View metadata, citation and similar papers at core.ac.uk

James A. Reneke

e-mail: reneke@clemson.edu

Margaret M. Wiecek

e-mail: wmalgor@clemson.edu

Department of Mathematical Sciences,
Clemson University,
Clemson, SC 29634

Georges M. Fadel
Department of Mechanical Engineering,
Clemson University,

Clemson, SC 29634

e-mail: geroges@clemson.edu

Sundeep Samson

Department of Mathematical Sciences,

and Department of Mechanical Engineering,
Clemson University,

Clemson, SC 29634

e-mail: sundees@clemson.edu

Dimitri Nowak
Department of Mathematical Sciences,

brought to you by .{ CORE

provided by CiteSeerX

Design Under Uncertainty:
Balancing Expected Performance
and Risk

The problem of quantifying uncertainty in the design process is approached indirectly.
Nongquantifiable variability resulting from lack of knowledge is treated as epistemic un-
certainty and quantifiable variability caused by random influences is treated as aleatory
uncertainty. The emphasis in this approach is on the effects of epistemic uncertainty, left
unquantified, on design performance. Performance is treated as a random function of the
epistemic uncertainties that are considered as independent variables, and a design deci-
sion is based on the mean and variance of design performance. Since the mean and
variance are functions of the uncertainties, multicriteria decision methods are employed
to determine the preferred design. The methodology is illustrated on a three-spring model
with stochastic forcing and two uncertain damping coefficients. Based on the example,
the concept of balancing expected performance and risk is explored in an engineering
context. Risk is quantified using aleatory uncertainty for fixed values of epistemic uncer-
tainty. The study shows the unique features of this approach in which risk-based design
decisions are made under both aleatory and epistemic uncertainties without assuming a
distribution for epistemic uncertainty. [DOL: 10.1115/1.4002836]
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1 Introduction

While uncertainty is understood as the inability to determine
the true state of affairs of a system, there are several theories from
different fields, which are in support of or in conflict with each
other, on how to define and model it. The engineering community
distinguishes between aleatory and epistemic uncertainty [1].
Aleatory uncertainty results from inherent variations associated
with the system or its environment. Epistemic uncertainty results
from lack of knowledge about the system or the environment due
to scarce data, limited understanding, or fault events. The former
is commonly modeled with probability theory while for the latter,
the use of probability theory is limited and mathematical theories
such as Bayesian estimation, evidence theory, possibility theory,
and interval analysis are applied.

To account for uncertainty, the conventional (deterministic)
optimization-based framework for engineering design has been
extended. Type I and type II robust design approaches have been
proposed to model variations in design evaluation due to varia-
tions in random parameters and variables [2,3]. Variations in de-
sign feasibility have been captured by reliability-based design in
which design variables are random and the design feasibility is
modeled by the probability of constraint satisfaction [4-9]. In Ref.
[10], the reliability-based approach has been extended with inter-
val variables that cannot be represented by any distribution. The
authors also convincingly motivate the use of interval variables.

In engineering optimization, many authors use also fuzzy sets
and possibility distributions to handle uncertainty [11]. A com-
bined probability/possibility approach using random and fuzzy
variables to account for both aleatory and epistemic uncertainties
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is proposed in Ref. [12]. Effects of epistemic and aleatory uncer-
tainty are quantified in Ref. [13] using concepts of the evidence
theory.

Another approach is based on Monte Carlo simulations, which
generate random sample behaviors that imitate uncertainties inher-
ent in any process [14-16]. For multicriteria design problems, the
multiattribute utility theory has been used in the presence of un-
certainty and risk [3,17-19]. Multidisciplinary optimization ap-
proaches have been extended to account for uncertainty but with
limited modeling capabilities for interactions between disciplines
or components [20-22].

In the operations research community, uncertainty has been
modeled with stochastic programming [23,24], which uses proba-
bilistic information about the problem data, and robust optimiza-
tion [25,26], which integrates goal programming formulations
with a scenario-based description of the data. A recent detailed
study of different perspectives of uncertainty and risk is presented
in Ref. [27] while a review of approaches to risk in optimization
under uncertainty is given in Ref. [28].

