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Actuators
This paper presents a novel method for suppressing multimodal vibrations in structures
by using the controlled harvesting and storage of vibration energy as electrical charge.
Unlike a traditional semi-active system in which vibration energy is dissipated using a
controlled variable dissipater, the proposed system harvests vibration energy for storage.
The stored energy can then be recycled enabling the system to achieve a vibration reduc-
tion performance superior to that of a traditional semi-active system and approaching
that of a fully active system. In the proposed method, an array of one or more precharged
capacitors is employed to provide a selection of various voltages, which may be selected
to approximate a desired control signal defined by an LQR multimodal vibration control-
ler. The capacitors can apply a control voltage to the piezoelectric actuators and can also
collect current generated by the actuators as the structure strains in vibration. Both a
single capacitor system and a multi-capacitor system are considered and applied to a
cantilevered beam. The response to impulse disturbances and random force disturbances
are studied. The results are compared to a previously proposed energy harvesting based
semi-active method. Advantages in both vibration suppression and energy harvesting
performance over the previously proposed method are demonstrated. The multicapacitor
method is found to be most effective due to its ability to apply sufficiently large control
voltages while moderating large step inputs therefore reducing the excitation of higher
frequency uncontrolled modes, which otherwise parasitically dissipate energy in the cir-
cuit resistance. �DOI: 10.1115/1.2980378�
Introduction
Piezoelectric elements are attractive candidates for use as both

ibration suppression actuators and sensors because of the conve-
ient electrical-mechanical coupling they provide. Over the past
wo decades, considerable research has been conducted to explore
he integration of piezoelectric elements into active and passive
ibration control. Passive techniques have been popular because
f their inherent stability and, in most cases, lack of reliance on an
xternal power source. Passive techniques employ shunts of im-
edances designed to effectively dissipate electrical energy trans-
uced from mechanical vibration energy. Some of the more suc-
essful systems place a resistor and an inductor in the shunt
etworks to react with the inherent capacitance of the piezoelec-
ric elements to form resonant circuits. Such systems have been
hown to reduce resonant vibration amplitudes by 15–20 dB �1�.
he necessity for very large inductors �hundreds of Henrys in
ome cases� to implement these systems poses a significant disad-
antage in many situations. These inductors may be implemented
sing active electronic elements; however, this sacrifices some of
he appeal in simplicity and power independence of these systems.
urthermore, small changes in the mechanical system dynamics
an greatly reduce the effectiveness of such resonant circuits �2�.

Energy harvesting semi-active methods offer promise in their
ore general ability to suppress vibrations while requiring very

ittle if any external power. More recently, Makihara, et al. �3,4�
ave proposed a method similar to a method proposed by Corr
nd Clark �5� that combines a resistor-inductor �RL� circuit with
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synchronized switching strategies to suppress vibrations using en-
ergy harvested from the vibration itself. Although, these tech-
niques exhibit a higher complexity than the strictly passive net-
works, they offer a similar level of vibration suppression using
much smaller inductors and are not as sensitive to subtle changes
in or to inaccurate estimates of the mechanical resonant proper-
ties. Makihara et al. �3� take an optimal control approach to de-
termine appropriate control voltages and then actuate a switch in
the circuit to send all of the acquired charge in the system to one
electrode or to the other corresponding to the polarity of the op-
timal control. While this has been shown to work reasonably well
with single mode mechanical systems, the results of this method
are not as desirable in multimode systems �3,4�. Furthermore,
since the energy for control effort originates from vibration en-
ergy, when transient disturbances are encountered, significant con-
trol gains are not available until well into the transient interval,
and the suppression of the disturbance is delayed. At the conclu-
sion of each transient event, high frequency oscillations dispose of
the acquired energy into the circuit resistance leaving no residual
energy to suppress future transient disturbances or to provide
power for control and switching circuitry. Apart from the limita-
tions in the method’s vibration suppression, it does not meet the
criteria of a more strict definition of “energy harvesting” adopted
by the author that requires the energy to be absorbed and stored in
a manner such that it may be used for ancillary power require-
ments in addition to continuing vibration suppression.

In the field of energy harvesting, a number of different re-
searchers have worked on the development of algorithms and
power electronics to maximize the energy harvested from a given
level of vibrations �6–9�. The simplest energy harvesting algo-
rithm uses a voltage rectifier, a storage capacitor to store charge,
and a fixed threshold algorithm that switches the power stored in

the capacitor to power a load at predetermined levels of voltage.
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hese pre-determined threshold values must change with the am-
litude and frequency of vibrations in order to maximize the har-
ested energy. A number of different control algorithms that pro-
ide significantly improved energy harvesting compared to the
onstant threshold values include �a� impedance adaptation algo-
ithms in which a gradient based adaptive algorithm is used to
ontinuously change the switching voltage thresholds �6,7� and
ynchronous charge extraction algorithms in which the extraction
f electrical charge is synchronized with mechanical vibrations
9�.

