivity in semiconductors is still an open topic, these relaxation
time models are not accurate. For instance, recent ab initio �14�
and MD predictions obtained using the Stillinger–Weber �SW�
potential for silicon �15� suggest that the contribution of acoustic
modes is approximately 90–95% depending on the temperature of
the system being the contribution of transverse acoustic �TA�
about 30%. However, these results contrast with analytical esti-
mations from Holland �4� and Hamilton and Parrott �16� who
suggested that the TA modes were the dominant heat carriers at
high temperatures. Sood and Roy �17� concluded that longitudinal
acoustic �LA� phonons dominate heat transport in germanium at
high temperatures being the contribution of the LA phonons more
than 75% for T��D. Third, there is a lack of relaxation time
expressions applicable to optical modes and frequently thermal
estimations neglected their contribution. Different authors
�7,18–20� have pointed out that optical phonons can have a sig-
nificant effect on the creation of hotspots during transient Joule
heating events due to the confinement of phonons, which can
severely impact the operation temperature of silicon on insulator
�SOI� devices. Notable are the works of Sinha et al. �18�, Pop and
co-workers �21,22�, and, more recently, Rowlette and Goodson
�6�, who studied the scattering mechanisms of longitudinal optical
�LO� phonons at hotspots and developed nonequilibrium electron

and electron-phonon transport models, respectively, applicable to
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anometer-scale field-effect transistors. Lastly, the accuracy of
ommon relaxation time models in more complex semiconductors
s unknown.

In this work, we present a hierarchical model of heat transfer
or the thermal analysis of electronic devices. In the proposed
ethodology, the phonon relaxation times and the dispersion re-

ations of silicon are estimated by means of MD simulations, re-
oving in this way the need of fitting parameters. The methodol-

gy considers the effect of the anharmonicity of the potential
nergy function over the thermal expansion of the crystal and the
hange in the dispersion, which are particularly difficult to include
n theoretical derivations �23� and might be important in systems,
here the phonon vibration frequencies are expected to change

ignificantly with temperature �24�. In addition, no explicit sim-
lifications about the lattice structure or the contribution of anhar-
onic terms are required as it is commonly needed in theoretical

erivations.
The integration of participating scales is achieved in three steps.

irst, we use MD simulations to estimate the properties required
o solve the BTE for phonons. In the second step, we apply quan-
um corrections �QCs� to the MD results to make them suitable for
TE. This is required since MD and BTE interpret the physics of
honons differently. Lastly, we solve the BTE using these proper-
ies. Here, we use the SW potential to describe the interactions
etween silicon atoms and we solve the BTE using the lattice
oltzmann method �LBM� under the SMRT approximation. We
pply our methodology to analyze the out-of-plane thermal con-
uctivity and the thermal response of a SOI-like device subject to
oule heating.

Methodology
Our final goal is to numerically solve in space and time the

TE for phonons using the properties estimated from MD includ-
ng phonon relaxation times ��r,m�, dispersion relations ��m�,
roup velocity �vg,m�, and specific heat �cv�. Under the SMRT
pproximation, the BTE can be written as follows:

� fm

�t
+ vg,m · �fm = −

fm − fm
o

�r,m
�1�

n the equation, fm and fm
o are the current and equilibrium distri-

ution functions and t is the time. Phonons follow the equilibrium
istribution function given by the Bose–Einstein distribution.

fm
o = �exp���m

kBT
� − 1�−1

�2�

here � and kB represent the Plank and Boltzmann constants and
is the equilibrium temperature.
We solve the BTE with the LBM using an isotropic and disper-

Fig. 1 Step 1: Estimation of different
ive phonon formulation. The formulation includes acoustic and
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optical phonons �with longitudinal and transverse polarizations�
whose properties depend on frequency. Details of the solution of
the BTE using the LBM are presented in Appendix. In order to
obtain the inputs needed to solve the BTE, first, we perform MD
simulations using an NPT ensemble �constant number of atoms,
pressure, and temperature� to determine the lattice parameter of
silicon at 300 K and 1000 K. In this way, we consider the thermal
expansion of the crystal. Then, as detailed below �see Fig. 1�, we
proceed to determine all other phonon properties using the lattice
parameters obtained previously. For this, we perform additional
MD simulations using an NVE ensemble �constant number of
atoms, volume, and energy�. For both ensembles, the instanta-
neous position and velocity of atoms are obtained by solving
Newton’s second law.

M
d2r

dt2 = F �3�

where M is the atom’s mass, r is the position of the atom in the
molecular domain, t represents the time, and F is the force.

The phonon relaxation times are computed from the energies
obtained in the MD simulation using the normal mode decompo-
sition method; specifically from the temporal decay of the auto-
correlation function of the energy of each mode �m�, where the
energy of each mode is a function of the instantaneous position
and velocity of each atom. This procedure was first proposed by
Ladd et al. �25� and extended by McGaughey and Kaviany �24�
for the determination of the phonon relaxation times and thermal
conductivity of LJ argon under the isotropic approximation. Sun
and Murthy �26�, Henry and Chen �27�, and, more recently,
Goicochea et al. �15� used the environment-dependent interatomic
potential �EDIP� and the SW potential to determine the relaxation
times of silicon. Additionally, Turney et al. �28� presented four
different methods for predicting phonon properties and thermal
conductivity of argon based on lattice dynamics, on molecular
dynamics, and on the solution Boltzmann transport equation.
Their results indicate that the shape of the spectral thermal con-
ductivity is closely related to the density of phonon states and that
phonons with a frequency of half the maximum frequency are
found to dominate thermal transport.