Knight [29], a pioneer in studies on uncertainty and risk in
economics, clearly distinguished between the epistemic and alea-
tory uncertainties long before they were called so. According to
Knight, uncertainty is system nonquantifiable randomness arising
when a system cannot be completely described because of a lack
of understanding or limitation of knowledge. On the other hand,
risk is known as system quantifiable randomness caused by sto-
chastic variability resulting from inherent fluctuations that the sys-
tem experiences with respect to time, space, or individual charac-
teristics. We are guided by Knight and declare a variable
epistemic only if not enough statistical data and engineering judg-
ments are available about it. While other authors (e.g., Du [13])
try to quantify epistemic uncertainty, we define epistemic vari-
ables as such that cannot be quantified due to lack of information
of any kind.
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We propose using random functions to model decision prob-
lems associated with design under uncertainty. In stochastic analy-
sis, a random function is an indexed collection of vector random
variables Y(b), b e B defined on the probability space and taking
values in R", where BCR" is an indexed parameter set. When n
=1 and m=1, the concept of random function reduces to the ran-
dom process that, in engineering, is often referred to as the times
series. When n=2 and m=1, the concept of random function re-
duces to the random field (referred to as Y (s, r) later) that has been
used to model static images, random topographies (landscapes),
composition variations of an inhomogeneous material (concrete
strength, soil permeability), etc. If m=2, we talk about vector
fields.

In our approach, nonquantifiable variability resulting from lack
of knowledge is treated as epistemic uncertainty and quantifiable
variability caused by random influences is treated as aleatory un-
certainty. Our approach is new in the sense that what is unknown
(i.e., epistemic uncertainty) is left necessarily unmodeled but is
related to the observed behavior of the system. The domain B
represents the space of epistemic uncertainties determined by ex-
ogenous unknown parameters that do not follow any stochastic
principles. The exogenous parameters might be completion time,
availability of resources, physical parameters (temperature, hu-
midity), interest rates, degree of hazard, demands/requirements,
manufacturing environment, operating conditions, etc. On the
other hand, the random field Y(b) models the criterion evaluating
system performance that is variable due to inherent fluctuations
that follow stochastic principles. In the case presented in Sec. 4, a
random field Y(b;,b,) is introduced to model a criterion for de-
signing a three-spring system with friction coefficients b; and b,
being the epistemic uncertainties.

A benefit of our modeling epistemic uncertainties as indepen-
dent variables is that system responses become random functions
of these epistemic uncertainties. That is, the system response Y(b)
for fixed values of discretized epistemic uncertainties (b;,b,) be-
comes an aleatory uncertainty. However, it is challenging to esti-
mate the joint probability density function of the overall system
response. Generally, the system response Y(b) is not normally
distributed. In Sec. 4.3, we present an approach to converting a
non-normal random field into a normal random field. This ap-
proach enables our methodology to quantify aleatory uncertainties
using just the mean and the standard deviation of the field inde-
pendently of the type of its original distribution.

This methodology has already been applied to design problems
in automotive vehicle design: a preliminary version [30,31] and an
advanced version [32]. In the current paper, we present a simple
design problem under uncertainty and risk with a finite number of
feasible designs. The example, despite being simple, illustrates
most of the features of our methodology and points to theoretical
and methodological gaps to be filled in. Under different modeling
assumptions but using the same design criterion, we develop sev-
eral decision models of this design problem. In each case, the
design criterion is converted to a decision criterion that guides the
choice of a preferred design. In particular, in a stochastic case, risk
is quantified using aleatory uncertainty for fixed values of
epistemic uncertainty and the concept of balancing expected per-
formance and risk is used as a decision criterion. Methods of
multicriteria decision-making (MCDM) are used to identify a de-
sign that is preferred in the entire range of uncertainties. Concep-
tually, our epistemic uncertainties correspond to the interval vari-
ables in Ref. [10] but our modeling and methodological
approaches are different. Our model makes use of random fields
rather than the reliability-based optimization and our methodology
identifies a design that performs best over the entire space of
uncertainties rather than only for the worst case combination.

In Sec. 2, we present a physics-based model of the design prob-
lem and introduce a design criterion. Design in a deterministic
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Fig. 1 Three-spring system

case under uncertainty is discussed in Sec. 3 while Sec. 4 presents
a stochastic case. This paper is concluded in Sec. 5.

2 Design Problem

We believe that design problems always arise in a context dic-
tated by a higher-level decision maker (DM) who passes the de-
sign context down to the designer. The design context is given by
objectives and constraints that often come from previous design
decisions. Even within a tight design context, the designer may be
faced with external disturbances and uncertainties that are un-
known to the higher-level DM. Allowing for both uncertainty and
quantifiable randomness, and also for communication across deci-
sion levels implied by “engineering context” requires a new ap-
proach.