The method proposed in this paper seeks to combine the two
bjectives of vibration reduction and energy harvesting. The pro-
osed method seeks to implement optimal vibration control using
arvested energy that will be continually available for vibration
uppression and control circuitry power. This method is unique
rom previously proposed methods in that control voltages are
rovided by external capacitors that also absorb the electrical en-
rgy they are resisting and even more so in that an array of ca-
acitors are used to provide a range of voltages to approximate the
ptimal control voltage with some level of fidelity.

The power requirement for processing the control algorithms
nd switching are considered to be outside the scope of this paper
nd are not considered herein. Ideally, the scale of the mechanical
ystem and its vibrations, as well as the power requirements of the
lectronic circuitry, would allow the proposed method to be at
east partially self-powering. Before this method is described in
etail, the subject plant is established and described in Sec. 2.

System Model
The system of interest, depicted in Fig. 1, is a cantilevered

eam with relatively thin patches of piezoelectric material adhered
o one or more regions of one surface.

As demonstrated clearly by Makihara et al. �3�, a dynamic
odel for a cantilevered beam with attached piezoelectric actua-

ors may be derived through the use of Hamilton’s principle and
he Euler–Bernouli model for the mechanics of a beam in flexure.
he kinetic energy in the beam and the attached piezoelectric
ctuators is expressed in Eqs. �1� and �2�, respectively.

Tb =�
0

Lb
1
2�bAb� �wy

�t
�2

dx �1�

Tpj =�
0

Lb
1
2�pjApj� �wy

�t
�2

gj�x�dx �2�

here

gj�x� � H�x − x2j� − H�x − x1j�

nd H�x� is the Heaviside function.
The potential energy in the beam and the attached actuators is

Fig. 1 Schematic of the cantilevered beam system
xpressed in Eqs. �3� and �4�.

11001-2 / Vol. 131, FEBRUARY 2009
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Ub =�
0

Lb 1

2
cbIb� �2wy

�x2 �2

dx �3�

Upj =�
Vpj

��x�x + EyDy�dV �4�

The virtual work on the system, expressed in Eq. �5�, comes
from work done by external forces on the beam, as well as the
electrical work performed on actuators.

�W =�
0

Lb

f�x,t��wydx + 	
j=1

np

Vj ��
Apj

�Dyjgj�x�dA �5�

The lateral displacement of the beam at each point along its
length can be approximated by a finite series of assumed mode
functions.

wy�x,t� = 	
k=1

n

pk�t��k�x� �6�

In this case, the assumed mode functions are taken as the standard
eigenfunctions for a cantilevered beam, which may be found in
many vibration texts �10�. These functions are orthogonal over the
full length of the beam, but not over the intervals covered by the
actuators.

Applying Eq. �6�, as well as the one-dimensional piezoelectric
constitutive equations

Ey = − bp�x +
Dy

ep
S �7�

�x = cp�x − bpDy �8�

Hamilton’s principle yields the following dynamic equations:

�Mb + Mp�p̈ + �Kb + Kp�p = BaQ + Be f �9�

Vp = − Ba
Tp + Ca

−1Q �10�

Mb � diagonal
�bAb�
0

Lb

�k�kdx�
Kb � diagonal
cbIb�

0

Lb �2�k

�x2

�2�k

�x2 dx�
Ca � diagonal
 ep

S�b
2�x2j − x1j�

Apj
�

Mp � 	
j=1

np

�pjApj�
x1j

x2j

�k�kdx

Kp � 	
j=1

np

cpjIpj�
x1j

x2j �2�k

�x2

�2�k

�x2 dx

Ba � −
bpjJpj

�b�x2j − x1j�
�

x1j

x2j �2�k

�x2 dx

Be � ��k�x��x=xe

External forces are assumed to be applied at a single point, xe.
That is

f�x,t� = ��x − xe�fe�t� .

Equations �9� and �10� are rearranged to treat actuator voltages

as inputs.
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p̈ + �ṗ + �p = B1Vp + B2f �11�

B1 � �Mb + Mp�−1BaCa

B2 � �Mb + Mp�−1Be

� � �Mb + Mp�−1�Kb + Kp − BaCaBa
T�

� � diagonal��	k�
In modal analysis, the damping ratio is not typically determined

nalytically, but rather determined empirically. It this paper, it is
ssumed to be 0.01.