Under the harmonic approximation, the total energy of each
mode can be written as �29�

Em,t =
�h,m

2Qm
� �q,��Qm�q,��

2
+

Q̇m
� �q,��Q̇m�q,��

2
�4�

where �h,m is the harmonic frequency and the first and second
terms on the right hand side of the equation represent the potential
energy and kinetic energy of the mode m, respectively. Qm�q ,�� is

perties and relaxation times with MD
the normal mode of the system �29� given by
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Qm�q,�� = N−1/2	i
Mi

1/2 exp�− q · ri,0�em
� �q,�� · ui�t� �5�

here N is the number of atoms, Mi is the mass of atom i, and �
orresponds to the mode polarization �longitudinal or transverse�
escribed by the polarization vector em

� �q ,��, i.e., its complex
onjugate. ri,0 is the equilibrium position of atom i, and ui�t� is the
elative displacement of atom i at time t from its equilibrium
osition �ui�t�=ri�t�−ri,0�.

Once the total energy Em,t of each mode is obtained for each
ime step in the MD simulation, the autocorrelation of the devia-

ion of total energy from its mean value ��Em,t=Em,t− Ēm� is com-
uted. The normalized autocorrelation produces a temporal decay-
ng function that is fitted with an exponential function from which
he relaxation time of mode m is extracted.

Likewise, the dispersion relations �m�q ,�� can be directly de-
ermined using the equipartition theorem between the kinetic and
otential energy of each mode.

�m�q,�� =
�Q̇m�q,��Q̇m�− q,���
�Qm�q,��Qm�− q,���

�6�

nce the dispersion relations are obtained, the group and phase
elocities are obtained as vg=�� /�q and vp=� /q. The specific
eat is computed using the procedures reported in Refs. �30,31�.
e validate the MD obtained properties by comparing the silicon

ulk thermal conductivity determined using the Green–Kubo
ethod �kGK� and that obtained from the steady state solution of

he BTE �i.e., the thermal conductivity expression of Tiwari and
grawal �32�, which corresponds to the expression between curly
rackets in Eq. �9�� at the studied temperatures.

Since MD is a classical method, before solving the BTE, the
emperature, specific heat, and thermal conductivity have to be
uantum corrected. This is particularly important at temperatures
elow the Debye temperature. �i.e., 645 K for Si �33��. Several
trategies have been proposed to quantum correct the thermal con-
uctivity and temperature �34–36�. We use the method proposed
n Ref. �34�, which includes the experimental specific heat to
uantum correct both quantities. In addition, as explained below,
e have extended this method to correct the thermal conductivity
er phonon mode. In Ref. �34�, the thermal conductivity is cor-
ected as

k =
dTMD

dT

kMD� → k =

cv,e�T�
3�N − 1�kB


kMD� �7�

here dTMD /dT is defined as the ratio between the experimental
cv,e� and the classical specific heat �3�N−1�kB�. Likewise, the

Fig. 2 Steps 2 and 3: Quantum correctio
orrected temperature �T� is found integrating Eq. �7� as

ournal of Heat Transfer
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TMD�T� =
V

3�N − 1�kB
�

0

T

cv,e�T�dT + T� �8�

where T� is the integration constant of the order of the Debye
temperature �34�.

To include the quantization of the energy of each mode at T and
the change in the dispersion relations, we modify Eq. �7�, consid-
ering that the corrected thermal conductivity is a function of the
mode contribution to the specific heat cv,a�T ,��, temperature, and
of the ration between the total experimental and analytical specific
heats �cv,e�T� /cv,a�T��

k =
cv,e�T�
cv,a�T�� 4�

3

1

�2��3	
b,p
��

�m,min

�m,max �cv,a�T,��
vg

vp
2�r��2d���

�9�

For simplicity, the summation is performed in the �100� direction
over all phonon branches and polarizations, where the relaxation
times are determined. In Eq. �9�, we assume that the crystal is
isotropic, however, no changes are needed if an anisotropic model
is considered. Lastly, the MD specific heat is corrected as
cv�T ,��=cv,e�T�cv,MD��cv,a�T ,�� /cv,a�T��, where cv,MD� is the
MD specific heat per degree of freedom. cv,MD� is 1.01 and 1.05 at
300 K and 1000 K, respectively.

To validate the second step of our methodology, we compare
our estimated thermal conductivity with that obtained experimen-
tally for natural Si �natSi�. For this, the isotope scattering is in-
cluded in our phonon-phonon relaxation times ��ph−ph�. In silicon,
the isotope scattering is only important at temperatures approxi-
mately below 350 K �37�. natSi has three stable isotopes �different
forms of an element each having different atomic mass�: 28Si,
29Si, and 30Si in a proportion of 92.23%, 4.67%, and 3.1%, re-
spectively. We include the phonon-isotope relaxation times ��imp�
using an expression obtained from perturbation theory. The
phonon-isotope relaxation times are included using Matthiessen’s
rule ��r

−1=�ph−ph
−1+�imp

−1�. Alternatively, the effect of isotope
scattering can be modeled explicitly with MD using silicon atoms
with different masses �38�. Klemens �2� and Carruthers �39� sug-
gested two expressions for this type of scattering. Both of them
are used to study the effect of isotope scattering.