We start with a physics-based model of a three-spring system to
quantify its stochastic performance under uncertainty and use this
model solely for illustration to mathematically quantify this per-
formance. We then develop decision models of the three-spring
system, which is at the heart of our methodology and is used in
the subsequent decision phase to identify a preferred design alter-
native.

Note that in actual applications in industry, physics-based mod-
els may not be available or may be available only for the simplest
components in which case the performance to build a decision
model could be obtained from archived data, simulations of vir-
tual systems, or from informed guesses for preliminary designs.

2.1 A Physics-Based Deterministic Model. Consider the
process level model of a three-spring system as our “real” system,
i.e., the source of observations used to estimate second order sta-
tistics of the system performance. As depicted in Fig. 1, masses
my and m, with friction coefficients b, and b,, respectively, are
connected with three springs with coefficients k;,k,, k3. When ex-
ternal time-dependent forces F(f) and F,(¢) are applied to the
masses, the latter move and their displacements, y,(r) and y,(z),
are observed.

The objective of the higher-level DM is to achieve a “balanced”
system, which is not precisely defined by this DM. This general
design criterion along with the external forces, viewed as impor-
tant at the higher level, is passed down to the designer. The de-
signer must find masses m; and m,, so that a feasibility condition
specified by an earlier design decision holds, for example m;
+m,=3, and the system is balanced when the forces are applied.

The designer, working at the level of process design, makes use
of the following mathematical model:

myi=—=kiy, = by +k(y2—y) + F,

myyy == ksys = byyy —ky(yy = y)) + F,
The first and second derivatives of the displacements are denoted
by y/ and y!, respectively, for i=1,2. Renaming the variables as
X1=Y1, Xp=Y{, X3=Y,, X4=y,, and assuming for simplicity that
F,=0, the model can be written as
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Fig. 2 Simulation for the same designs (m;=m,=1.5) with two different uncertainty pairs: left
(by,by)=(1.5,1.5); right (b4, b,)=(4.0,0.25). Initial conditions for displacement and velocity are
y1(0)=-1, y»(0)=1, and y;(0)=y,(0)=0, respectively.

dX=(AX+F,)dt (1)

where XT=[x;,x5,x3,%4], 1:"1T=[0,(1/m1)F1,0,0], and A is the fol-
lowing matrix:

0 1 0 0
A — (k1 +ky)/im, —bi/m, ko/my 0
0 0 0 1

ky/my 0 — (ky+ k3)imy —bylm,

This deterministic model is now extended to account for uncer-
tainty and randomness.

2.2 A Physics-Based Stochastic Model With Uncertainty.
We recognize that the deterministic model is not realistic because
the performance of the three-spring system depends on the values
of the friction coefficients, the external forces applied to the
masses, and other environmental factors. At this modeling stage,
uncertainty and quantifiable randomness are introduced to the
model. Uncertainty enters the model through the friction coeffi-
cients b and b, that are assumed to be uncorrelated. It is assumed
that these coefficients are unknown and have no known probabil-
ity distribution and can be modeled only with intervals of uncer-
tainty. Quantifiable randomness is modeled with Wiener processes
of time.

The standard Wiener process W(s) (also known as the Brown-
ian motion process) has five basic properties: (i) W(0)=0; (ii)
sample paths are almost surely continuous; (iii) for 0=s<r, the
increments W(r)—W(s) are random variables and are normally
distributed with the zero mean and variance r—s; (iv) disjoint
increments are independent; and (v) the process is normal.

The external force F;(¢) is random and modeled with a Wiener
process W((2), i.e., dF\=—Fdt+wdW, where w>0 is a scaling
factor and dW, is the differential of W,. Additionally, the system
experiences external disturbances exerted on the masses m; and
m,, which are also modeled with Wiener processes, W,(z) and
W,(1). The ordinary differential equation (A) becomes the stochas-
tic differential equation

dX = (AX + F))dt + B(X)dW ()

where B(X)dW=[0,uX,dW,,0,0X,dW,]" with u,v>0 being
scaling factors, and dW, and dW, being the differentials of W,
and W, respectively. For illustrative purposes assume that k=3,
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k=1, k3=2, X(0)=[-1,0,1,117, and (w,u,v)=(1/10,1/2,1/3).