As mentioned above, the assumed mode functions are not or-
hogonal over the actuator intervals. As a result Mp and Kp are not
iagonal and the modes of the system described in Eq. �11� are
oupled. To diagonalize this system and decouple the modes, a
econd general eigenvector problem is solved.

�Kb + Kp − BaCaBa
T�� − �Mb + Mp��� = 0 �12�

These new eigenvectors are used to define a new set of modal
igenfunctions and to transform the matrices defined above.

�
1 
2 ¯ 
 N� � ��1 �2 ¯ �N�� �13�

wy�x,t� � 	
k=1

N

�k�t�
k�x� �14�

K̄b � �TKb�

K̄p � �TKp�

M̄b � �TMb�

M̄p � �TMp�

B̄a � �TBa

B̄e � �TBe

�̄ � �T�� = � = diagonal�	k
2�

Defining the state as

z � ���T ��̇T�T

rovides the following state space realization in which each mode
s decoupled except for the overlapping influence of the input

atrix.

ż = Az + B3Vp + Df �15�

A � 
 0 I

− �̄ − �
�

B3 � 
 0

B̄1
�

D � 
 0

B̄2
�

Since the modes are decoupled and each mode is asymptoti-
ally stable, the infinite dimensional system may be truncated to a
easonable number of modes with minimal detriment. In this pa-
er the first ten modes will be modeled, and the first three will be

ontrolled.

ournal of Vibration and Acoustics
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3 Control System
In this paper, vibration suppression is pursued in the context of

LQR optimal control �11,12�. While less structured modal velocity
feedback control is conceivable, LQR simplifies the task of deter-
mining appropriate gains to accomplish the vibration suppression
and energy harvesting objectives in the context of complex and
interconnected input-output relationships. Observability of the
system described above can be guaranteed by placing sensors
such that their domain of sensitivity to each mode is not domi-
nated by modal node phenomena. Also, Kalman filters and other
state estimators are routinely employed in estimating modal states
for the control of flexible structures; therefore, in the interest of
simplicity, it is assumed that a suitable estimate of the full state is
available for feedback. The details of the state estimation are not
central to the investigation in this paper and are therefore
disregarded.

The goal for this control task is to minimize the following cost
function:

J ��
0

�

�zW1z + VcW2Vc + 2zW3Vc�dt �16�

Weighting matrices, W1, W2, and W3, are chosen to tune the
vibration suppression performance and balance it with the energy
harvesting capacity while keeping the underlying quadratic form
matrix positive definite.

The optimal control voltages, Vc, are then defined as,

Vc � Fz = W2
−1�B3

TP + W3
T�z �17�

where F is the LQR feedback gain matrix and P is the solution to
the applicable Riccati equation.

Three different means of delivering an approximation of the
control voltages from Eq. �17� are investigated in this paper.

3.1 RL Switching. The first method studied is the one pro-
posed by Makihara et al. �3,4�. A schematic of this system is
shown in Fig. 2.

The piezoelectric actuators are modeled as a voltage supply
representing the potential generated as the polarized crystal struc-
ture strains, and a capacitor in series, which reflects the potential
across the actuator due to built up charge, as well as the limit to
the charge flow that the actuator may produce. Kirchoff’s voltage
law gives the differential equation for the charge on the piezoelec-
tric actuator when current is free to flow.

V�,j +
qp,j

Cp,j
+ q̇p,jRj + q̈p,jLj = 0 �18�

� �

Fig. 2 Diagram for the RL switching circuit
V� � Baz
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In fact, the current is not allowed to flow freely, the switch
A /B� is used to control the current to apply and maintain a charge
n one electrode or the other according to the following switching
aw:

If Vc,j  0 then turn the jth switch to A
�19�

If Vc,j � 0 then turn jth switch to B

At t=0, there is no charge on the actuator electrodes. As the
eam displacement strains the actuator, it generates a positive/
egative voltage that motivates a negative/positive current, which
uilds a negative/positive charge on the actuator until the charge
nduced potential equalizes the rest of the loop voltages, which
ccurs when the beam deflection is at a maximum magnitude. The