�imp
−1 = A�4 and �imp

−1 = Avg
−3�4 �10�

where A is a fitted constant.
As shown in Fig. 2, the inclusion of the isotope scattering re-

sults in two sets of properties. One includes only phonon-phonon
iso

f MD properties and solution of the BTE
n o
scattering � Si� and another includes the scattering with isotopes
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natSi�. After these properties are quantum corrected, the BTE for
honons is solved and the methodology is applied to the study
ases.

Results
In this section, results pertained to each of the steps of our

ierarchical model are presented. Due to length considerations
nd since the first and second steps of the methodology have been
resented individually �15,40,41�, more emphasis is provided to
he application of the methodology. For completeness, we also
iscuss the most important results found in the first two steps.

3.1 Step 1: Thermal Properties Estimation. We have found
hat the behavior of the phonon relaxation times for the different

odes can be well-captured using power functions of the form:
/�r=a�b �15�. At both temperatures the value of the exponents
f the power functions for the acoustical modes �TA and LA� are
pproximately equal to 2 �15�, which is in agreement with the
heoretical predictions obtained from time-dependent perturbation
heory for U-processes at high temperatures �3�. For optical

odes, the value of the exponents is higher than 2, indicating that
igher-order processes might be responsible for such behavior �as
uggested in Ref. �15��.

It is observed that the anharmonic nature of the potential energy
nd the thermal expansion are responsible for the change in the
ispersion relations with temperature. The change in the fre-
uency of vibration is noticeable in the transverse modes, how-
ver, their change is relatively small compared with that obtained
or argon �24� using the normal mode decomposition.

Table 1 shows the values obtained for specific heat and thermal
onductivities of the TA, LA, LO, and transverse optical �TO�
odes. As expected, the obtained specific heat is approximately

BT. The small derivation from the classical specific heat at 1000
is produced due to the anharmonic nature of the potential en-

rgy function. The relative contribution is obtained from the ex-
ression Tiwari and Agrawal considering that the specific heat is
onstant. At 300 K and 1000 K, we have found that the contribu-
ion of the TA and LA modes represents roughly 90% being about
0% from the TA mode and lower than 60% from the LA mode
hile the relative contribution of LO mode is 10%. The contribu-

ion from the TO mode for both temperatures is negligible �less
%�. In addition, both predictions match the overall thermal con-
uctivity obtained with Green–Kubo. The difference between both
hermal conductivities �k−kGK� /kGK

� 100 is 3.39% and 14.76% at
00 K and 1000 K, respectively. Both values fall within one stan-
ard deviation of the predicted values of the Green–Kubo method
i.e., 4.90% �17.38 W /m K� and 21.13% �11.16 W /m K� at 300

Table 1 Relative contribution of each mode to th

rom T

cv

kB kTA kLA

D 300 1.01 122.8 �33.87%� 202.590 �55.87%�
QC 220 See Sec. 2 119.656 �38.62%� 172.518 �55.67%�
ISO A�4 220 116.186 �43.79%� 143.747 �53.83%�
ISO
A

vg
3�4

220 107.750 �40.62%� 153.554 �57.88%�

D 1000 1.05 18.0 �29.99%� 35.385 �58.88%�

is the temperature in �K�, cv /kB is the nondimensional specific heat per unit of degre
nd longitudinal acoustic and optical modes, respectively, kMD is the BTE-based
onductivity. MD, +QC, +ISO are the from molecular dynamics, after quantum
W /m K�.
and 1000 K, respectively�. The agreement between these values

02401-4 / Vol. 132, OCTOBER 2010
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validates the properties obtained with MD in this step. Further-
more, recent results for Ge �42� obtained using MD at high tem-
perature agree very well with these predictions.

3.2 Step 2: Quantum Corrections and Isotope Scattering.
Table 2 shows the QC temperatures calculated from Eq. �8� and
using the experimental specific heat corresponds to that for natural
silicon �natSi� �43�. In addition, due to the lack of experimental
data for single Si isotopes and for comparison purposes, the tem-
perature is also corrected replacing the experimental specific heat
by the corresponding analytical expression �Eq. �11��.

cv,a�T� = 	
m
�kB���m/kBT�2 exp���m/kBT�

�exp���m/kBT� − 1�2� �11�

The frequency values used in Eq. �11� are those obtained from Eq.
�6�. Note that both estimations �experimental and analytical� pro-
vide similar results. At 300 K, the corrected temperature is
roughly 220 K while at 1000 K, the correction is negligible �less
than 1.2%�. The analytical estimations are obtained for T�

=790.94 K.
The QCs also affect the behavior of the specific heat with fre-

quency. Figure 3 shows the mode specific heat as a function fre-
quency at TMD=300 K. Before QCs, the specific heat is indepen-
dent of the frequency of vibration of the modes, however, when
the quantization of the energy is considered, the specific heat de-
creases as the frequency is increased. The quantum corrected spe-
cific heat starts at almost the same value of the corresponding for
the classical anharmonic system, however, the difference becomes
larger at higher frequencies. The small shift in the specific heat
values observed at zero-frequency is produced due to the differ-
ence between the experimental and the analytic specific heats
�cv,e�T� /cv,a�T��. The freezing of high-frequency modes translates
in a reduction in their contribution to the overall thermal conduc-
tivity. As shown in Table 1, the relative contribution of the optical
modes reduces from 10.25% before QCs to 5.70% after QCs
while the one from acoustical modes increases from 89.75% to
94.30%.