2.3 A Design Criterion. The final task in the modeling pro-
cess is to define a criterion that will effectively measure the design
performance and according to which feasible designs could be
compared.

To obtain a better understanding of how to measure the system
performance, we simulate the external disturbances and record the
displacement and velocity of the masses. We use the Milstein
algorithm [33] to simulate the stochastic differential Eq. (2). Us-
ing this algorithm, the convergence is known to be second order
for the computed statistics of the system output.

For each choice of sample disturbances, the velocity of each
mass is a random process and we cannot predict the velocity at a
later time given the velocities up to and including the velocity at
time ¢;. Based on the simulations, we only know the distribution
of displacements and velocities at a later time. Figure 2 depicts the
displacement and velocity of both masses (m;=m,=1.5) for two
different pairs of friction coefficients, (b;,b;)=(1.5,1.5) and
(b;,by)=(4.0,0.25). This example illustrates different perfor-
mances of the same design at two different uncertainty pairs and
points to the difficulty of comparing designs that exhibit stochas-
tic behavior.

Since the general objective is to achieve a balanced system, one
may think of the energy dissipated by the masses m; and m,.
Figure 3 depicts the energy dissipated by the masses whose ve-

3.5 3.5
o 3 o 3
o )
® 2.5 ®© 25
2 mass m, 2
o 2 B 2
a a mass m,
> 15 = 15
=g o
o 1 o 1
C C
Wos mass m, Wos mass m,
0 0
0 5 10 0 5 10
Time Time

Fig. 3 Simulation for the same designs (my;=m,=1.5) with two
different uncertainty pairs: left: (by,b,)=(1.5,1.5); right:
(by,b,)=(4.0,0.25)
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locity and displacement are shown in Fig. 2. To calculate the
energy, we rewrite spring equations (A) that balance forces on the
two masses

myy| == (ki +ky)yy = byyy + koy, + F (1)

mayy = kayy = (ky + k3)ys = boy; + Fy(1)

The two forces acting in the direction opposite the motion,
dissipating the system’s initial energy, are by and b,y;. The
increments of energy lost, equivalent to the work done by these
two forces, are byy|dy; and byy,dy,. Calculate the energy dissi-
pated by the mass m; and m,, respectively, as follows:

Hl(bbbz):f bl)’{dh(f):f byxydt
0 0

and

H2(b1’b2)=f szédyz(t)=J byxydt
0 0

The initial potential energy of the system is the total work done on
the masses m; and m, by the system, namely, H,(b,,b,)
+H,(b,,b,). Eventually, the system comes to rest with zero po-
tential energy. The initial energy is dissipated by the friction of the
masses. A reasonable notion of balance is that H,(b;,b,)
=H,(b,,b,), i.e., the masses dissipate equal amounts of the initial
potential energy. Assume that this criterion is a reasonable inter-
pretation of the upper level objective of the system being bal-
anced. Introduction of this design criterion is a creative act on the
part of the designer.

The design criterion is a number Y(b;,b,) calculated from the
following expression:

Y(b,,b2)=|H1(b1,b2)—H2(b1,b2)| (3)

where the integrals above are calculated on the finite interval
[0,10]. The objective of the design problem is to find the best
performing design among finitely many designs allowing different
combinations of the masses m; and m,. For demonstration, as-
sume five feasible designs satisfying the constraint m;+m,=3 and
given by the pairs (m;,m,) as follows:

d,=(05,25), dy=(1.0,2.0), dy=(1.5,1.5)

d;=(2.0,1.0), ds=(2.5,0.5)

In effect, criterion Y is a function of (m;,m,,b,,b,). Referencing
one of the five designs, particular choices of m and m,, we use Y,
i=1,2,...,5. For particular values of the uncertainties (b;,b,),
we use Y(b,,b,) or for a particular design Y;(b;,b,).

The design problem can now be formulated as the following
multiobjective optimization problem (MOP):

min{Y(ml,mz,bl,bz)Kbl,bz) S B}

s.t.(my,m,) € {set of feasible designs} (4)

where B denotes the uncertainty space. The multiple objectives of
this MOP are related to the design criterion calculated at multiple
points b=(b;,b,) of the uncertainty space.