Fig. 3 Schematic and circuit diag
method
iode prevents a reverse in current. The charge on the actuator

ion. First, instead of storing power in the very small capacitance

11001-4 / Vol. 131, FEBRUARY 2009
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remains constant until t= tk when the switch is actuated, which
will typically occur just as the beam deflection velocity begins to
reverse, and the current is free to flow in the opposite direction.
The underdamped second order behavior of the RL circuit allows
the majority of the charge energy collected during the first actua-
tor displacement to be transferred to the opposite electrode with a
time constant much shorter than the vibration period. During the
second displacement, the strain in the actuator adds potential on
top of the potential due to the existing charge such that when the
switch is actuated again, an even larger amount of energy is trans-
ferred to the opposite electrode. The cycle continues converting
more and more mechanical energy into charge energy on the pi-
ezoelectric actuator. The charge on and the potential across the
actuator electrodes are governed by the following laws:

of the single switched capacitor
qp,j,k =
1

Lj
�

tk

tk+�t 
− q̇p,jRj −�
tk

tk+�t �V�,j +
qp,j,k

Cp,j
�dt�dt + qp,j,k−1 A and�VL,j 

qp,j

Cp,j
�

qp,j,k A and�VL,j �
qp,j

Cp,j
�

1

Lj
�

tk

tk+�t 
− q̇p,jRj −�
tk

tk+�t �V�,j +
qp,j,k

Cp,j
�dt�dt + qp,j,k−1 B and�VL,j �

qp,j

Cp,j
�

qp,j,k B and�VL,j �
qp,j

Cp,j
�
� �20�
here a loop voltage is defined as

VL,j � − V�,j − q̈p,jLj − q̇p,jRj

�21�

Vp,j,k � V�,j +
qp,j,k

Cp,j

Some drawbacks of this method were briefly discussed in the
ntroduction. Mainly, the method’s need to pass all of the stored
nergy through a resistive circuit each time the input polarity is
eversed limits the amount of energy the system can harvest from
he mechanical vibration, and the method’s inability to perma-
ently store energy limits its effectiveness in suppressing transient
isturbances. These limitations motivate the first proposed alter-
ative method.

3.2 Single Switched Capacitor. The single switched capaci-
or �SSC� method works in a similar manner to the RL switiching
RLS� method above except for a few differences in implementa-
of the actuator, energy is stored in a large external capacitor. Sec-
ond, instead of passing the stored charge through an RL circuit to
reverse the potential across the actuator electrodes, the leads to the
capacitor are swapped by switches so that the charge potential on
the actuator is immediately reversed with minimal charge flow
avoiding wasted energy in the circuit resistance. A schematic and
circuit diagram of this system is shown in Fig. 3. The voltage

source, V̂c, represents an approximation, a very rough approxima-
tion in this case, of the optimal input voltage. This approximation
is a constant voltage with the same polarity as the prescribed
optimal input voltage. The switching law for this law is identical
as that for the RLS method in Eq. �19� except that a small thresh-
old �1 V� is set such that when vibrations are sufficiently small,
the controller goes dormant to conserve energy and to allow the
structure to settle to equilibrium leading to the following switch-
ing law:
ram
If Vc,j  Vt then turn jth switch to A
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If Vc,j � − Vt then turn jth switch to B �22�

If − Vt � Vc,j � Vt then turn jth switch to open

Kirchoff’s voltage law gives the following differential equation
or the charge on the piezoelectric actuator:

V�,j +
qp,j

Cp,j
+ q̇p,jRj − V̂c,j = 0 �23�

q̇p,j =
1

Rj
�−

qp,j

Cp,j
− V�,j + V̂c,j� �24�

The very small capacitance of the actuator gives an extremely
ast time constant such that the charge will reach steady state in a
ime interval much less than the period of even the fastest mod-
led vibration mode. For this reason, the charge is assumed to be
t steady state indefinitely such that the current only results from
hanges in the steady state conditions.

q̇p,j � Cp,j�V̇̂c,j − V̇�,j� = ip,j �25�
The voltage applied to the piezoelectric actuator is expressed as

Vp,j � V̂c,j − ip,jRj = V̂c,j − RjCp,j�V̇̂c,j − V̇�,j� �26�

nd the current flowing into the main capacitor is expressed as

ic,j � − ip,j = − Cp,j�V̇̂c,j − V̇�,j� �27�

t follows that the energy stored in the main capacitor is calculated
s

Fig. 4 Schematic of the multiple switched capacitor method

Fig. 5 Preset voltages of capacito

method

ournal of Vibration and Acoustics
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Uc,j �
1

2Cc,j
��

t0

t

�− Cp,j�V̇̂c,j��� − V̇�,j�����d��2

+ Uc,j�t0�

�28�

Values of Cc,j are preferably large such that the nominal voltage
changes little as electrical energy is absorbed. Nonetheless, the
practical implementation of this method would require a separate
energy management system that would re-allocate the charge in
the capacitor to a secondary storage device or consume the energy
in some other manner to maintain the nominal voltage.