To include the effect of isotope scattering, we find the value of
A �in Eq. �10�� that produces the reduction in the experimental

verall thermal conductivity at 300 K and 1000 K

kLO kTO kMD kGK A

86 �9.43%� 2.953 �0.82%� 362.5 350.67
30 �5.33%� 1.163 �0.38%� 309.9
04 �2.19%� 0.518 �0.19%� 265.3 1.57	10−45 �s3 / rad4�

73 �1.50%� 0.021 �0.01%� 265.3 2.47	10−34 �m3 / rad4�

0 �10.38%� 0.438 �0.73%� 60.092 52.36

freedom, kTA, kLA kLO kTO are the thermal conductivity contribution of the transverse
mal conductivity obtained from MD results, and kGK is the Green–Kubo thermal
ections, and after isotope scattering, respectively. Thermal conductivity values in

Table 2 Quantum corrected temperatures

TMD

T

Experimental Analytical

300 218.5 220.6
1000 1011.3 1006.5
e o

34.1
16.5
6.0

3.9

6.24

e of
ther
corr
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hermal conductivity due to isotope scattering. Based on experi-
ental data reported by Kremer et al. �37� for natSi and 28Si �i.e.,

ilicon enriched with isotope 28� at T=220 K, we estimate that
uch reduction �measured relatively to the natSi thermal conduc-
ivity� is 16.80%.

As shown in Fig. 4, the inclusion of the isotope scattering term
odifies the phonon relaxation times and all properties that de-

end on them �e.g., phonon mean free path, thermal conductivity,
tc.�. In particular, the phonon mean free path decreases as the
requency of each mode increases being the reduction more severe
or high-frequency modes �i.e., LO and TO modes� and when the
roup velocity is considered in the phonon-impurity scattering
erm. Additionally, the relative contribution of high-frequency

odes to the thermal conductivity is modified. As reported in
able 1, the contribution of optical modes reduces to less than
.4% while the one from the acoustical modes increases to more
han 97.6% when the first expression in Eq. �10� is used. Note that
lthough both isotope scattering expressions yield to the same
alue of thermal conductivity, the reduction in the contribution of
ptical modes occurs regardless of the expression used for the
honon-isotope scattering. When the second expression of Eq.
10� is used, the contribution of TO modes becomes negligible.

3.2.1 Comparison With Experimental Data. Table 3 shows the
omparison between the predicted thermal conductivity with that
btained experimentally for natSi and 28Si. The deviation of the
redicted thermal conductivity before and after QCs are applied

ig. 3 Mode specific heat after quantum corrections. Arrows
ndicate the frequency range of each mode.

ig. 4 Effect of the isotope scattering term in the phonon
ean free path. The thin dotted line presents the edge of the

Z.

ournal of Heat Transfer
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with respect to the experimental value is 44.48% and 23.48% for
28Si. When the isotope scattering term is included, a deviation of
13.94% is found between our thermal conductivity predictions
and the experimental value for natSi. Hence, both the proposed
quantum correction and the inclusion of the isotope scattering
term improve the thermal conductivity predictions.

3.2.2 High Temperature Implications. At high temperatures,
both the quantization of the energy and the presence of isotopes
are expected to have a minor effect on the reduction in the thermal
conductivity. Although there are no reported values of thermal
conductivity for 28Si at 1000 K, it is well known that at high
temperatures phonon-phonon scattering is the main source of ther-
mal resistance. It is interesting to note that the contribution to the
thermal conductivity from the high-frequency modes would ap-
proach the ones estimated with MD �before QCs� as the tempera-
ture of the system is increased.

3.3 Step 3: Solution of the BTE and Study Cases. In this
section, we discuss the results of the application of the methodol-
ogy. Details of the solution of the BTE using the LBM are pre-
sented in Appendix. We apply the methodology to estimate the
silicon out-of-plane thermal conductivity and the thermal response
of an SOI device subject to Joule heating. The calculated phonon
dispersion relations, specific heat, group velocity, and relaxation
times are provided as input to solve the BTE.

3.3.1 Out-of-Plane Thermal Conductivity. The out-of-plane
thermal conductivity is obtained for a thin film of thickness d. It is
assumed that the length L of the film is several times larger than
its thickness L
d. The film is modeled as a one-dimensional
domain �see Fig. 5� with prescribed temperature at the top and
bottom boundaries. All other boundaries are assumed to be adia-
batic and no phonon-boundary scattering is possible with them.
The procedure to determine the out-of-plane thermal conductivity
is described in Ref. �45�.

Figure 6 shows the out-of-plane thermal conductivity obtained
with natSi and isoSi at 220 K. For comparison, the out-of-plane
conductivity obtained with relaxation times models of Escobar et
al. �46� �i.e., gray formulation�, Holland �4�, and Han and Kle-
mens �47�. In general, all conductivity curves have the same be-
havior; they approach their bulk values as the thickness increases.
At 100 nm and 1000 nm, the difference between natSi and isoSi is
15% and 23%, respectively. This is expected, since the bulk ther-
mal conductivity of isoSi is higher than that for natSi �see Table 3�.
Note that despite Holland �4� and Han and Klemens �47� models
were designed to reproduce the bulk thermal conductivity of sili-

Table 3 Thermal conductivity comparison before and after
isotope scattering with experimental data

From k � k

ke�
28Si�

− 1� � k

ke�
natSi�

− 1�
MD 362.5 44.48%
+QC 309.9 23.48%
+ISO 265.3 13.94%

ke�
28Si�=250.934 W /m K �37�, ke�

natSi�=232.844 W /m K �44�, and ke is the ex-
perimental thermal conductivity.