In the following sections, we solve the three-spring design
problem by solving this MOP under different assumptions. We
examine a deterministic case with epistemic uncertainty and two
stochastic cases, one without and the other with epistemic uncer-
tainty. In each case, we use either the proposed design criterion or
a decision criterion being a deterministic counterpart of the design
criterion. We solve the MOP following the standard methodology
of first finding the feasible designs that are efficient in the Pareto
sense, and then identifying a preferred design from among the
efficient ones by employing MCDM methods. Note that we do not
solve an optimization problem but rather a selection problem to
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Fig. 4 Performance surfaces for the feasible designs. The two
lowest surfaces represent the performances of design 4 (very
dark gray) and design 5 (black).

identify efficient designs. In effect, our approach does not depend
upon the solvability of any optimization problem, which is a typi-
cal limitation of many decision methods.

3 Design in a Deterministic Case Under Epistemic Un-
certainty

The three-spring system is assumed to be deterministic, i.e., the
scaling factors w=u=v=0. Let the intervals [bll ,b] and [ byl
where b! <b" model the intervals of uncertainty for the friction
coefficients b; and b,, respectively. Since these coefficients are
assumed to be uncertain, it is absolutely impossible to state that
one value is more likely than another or that they are equally
likely. Thus, each combination of values attained by b, and b, are
considered independent. Naturally, it is impossible to compute the
design criterion for all these combinations since an interval of the
real line contains uncountably many numbers. The design crite-
rion, however, is a continuous function of b; and b,, so each
interval of uncertainty can be discretized into sufficiently small
intervals and the design criterion can be computed at the grid
points of the discretization. Henceforth, each interval of uncer-
tainty is represented by its grid points.

Assume the uncertain friction coefficients b; and b, take values
in the intervals [bll,bbl‘]z[l.SA.O] and [bl,b§]=[0.25,1.5], re-
spectively. The MOP given by Eq. (4) becomes

min{Y(ml,mz,bl,b2)|b1 € [15,40],b2 € [025,1.5]}

s.t.(my,m,) e {set of feasible designs} (5)

Due to the discretization, the number of grid points in each
interval of uncertainty is finite and so is the number of objectives
in this MOP. For each feasible design, we calculate design crite-
rion (3) at all grid points using deterministic Eq. (1) and construct
a performance surface made up of the computed values of the
design criterion. Figure 4 depicts the performance surfaces for all
five feasible designs.

Solving the MOP involves identifying the feasible designs that
are efficient (in the Pareto sense).

DEFINITION 3.1. Design iis said to dominate design j provided
for all b e B:Y(b)<Y(b) with at least one strict inequality. De-
sign i is said to be efficient if it is not dominated by any other
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Table 1 Distances and volumes between the nondominated
surface of designs 4 and 5 and the ideal surface

d, ds
Max-ordering 29514 1.4812
€, 14.5550 10.1747
t, 5.5897 2.3435
l, 2.5385 0.9796
Volume 0.5618 0.9376

feasible design. The performance surface associated with efficient
design is called nondominated.

Figure 4 shows that designs 4 and 5 dominate all other feasible
designs and are efficient while their surfaces are nondominated.

3.1.1 Preference Rule. If there exists a single efficient design,
then this design is the preferred design. Otherwise, in order to find
a preferred design, we apply two MCDM methods. First, we apply
the max-ordering approach [34] and the efficient design that
solves the min-max problem

min max Y,(b) (6)
i=4,5 beB
becomes preferred.

Second, we apply the minimum-norm approach [34]. We deter-
mine the lower envelope of all nondominated surfaces, which we
refer to as the ideal surface Y'd¢dl(p):

Yied(p)y = min Y,(h)
i=1,...,5

Note that the ideal surface may not be associated with any indi-
vidual efficient design but some or even all designs may contrib-
ute to it. We then find the preferred design whose nondominated
surface is the closest to the ideal surface by solving

min{||Y(b) — Y'*(p)||,b € B} (7)
i=4,5

where |-|| denotes the norm. Additionally, as another preference
rule, we calculate the volume between each nondominated surface
and the ideal surface. Table 1 reports the optimal objective values
(distances) for the designs 4 and 5 for problem (6), problem (7)
with €;,€, and €,-norm, and also the volume. Based on the first
four measures, design 5 is preferred while design 4 is preferred
with respect to the volume measure.

In this paper, the efficient set is presented solely for demonstra-
tion purposes because the MCDM methods for finding a preferred
design could be applied directly to the feasible rather than effi-
cient set of designs.