3.3 Multiple Switched Capacitors. The third method to be
investigated utilizes multiple capacitors precharged to different
voltages such that the optimal control voltage may be more
closely approximated. A schematic of this system is shown in Fig.
4. The circuit diagram and electrical differential equations are the
same as for the previous method. The switching for this method
follows Eq. �22�; however, beyond switching for the correct po-
larity, switching also occurs to connect the capacitor whose po-
tential is the closest to the optimal voltage without being larger as
portrayed in Fig. 4.

An optimal choice of the number of capacitors to use and to
what voltage they should be charged may exist; however, this
optimum will likely be based on a particular application and is
beyond the scope of this paper. The number of capacitors in this
case has been set to seven. Counting a zero level, this gives eight
different levels: a convenient number for digital implementation.
In order to provide a few smaller closer voltage levels that can
more effectively deal with small vibrations while maintaining
much larger voltage levels to handle severe vibrations or distur-
bances, an exponential progression of potentials are selected for
the seven capacitors. Small deviations from a strictly exponential
progression have been made to tailor the selection of potentials to
more closely match commonly required control voltages. The po-
tentials selected for the multiple switched capacitor �MSC�
method simulated in this paper are shown in Fig. 5.

As with the SSC method, values of Cc,j are preferably large
such that the nominal voltage changes little as the electrical en-
ergy is absorbed; however, a separate energy management system
would be required to maintain the nominal capacitor voltages. It
should also be noted that the circuit models above are based on
ideal circuits where, other than in discrete circuit components, the
circuit capacitance and inductance are assumed to be zero and
high frequency electrical oscillations and the radiation of electro-
magnetic energy, likely to result from the stepped voltage changes
in the methods discussed above, are assumed to be relatively in-
significant and are neglected in the simulations to follow.

or the multiple switched capacitor
rs f
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Simulation Studies
The cantilevered beam system described above was simulated

sing the parameters in Table 1. These were chosen to be the same
s those used by Makihara et al. �3� for the purpose of direct
omparison to the results given in that paper.

4.1 Control System Preliminaries. The first three assumed
ode shapes corresponding to a cantilevered beam �10� without

ttached piezoelectric actuators are shown in Fig. 6. The strain at
he surface of the beam along its length is related directly to the
econd derivative of lateral displacement of the beam and thus
irectly related to the second derivative of the mode functions,
hich are shown in Fig. 7. Examining this graph brings under-

tanding of the rationale for the choice of actuator placement. In
he first region, 0–0.2 m, the second derivatives of all three

odes are large providing a strong actuator to mode coupling. In
he second region, 0.4–0.6 m, the net strain of the second mode
as large and negative strain, and the third mode is nearly zero.
n actuator placed in this location has some independence from

he first region allowing the different modes to be addressed si-
ultaneously with smaller control effort.
Figure 8 shows the actual mode shapes, from Eq. �13�, with the

iezoelectric actuators attached. Stiffening of the beam in actuator
egions is evident. Based on the parameters in Table 1, the natural
requencies corresponding to the first three modes are 3.4 Hz,
9.4 Hz, and 49.4 Hz.

A set of LQR weight matrices were determined by Makihara et
l. �3� to be approximately optimal for the RLS. Since the actual
agnitude of the input cannot be controlled in the RLS method,

he relative magnitude relationships between the matrix compo-
ents are relevant while the absolute magnitude of the set of com-
onents is not. These weighting matrices are not appropriate for
he other two methods for similar, but slightly different reasons.

Table 1 System parameters

p 2 x11 0.0�10−1 m

p 2.0�10−1 m x12 2.0�10−1 m

p 2.52�10−3 m x21 4.0�10−1 m

p 7.5�103 kg /m3 x22 6.0�10−1 m

b 7.1�1010 N /m2 Lb 1.0�100 m

p 8.9�108 N /C �b 2.0�10−1 m

p
S 1.4�10−1 m hb 2.5�10−3 m

�b 2.7�103 kg /m3

cb 7.1�1010 N /m2
Fig. 6 Mode functions of the cantilevered beam

11001-6 / Vol. 131, FEBRUARY 2009
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First, in the SSC method, the magnitude of the optimal control is
important because a threshold must be surpassed for the switch to
close according to Eq. �22�. Second, in the MSC method, the
magnitude of the optimal voltage is especially important since it
will actually be approximated through the selection among an
array of capacitors at different voltages. The following set of
weighting matrices were found to give reasonably good and bal-
anced vibration suppression and energy harvesting performance.