Fig. 5 One-dimensional domain used to estimate the out-of-

plane thermal conductivity
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on over a wide range of temperatures, their predictions obtained
or the studied thicknesses differ significantly. Furthermore, de-
pite 220 K the out-of-plane conductivity obtained with the Hol-
and model is higher than that of the Han and Klemens model, the
ituation reverses at 1000 K for film thickness below 100 nm.
oincidentally, at 220 K Holland model predicts similar out-of-
lane conductivities as those obtained with natSi.
In Fig. 6, all phonon models have thermal conductivity values

ower than that for the gray formulation. This is produced due to
he transition of phonon modes from the diffusive transport re-
ime to the ballistic regime as the thickness of the film reduces.
his transition, observed in our LBM dispersive formulations, has
een qualitatively explained due to the coexistence of different
honons �7�. Different transport regimes originate due to the ex-
stence of frequency-dependent phonons with different relaxation
imes, group velocities, and, hence, different mean free paths. For
given characteristic dimension of the film, this yield to phonons
ith different Knudsen number �� /d� coexisting in the same pho-
on system. A similar behavior has been previously observed in
ef. �7�.
To elucidate this effect, Fig. 7 shows the frequency-dependent

nudsen number for a film of 1000 nm at 220 K and 1000 K. At
oth temperatures, only low-frequency TA and LA modes fall
ithin the ballistic regime region at both temperatures. The rest of

he LA modes are located in the transitional region. This is also
he situation for the TA modes, except for those modes with higher
requency. At 1000 K most of the LO and TO modes are located in
he diffusive region, however, at 220 K the low-frequency LO

odes also fall within the transitional region. In general, the in-
rease in temperature produces that more modes are locate within
he transitional and diffusive regions, which corresponds to a de-
rease in the phonon mean free path for all modes and thermal
onductivity. Contrarily, further reductions in the thickness will
ncrease the number of modes falling within the ballistic and tran-
itional regions, especially low-frequency modes. For phonons
alling within the transitional and ballistic regimes, the phonon-
oundary scattering becomes a major source of thermal resistance,
educing their contribution to the thermal conductivity.

The evidence of change in the contribution of the different
odes to the thermal conductivity as a function of the thickness is

hown in Fig. 8. In the figure, the variation in mode thermal
onductivity of isoSi as a function of film thickness is shown. The
ode thermal conductivity is determined for three different films

f increasing thickness from 100 nm to 10000 nm and is calcu-

ig. 6 Silicon thin film out-of-plane thermal conductivity as a
unction of film thickness at 220 K
ated expressing Eq. �9� as

02401-6 / Vol. 132, OCTOBER 2010
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k = 	
m
�

�m,min

�m,max

km���d� �12�

where the summation includes all branches and polarizations.
Again an isotropic phonon space is assumed.

As shown in Fig. 8, the increase in the film thickness not only
affects the mode contribution to the thermal conductivity �espe-
cially for those low-frequency modes� but the peaks for the TA

Fig. 7 Variation in Knudsen number with respect to frequency
for a film thickness of 1000 nm at 220 K „a… and 1000 K „b…. The
dashed line represents the edge of the BZ.

Fig. 8 Variation in mode thermal conductivity as a function of

film thickness at 220 K
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nd LA modes are progressively displaced to the left. In the limit
f a large film thickness �previously estimated to be of the order
f millimeters �7,48��, the location of the peaks and the contribu-
ion of the low-frequency modes would correspond to that of the
ulk case, as reported in Table 1. For small thicknesses the rela-
ive contribution of the modes to the overall thermal conductivity
hanges significantly due to phonon confinement.

Figure 9 shows how the contribution of the TA, LA, LO, and
O modes to the overall thermal conductivity changes as a func-

ion of film thickness for natSi. For films of 10 nm, acoustical
odes contribute about 80% while optical modes contribute 20%,

eing 15% and 5% the contribution of the LO and TO modes,
espectively. This represents a substantial increase in the contribu-
ion of the optical modes from the bulk values �see Table 1�. The
ehavior is also present in isoSi, where optical modes contribute
bout 22% for a 10 nm film and in the phonon relaxation time
odels of Holland and Han and Klemens �not shown�. In Holland
odel, the contribution of the TA and LA modes decreases from

8.3% and 41.7% for bulk to 24.5% and 75.5% while in Han and
lemens model the contribution of the TA and LA modes changes

rom 33.0% and 67.0% for bulk to 24.4% and 75.6% at 10 nm and
20 K. To the best of our knowledge, this is the first time that this
hange in the thermal conductivity is quantitatively reported for
i.

3.3.2 Thermal Response of a SOI Device. The thermal re-
ponse of a SOI device is modeled by considering a one-
imensional silicon layer of L=100 nm subject to self-heating.
he heat generation occurs at the center of the domain in a region
/10 smaller than the length of the silicon layer, as shown in Fig.
0. The top and bottom boundaries are considered adiabatic. Tem-
eratures at the right and left boundaries are maintained at a con-
tant value. The value of the phonon relaxation times depends on
he initial temperature of the film. It is considered that the silicon
ayer is fabricated of natSi and isoSi.

To study the thermal response of the SOI device, we analyze
he transient behavior of temperature at the center of the hotspot.
op et al. �21� determined phonon emission and energy dissipa-

ion rates, due to Joule heating, using a coupled electron-phonon

ig. 9 Mode thermal conductivity contribution as a function of
hickness

ig. 10 One-dimensional domain used to model the silicon

ayer of a SOI transistor

ournal of Heat Transfer
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model. Here, we use their results to model how the total heat
generated due to the operation of the SOI device under low and
high electric fields �5 kV/cm and 50 kV/cm� is distributed among
the heat carriers. When a high electric field is applied, all heat
generated is distributed in the LO, LA, and TO modes with a ratio
about 1/2, 1/3, and 1/10, respectively. Conversely, for the low
electric field case, all heat is distributed in the LO mode �21�. The
same amount of heat is dissipated in both scenarios �i.e., 10
	1012 W /cm3�. Figure 11 shows the nondimensionalized tem-
perature as a function of time at the center of the hotspot subject
to high and low electric fields. The temperature and thickness of
the film have been nondimensionalized as �= �T−Tmin� / �Tmax
−Tmin� and �=x /d, where Tmin initial temperature inside of the
layer and Tmax is the maximum temperature found during all
simulations. Likewise, the time scale is defined as t�= t / tmax,
where t and tmax are the actual and total simulation time, respec-
tively. The total simulation time �tmax� is 60 ps and the heat pulse
last 1/3 of the total time.

In the figure, an increase in the temperature during the first 20
ps is observed. The maximum peak temperature is found when the
heat pulse is applied to natSi and all the heat is distributed in the
LO mode. This is produced due to the low thermal conductivity of
the LO mode for which the isotope scattering further reduces the
contribution of optical modes.

The temperature behavior of isoSi shows two characteristic ef-
fects of ballistic heat transport �7�. First, the slope of the tempera-
ture as a function of time during the application of the heat pulse
is slower than for natSi, especially for t��0.1. Second, despite the

iso

Fig. 11 Temperature evolution at the center of the hotspot for
a film of 100 nm. „a… Heat generated is distributed over all pho-
non modes, „b… Heat generated is distributed only in LO mode.
higher thermal conductivity of Si, its rate of cooling is lower

OCTOBER 2010, Vol. 132 / 102401-7
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han that for natSi. For isoSi, when the heat pulse is turned off, the
emperature decreases rapidly followed by a slower rate of cool-
ng. These effects are less noticeable in natSi since more phonons
all within the transitional or diffusive regimes �Fig. 7�a��.

Figure 12 shows the temperature evolution at the center of the
otspot for film thicknesses of 10 nm, 100 nm, and 1000 nm and

soSi subject also the high and low electrical fields. For films of
000 nm, the temperature increases roughly linear while the heat
ulse is on, followed by a slow cooling rate. This behavior is
haracteristic of diffusive heat transport �7,48� and is essentially
ndependent of how the generated heat is distributed among pho-
on modes. As the film thickness is reduced, the transient evolu-
ion of temperature changes. For 100 nm films, the hotspot in-
reases more rapidly until t�
0.1 �approximately� followed by a
eduction in the temperature slope. Then, when the heat pulse is
urned off, the hotspot temperature reduces rapidly. Further reduc-
ions in the film thickness accentuate this behavior. For 10 nm
lms, the heating and cooling of the hotspot occurs abruptly. Ini-

ially, the increase in temperature is steep until it becomes almost
at, followed by quickly temperature drop produced after the heat
ulse is turned off. A similar behavior in the hotspot temperature
as observed by Escobar and Amon �7�. Similar temperature

hanges are also found for natSi.
Figure 13 shows the change in the reduced energy �Eq. �13�� of

ach phonon branch and polarization as a function of the reduced
ime for films thicknesses of �a� 10 nm and �b� 100 nm. All gen-
rated heat is assumed distributed among all modes as described
reviously. The film is fabricated of isoSi. The reduced energy is

ig. 12 Temperature evolution at the center of the hotspot for
ifferent film thicknesses. Hotspot size is 1/10 of the thickness
f the film. Heat generated is distributed over all phonon
odes „a… and through the LO mode „b….
efined as

02401-8 / Vol. 132, OCTOBER 2010
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� �E