W1 = diagonal
4 � 1010,1,1,
4 � 1010

	1
2 ,

2 � 1010

	2
2 ,

1 � 1010

	3
2 �

W2 = diagonal�2,1�

W3 = 102 � 
0 0 0 0 10 0

0 0 0 0 0 6
�T

It is evident that the first matrix is heavily weighted toward ve-
locity damping. As a result, the majority of the vibration suppres-
sion is achieved through damping. The damping action tends to
apply forces against velocity and, in this case, voltage against
current, which is beneficial for energy harvesting objectives.

The third matrix applies to the cross terms of the underlying
quadratic form to penalize situations where the actuator current

Fig. 7 Mode function second derivatives
Fig. 8 Corrected mode functions for the diagonalized system
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ows with the voltage drawing power out of the capacitors. Posi-
ive velocities of the second and third modes induce negative ac-
uator strain rates promoting charge flow into the second and first
ctuators, respectively. To avoid situations where voltage and cur-
ent align to give up energy back to the beam, a weight is placed
n the cross products of the appropriate input voltages and modal
elocities. Since these components are off the diagonal, their val-
es are constrained such that the underlying quadratic form matrix
emains positive definite.

4.2 Impulse Tests. MATLAB SIMULINK was used to simulate
he application of each of the three methods to the cantilevered
eam system. The first performance test conducted for the vibra-
ion suppression methods was an impulse test. The system starts at
est. At t=0.1 s, an external force in the form of an impulse is
pplied to the system at x=xe=0.4 m. At t= ts=0.2 s, the vibration
ontrol methods were activated. Makihara et al. �4� determined a
ircuit resistance of 0.5 � gives a nearly optimal performance for
given inductance of 1.5 mH. These same values are used for the
LS simulations in this paper. For the single capacitor switching
ethod, the capacitor voltage was loosely optimized for balanced

ibration suppression and energy harvesting at 10 V. This will be
iscussed further in a subsequent section. The methods are rated
ccording to two primary metrics. The first is energy harvesting
fficiency, which is defined as

eff = � 	 j=1

np �Uc,j�tf� − Uc,j�ts��

Tb�ts� + Ub�ts� + 	 j=1

np �Tp,j�ts� + Up,j�ts��� � 100%

�29�

he second is a metric of vibration magnitude over time used by

Fig. 9 Impulse test results for the RL switching
akihara et al. �3�.
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Irms =�
ts

tf

�rms�t�dt �30�

�rms�t� =� 1

Lb
�

0

Lb

wy
2�x,t�dx �31�

The results of the impulse test for the three methods are shown in
Figs. 9–11. The first plot in each figure shows the modal ampli-
tudes for the three controlled modes. Modal amplitudes for the
next three uncontrolled modes are shown in the second plot. Am-
plitudes for the remaining modes are insignificant in comparison
to the first six modes and thus are not shown. The third plot shows
the input voltages applied to each actuator, and the fourth plot
shows the amount of electrical energy stored in the actuators in
the case of the RLS method or the external capacitors for the SSC
and MSC methods.

The RLS method was quite successful in quickly suppressing
the impulse excited vibrations. While the RLS method is quite
successful at suppressing the vibration, it cannot store energy un-
less it is actively actuating. As the transient vibration dies out, all
of the energy it has harvested is dumped into the circuit resistance
and mechanical damping through high frequency switching.

The SSC method offered a much less significant effect on the
vibrations; however, in the last plot of Fig. 10 it is evident that the
SSC method steadily collects energy from the vibrations as charge
generated by the actuators flows against the potential of the ca-
pacitors. Detrimental effects of control voltage clipping on har-
vesting efficiency are also evident. In order to harvest energy ef-
ficiently, the voltage on the capacitor in the SSC method must be
limited otherwise the responses of higher modes to the large
stepped inputs cause high frequency currents in the control cir-
cuits, which dissipate a large amount of energy to the circuit re-

Fig. 10 Impulse test results for the single switched capacitor
sistance. At the same time, reducing the voltage also compromises
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he vibration suppression capacity. The results shown here repre-
ent a balance allowing reasonable energy harvesting efficiency
nd vibration suppression not only for the impulse test, but for the
andom excitation test to be discussed next. If a particular appli-
ation requires better performance in one aspect or the other, a
ore optimal balance could be attained.
The MSC method exhibits exceptional performance in both en-

rgy harvesting efficiency, as well as vibration suppression. As
een in the harvested energy plot, the MSC method rapidly col-
ects electrical energy while vibration energy is abundant and then

ig. 11 Impulse test results for the multiple switched capaci-
ors method
lateaus as the mechanical energy source is depleted. It should be

ibration amplitudes. The SSC method has two major advantages
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noted that the performance of the MSC method requires that the
capacitor voltages are chosen to appropriately match the system
and the set of expected disturbances. If the disturbances are large
enough to require inputs that saturate the range of the set of ca-
pacitors, problems similar to those described for the SSC method
will arise, and the energy harvesting efficiency, not to mention the
vibration suppression capacity, will suffer.