�E max
�t

=
Ep

t − Ep
t=0

Etotal
t − Etotal

t=0 �13�

where Ep
t is energy of each phonon branch and polarization �i.e.,

TA, LA, LO, and TO�, Etotal
t is the total energy of all phonons, and

the superscript t represents the time.
The shape of the total energy curves follows the same behavior

as the hotspot temperature �shown in Fig. 12�a�� for equivalent
film thicknesses. Despite the heat generated is distributed among
all modes, the contribution of each mode to the total energy varies
significantly. Acoustic modes follow a similar trend to that ob-
served in Fig. 12�a� for a film thickness of 10 nm �which is char-
acteristic of ballistic transport �7��. These modes experience an
abrupt change in their energy levels as the heat pulse is turned on
or off since they fall in the ballistic and transitional regimes �see
Fig. 7�a��. For both thicknesses, the LA mode is more excited than
the TA mode. This is produced because 1/3 of the heat generated
is transferred through the LA mode. On the other hand, the low
thermal conductivity of optical modes produces a large increase in
their energy levels, leading to phonon confinement. Phonon con-
finement is further promoted due to the distribution of 1/2 and
1/10 of the total heat generated into the LO and TO modes, re-
spectively. For a film of 100 nm the energy of optical modes
increases with a lower rate than for acoustic modes while the heat
pulse is on, followed by a slower cooling rate. It can be verified
that for a film of 100 nm, most optical phonons fall in the transi-
tional and diffusive regimes. As the film thickness is reduced to 10
nm, most optical phonons fall in the transitional regime and the
behavior approaches that of ballistic transport. Evidently, the be-

Fig. 13 Contribution of the TA, LA, LO, and TO modes to the
reduced phonon total energy as a function of reduced time for
films thicknesses of 10 nm „a… and 100 nm „b…
havior of the total phonon energy and temperature at the hotspot
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re strongly affected by the confinement of optical modes.
Figure 14 compares the temperature at the center of the hotspot

or a film of 100 nm obtained from Holland and Han and Kle-
ens. In this case, all heat generated is distributed uniformly

mong the TA and LA modes. From the figure, the thermal pre-
ictions of both models differ drastically. Holland’s model predict
behavior similar to that of ballistic transport while Han and
lemens’ predict a hotspot temperature behavior similar to the

ransitional regime, resembling that obtained for natSi for the same
lm thickness. As expected, the maximum temperature at the
otspot depends on the phonon model used. Holland’s model pre-
icts the lowest hotspot temperature, followed in increasing order
y isoSi, natSi, and Han and Klemens �which has the lowest ther-
al conductivity�. The presence of optical modes in isoSi and natSi

ncrease their thermal resistance due to phonon confinement lead-
ng to higher temperatures at the hotspot.

Summary and Conclusions
A hierarchical modeling methodology for heat transfer of

ilicon-based electronic devices has been presented. The integra-
ion of participating scales has been achieved in three steps. These
nvolve �i� the estimation of the thermal properties at different
emperatures required to solve the BTE, including phonon relax-
tion times, dispersion relations, group velocity, and specific heat,
ii� their quantum correction to make them suitable for BTE, and
iii� the solution of this equation using an isotropic and dispersive
attice Boltzmann formulation for phonons. Nonlinear dispersion
elations in the �100� direction for the acoustic and optical modes
longitudinal and transverse� were used to solve the BTE. The
ifferent steps of the methodology were validated using analytic
r experimental data reported in literature.

It is found that the reduction in the out-of-plane conductivity is
roduced by a progressive transition of modes from diffusive re-
imes �as in the bulk case� to transitional or ballistic regime re-
ions as the film thickness is reduced. This transition is character-
zed by a shift in the location of the mode thermal conductivity
eaks for the acoustic modes as the film thickness is reduced,
hich at the same time modifies the relative contribution of all
odes to the thermal conductivity. For natSi and isoSi, the total

ontribution of the optical modes increases to 20% and 22% when
he film thickness is reduced to 10 nm. At this thickness, the LO
nd TO modes contribute about 15% and 5% to the thermal con-
uctivity, respectively. Similar changes are also found in the LA
nd TA modes for the models of Holland and Han and Klemens.

The thermal response of SOI-like transistors of decreasing size
s characterized by temperature profiles that become progressively

ig. 14 Temperature at the center of the hotspot for a film of
00 nm as a function of time, obtained from Holland, and Han
nd Klemens phonon relaxation times models
onlinear. The transition to ballistic transport is observed as both

ournal of Heat Transfer
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the length and the hotspot size decreases. The hotspot temperature
exhibits abrupt changes as the heat pulse is turned on or off,
produced due to the sudden changes in the energy levels of each
mode. It was found that acoustic modes dissipate the generated
heat ballistically, whereas the behavior of optical modes is iden-
tified to be within the transitional and diffusive regimes. Under
self-heating conditions, acoustic modes exhibit a saturation of
their energy levels as the heat pulse is turned on while those of
optical modes increase due to their lower thermal conductivity.
The difference between transient behavior of temperature �in non-
dimensional units� obtained for natSi and isoSi is not substantially
different, however, notable differences are found using the models
of Holland and Han and Klemens.

The value of hierarchical methodology stands out when the
results obtained from different phonon relaxation time models are
compared. Despite Holland and Han and Klemens, the models are
able to reproduce the silicon bulk thermal conductivity, their pre-
dictions for out-of-plane thermal conductivity, and behavior of
temperature at the hotspot differ drastically. The difference in the
results obtained from Holland and Han and Klemens models re-
affirms the importance of our proposed methodology, which can
be extended to other semiconductor materials and to validate
models for phonon relaxation times.
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Nomenclature
A � fitted coefficient �s3 / rad4 or m3 / rad4�

cv /kB � nondimensional specific heat per degree of
freedom

cv,e � experimental specific heat �kg /s2 K�
cv,a � analytic specific heat �kg /s2 K�

cv,a�T ,�� � mode contribution to the specific heat as a
function of temperature and frequency