Figure 12 presents the impulse response of the system without
any external vibration suppression applied as a relative reference
to the results above. Table 2 below contains the energy harvesting
and vibration suppression metrics for each method.

4.3 Random Excitation Tests. The second test subjected the
beam and each of the methods to each of five different random
external force time sequences. The five time histories were gener-
ated using an inverse fast Fourier transform �FFT� of a uniform
power spectral density spanning from 2 Hz to 50 Hz, covering
each of the three controlled modes and random phase alignments.
Limiting the bandwidth of the random input to the first three
modes is considered legitimate since prudent practice would seek
to control all modes that are significantly excited by typical per-
sistent disturbances. Simulations of the random excitation tests
began with 12 s of excitation to allow the vibration in the beam to
stabilize. At t= ts=12, the vibration suppression methods were ac-
tivated, and the same performance metrics as above were used
with only a slightly different definition for the efficiency metric to

Fig. 12 Impulse response with no vibration suppression
applied
account for work performed on the system by the external force.
eff = � 	 j=1
np �Uc,j�tf� − Uc,j�ts��

Tb�ts� + Ub�ts� + 	
j=1

np

�Tp,j�ts� + Up,j�ts�� +�
ts

tf

f�t� ·
�wy�xe,t�

�t
dt� � 100% �32�
The results of the random excitation test with random force
equence 1 are shown in Figs. 13–15. The RLS method provides
n obvious reduction in vibration magnitude for each of the three
ontrolled modes. The stored electrical energy is observed to in-
rease rapidly at the beginning of the control period; however, in
eriods of relatively low vibration amplitude, the RLS method
oses much of its stored energy in high frequency oscillations. As
result, sustained energy harvesting is not possible.
The SSC method also exhibits a significant reduction in the
over RLS that improves both its energy harvesting efficiency and
vibration suppression performance. One, the SSC method allows

Table 2 Results of the impulse test

RLS SSC MSC None

Efficiency 0% 10.3% 21.7% NA
Irms��10−4 m s� 3.02 8.13 1.99 13.5
Transactions of the ASME
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an off condition where the stored charge is not subjected to high
frequency oscillations at times when no major control effort is
needed and energy harvesting opportunity is available. The RLS
method requires that the full potential is applied to one side of the
actuator or the other at all times as there is no external storage
available. Two, the SSC method can reverse the polarity of the
control voltages without passing more than a very small amount
of the total charge through circuit resistances. In the RLS method,
the entirety of accumulated charge must be passed through circuit
resistances to change polarity. One such situation occurs at t
=16.2 s in Figs. 13–15. At this time the RLS method rapidly
reverses its polarity in response to very small but fast vibrations.

While MSC performs only slightly better than SSC in control-
ling the first three modes, it appears to be significantly more ef-
fective in limiting the excitation of the uncontrolled modes. Not
only does this provide for smaller overall vibration amplitudes,
but it also reduces high frequency oscillations that have a parasitic
effect on energy harvesting as the stored charge is rapidly passed
back and forth through circuit resistances.

Tables 3 and 4, respectively, contain the energy harvesting ef-
ficiencies and vibration suppression metrics for each method and
random force sequence. The same data is charted in Figs. 16 and

Fig. 15 Random excitation test results for the MSC method
„random sequence 1…

Table 3 Energy harvesting efficiencies from random excita-
tion tests

Sequence 1 2 3 4 5

RLS 0.25% 0.26% 0.47% 0.54% 1.04%
SSC 19.9% 14.1% 16.1% 18.7% 17.9%
MSC 27.3% 26.2% 23.4% 28.8% 24.1%
ig. 14 Random excitation test results for the SSC method
ig. 13 Random excitation test results for the RLS method
FEBRUARY 2009, Vol. 131 / 011001-9
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7.
The results of the random excitation tests largely paralleled the

esults from the impulse test. As seen in Figs. 16 and 17, the MSC
utperformed the other methods in both energy harvesting effi-
iency and especially vibration suppression for each random se-
uence. In the case of random excitation, not only did the SSC
ffer much improved energy harvesting over RLS, but it also pro-
ides consistently better vibration suppression.