d � silicon layer thickness �nm�
Ep

t � energy of each phonon branch and polarization
�J�

Etotal
t � total energy of all phonons �J�
fm � phonon distribution function
� � Plank constant �J�s / rad�
ke � experimental thermal conductivity �W /m K�

ke�
28Si� � experimental thermal conductivity of enriched

28 silicon �W /m K�
ke�

natSi� � experimental thermal conductivity of natural
silicon �W /m K�

k � quantum corrected thermal conductivity
�W /m K�

kB � Boltzmann constant �kg /s2 K�
kGK � Green–Kubo thermal conductivity �W /m K�
kMD � BTE-based thermal conductivity �W /m K�

km��� � mode thermal conductivity as a function of
frequency �W /m K�s / rad�

L � silicon layer length �nm�
N � number of atoms
q � wave vector �1/m�

Si � Silicon

t � time �s�
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T � temperature �K�
TMD � molecular temperature �K�

T� � integration constant �K�
vg, vp � group and phase velocities �m/s�

wm � LBM weighting factor

reek Symbols
� � nondimensional temperature

�D � Debye temperature �K�
�x � lattice spacing
�t � time step
� � mean free path �nm�

�m � relaxation time �s�
� � frequency �rad/s�

uperscripts
O � equilibrium
� � nondimensional

ubscripts
m � phonon mode

max � maximum
min � minimum

TA, LA � transverse and longitudinal acoustics
TO, LO � transverse and longitudinal opticals

ppendix
LBM is a computational method originally developed for fluid

imulation �49�. In this method, the spatial domain is discretized
n lattices that only have a finite number of propagation directions.
ince all our simulations are one-dimensional, we use the D1Q3

attice �50�, considering only two propagation directions �left and
ight�. On each lattice, a discretized version of the BTE known as
he lattice Boltzmann kinetic equation �LBKE� is solved. The lat-
er was obtained after applying two different operators to the first
nd second terms on the right of Eq. �1�: one forward in time �t�
nd one forward in time and space �x�, respectively. One impor-
ant characteristic of the LBM is that the lattice spacing and time
re linked by the so-called light-cone rule �49� �i.e., �x=v��t�.
his results in Eq. �A1� �wm is a weighting factor defined as wm
�x / ��vg,m��m�=�t /�m�.

fm,i�x + dx,t + dt� = �1 − wm�fm,i�x,t� + wmfm,i
o �x,t� �A1�

n our dispersive LBM phonon formulation, multiple LBKEs are
olved simultaneously in space and time. One equation per pho-
on is defined in the simulation domain �7�. Phonons are obtained
rom the discretization of the dispersion relations in bands of con-
tant wave vector �7� or constant frequency �9�. This leads to
honon properties �e.g., group velocities� that depend on fre-
uency. In our case, our dispersion relations obtained in the �100�
irection are discretized using constant wave vector bands and all
honon properties are band-average with respect to frequency
i.e., �̄=1 /���������d��. Unlike a gray model �46�, which in-
lude only a single phonon with one group velocity, in a disper-
ive formulation many phonons are defined.

The solution of each LBKE in space and time follows the next
lgorithm: �i� given a finite number of phonons defined in the
imulation, the initial temperature of the system and its boundary
onditions, we use Eq. �2� to obtain the initial phonon distribution
unctions in the domain. Since the temperature at the boundaries
s typically prescribed, the equilibrium distribution at these loca-
ions for each phonon defined remains fixed during the entire
imulation; �ii� multiple equations, such as Eq. �A1�, are solved
nd �iii� at the end of each time step, the total phonon energy is
omputed on each lattice site and a new temperature distribution
s obtained using Eq. �2�. Steps ii and iii are repeated until the
redefined simulation time is reached.

In the algorithm, it is implicitly assumed that the energy of the

honon system remains in quasi-equilibrium. Hence, the tempera-
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ture of the system can be recovered from equilibrium distribution
functions. In this way, all our results are strictly valid in the limit
of low normal modes amplitudes. The impact of this approxima-
tion was discussed in Ref. �15�. Other nonequilibrium phonon
formulation to solve BTE has been developed �6,10,21�.

To maintain the accuracy at an acceptable level while keeping
the computational effort at minimum, the sensitivity of the bulk
thermal conductivity at 220 K to the number of bands �per branch�
used to discretize the dispersion relations was evaluated. The sen-
sitivity is defined as �k�nw�−k�nw−1�� /k�nw�, where k is the ther-
mal conductivity and nw is the number of bands per branch. For
nw=10 or 40, the phonon defined �i.e., ten bands � four branches�
the sensitivities of 3.7%, 5.2%, 0.03%, and 0.04% were found
using the models of Holland, Han, and Klemens and for natSi and
isoSi, respectively. Additionally, since the LBM is a nonconserva-
tive method, the sensitivity with respect to the spatial discretiza-
tion was also evaluated. All our results are independent of the
number of cells used to discretize the domain. However, it is
important to mention that the number of cells we use to discretize
the domain varies with the domain size. The light-cone rule re-
striction is particularly severe in multiphonon systems, especially
for phonons whose group velocity approach to zero �i.e., trans-
verse modes near the BZ edge� and therefore the number of cell
used is generally large enough for the results to be independent of
spatial discretization �41�. Mesh independence was found with a
minimum of 800 cells. For the film of 10,000 nm �see Fig. 8�,
approximately 30,000 cell were used.
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