Conclusions
Three different methods of combined vibration reduction and

nergy harvesting were described and compared in this paper. The
LS method as configured in this investigation cannot continu-
usly harvest and store energy absorbed from mechanical vibra-
ions leading to inferior performance as a self-powering semi-
ctive method. The SSC method affords the capability to suppress
ibrations while harvesting and storing energy; however, its single
evel nature necessitates a lower maximum voltage to facilitate
ffective energy harvesting, which in turn limits vibration sup-
ression performance. Nonetheless, in some applications, its sim-
licity over the MSC method may outweigh these limitations. The
SC method was effective in suppressing both transient and con-

inuous random excited vibrations while harvesting over 20% of
he mechanical energy in the vibrations. While the MSC method
chieved a net positive charge increase over all of the capacitors,
he net change in charge was not necessarily positive for each
apacitor. Practical implementation of this method would require
he energy system mentioned earlier in this paper to redistribute
he electrical charge among the capacitors to maintain the nominal

Table 4 Irms values from random excitation tests

equence 1 2 3 4 5

RLS 8.44�10−4 8.77�10−4 7.01�10−4 7.82�10−4 9.68�10−4

SSC 7.79�10−4 8.61�10−4 5.25�10−4 6.32�10−4 8.29�10−4

MSC 5.41�10−4 5.29�10−4 4.98�10−4 5.00�10−4 5.56�10−4

Fig. 16 Energy harvesting efficie
Fig. 17 Irms values from r
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voltages in each capacitor. It has been observed that minimizing
the excitation of higher frequency uncontrolled modes is a key
requirement to facilitate the harvesting of mechanical energy with
switched capacitor methods. This highlights the importance of de-
signing the capacitor array based on the particular mechanical
system and set of likely disturbances such that large step inputs
are minimized. Adaptive algorithms that could adjust the voltage
levels on an array of capacitors based on past performance would
complement these switched capacitors well.

The results from these simulations suggest that such methods
may hold promise in providing a means for effective energy neu-
tral vibration control with applications in many fields. To facilitate
practical application, further work is needed to further optimize
the energy harvesting, to build in adaptability and robustness to
enable the methods to effectively address vibration for which a
priori knowledge may be limited, and to optimize state estimation
and control algorithms such that they may be implemented with
minimal power requirement.

Nomenclature
A � cross-sectional area of the beam or piezoelec-

tric actuator
bp � electrical-mechanical coupling constant
B � input matrix
c � Young’s modulus of the beam or piezoelectric

actuator
C � capacitance

Ca � constant-length capacitance matrix
Dy � electric displacement in the y-direction
ep

S � constant-length dielectric constant
Ey � electric field in the y-direction

f�x , t� � external force

f� � external force vector
h � thickness of the beam or piezoelectric actuator

H�x� � Heaviside function

ies from random excitation tests
andom excitation tests
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ip,j � current flowing into the jth piezoelectric
actuator

ic,j � current flowing into jth controller
I � geometrical moment of inertia

Irms � performance metric for vibration suppression
J � geometrical moment of the area
L � inductance

Lb � length of the beam
p� � assumed modal displacement vector
R � circuit resistance
q � electrical charge

Qj � charge on the jth piezoelectric actuator

Q� � vector of the piezoelectric actuator charges
T � kinetic energy of the beam or piezoelectric

actuator
U � potential energy of the beam or piezoelectric

actuator

V� c � LQR optimal control voltage vector

V̂� c � actual approximation of V� c

V̂c,j � actual control voltage applied
Vp,j � potential across piezoelectric actuator

electrodes

V� p � vector of Vp,j
Vt � switching threshold voltage

V�,j � strain induced potential in the jth piezoelectric
actuator

wy�x , t� � beam displacement in the y-direction
W1 � LQR state weighting matrix
W2 � LQR input weighting matrix
W3 � LQR state-input cross-product weighting

matrix
x1,j, x2,j � starting and ending positions of the jth piezo-

electric actuator, respectively
xe � point of action of the external force
z� � modal state vector

�W � virtual work
�rms � root mean square of the integrated displace-

ment
ournal of Vibration and Acoustics
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�x � strain in the x-direction
� � width of the beam or piezoelectric actuator

� � modal stiffness vector
� � mass density of the beam or piezoelectric

actuator
�x � stress in the x-direction

� � modal damping coefficient

�� � modal displacement vector
� � modal damping matrix
�k � kth assumed mode function

k � kth mode function
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