4 Design in a Stochastic Case

Designs based on stochastic Eq. (2) recognize quantifiable vari-
ability affecting the three-spring system coming from the stochas-
tic external force F;(¢) and the external disturbances exerted on
the masses m; and m,. The system performance is stochastic and
is examined without and with epistemic uncertainty originating
from the design parameters b; and b,. The methods of MCDM
used in the deterministic case above are extended to the corre-
sponding classes of decision problems. Notice that there is overlap
between the approaches to the three classes of problems.

4.1 Design With No Epistemic Uncertainty. Unlike the de-
terministic case, there is no epistemic uncertainty but quantifiable
random variability. For fixed values of the friction coefficients b
=(b,,b,) and a design (m,,m,), performance Y(b)=|H,(b)
—H,(b)| is a random variable. Simulating the stochastic differen-
tial Eq. (2) 20,000 times, we calculate the sample mean g, of the
performance Y;(b),k=1,...,5 and estimate the probability P(Y;
=) for j=1,...,5.

Journal of Mechanical Design

DEFINITION 4.1. Risk associated with design j relative to design k
is the probability that the performance of design j exceeds the
expected performance of design k, risky;=P(Y;= ).

Also, introduce a decision surrogate

S = riskypy

which is a measure of how badly design j performs relative to
design k or the “exposure” of design j relative to design k. Taking
the decision problem as a multicriteria decision problem, each fy;,
k=1,2,...,n, can be thought of as the performance of design j
with respect to the kth criterion.

DEFINITION 4.2. Design j is said to dominate design i if f;
=fyi for all k, and fi;<fy for at least one k, k=1,2,3,4,5.
Design j is said to be efficient if there does not exist another
design that dominates design j.

If there exists a single efficient design, then this design is the
preferred design.

Given the five feasible designs and fixing b;=1.5 and b,=1.5,
we have a 5X5 matrix of fy; values:

fll fl2 fl3 fl4 flS
fél féZ 153 154 féS
f}l féZ féS jé4 féS
fﬁl fh2 fh3 jh4 fﬁs
j%l 132 133 134 135

0.4549
0.4605
=1 0.7275
0.9372
0.9535

0.4087
0.4113
0.5925
0.8288
0.8631

0.2660
0.2678
0.3835
0.5897
0.6351

0.1231
0.1240
0.1848
0.3311
0.3714

0.0883
0.0890
0.1276
0.2475
0.2980

Column j represents the decision surrogate f; for design j asso-
ciated with designs k=1, ...,5. For example, design j is efficient,
if fyj=frfork=1,2,....,5and i=1,...,5 and f;;<f}; for at least
one k=1,...,5 and i=1,...,5. Design 5 is the only efficient de-
sign and hence it is the least-risk design based on 20,000 simula-
tion runs. Design 5 is then the preferred design.

4.1.1 Preference Rule. If there is no single least-risk or effi-
cient design, then a preference rule can be introduced by extend-
ing the preference rule used in the deterministic case. Define an
ideal vector f19° with components

f= min f;, k=1,....5
j=l5
The preferred design is the efficient design that solves

min [[f;— ) (®)
Jj=1,...5

that is the design whose decision surrogate is the closest to fidea,
measured in terms of a norm (e.g., the €,-norm). In the absence of
a least-risk design, this preference rule, one of many possibilities,
offers a way for the designer to shape the risk profile of the ulti-
mate choice.

4.1.2  Reduction to the Deterministic Case. Note that when
“dominance” is reduced to the deterministic case, Y;=u;=0 for
each designi=1,2,...,5. The distribution of Y; treated as a trivial
random variable is given by P(Y;# w;)=0 and P(Y;=u;)=1. To
check for dominance between two designs, the comparison of the
decision surrogate between them reduces to the comparison be-
tween their performances (or means).

Consider two designs, j and 7, and assume that u;=Y;<Y;
= p;. Then, by Definition 4.1, Ou;=f;; <f;=1 ;. Consider also all
other combinations of the magnitude of the means w;, uj, and .
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If e =p;<pu; and since Y;=u,;, we obtain P(Y;=pu)=1=P(y,
= 1) and, again by Definition 4.1, fi;=f;;= . Based on Defini-
tion 4.1, we examine the other cases:

=m<p; then P(Y;=u)=1 and fi;=P(Y;= ) sy = py

If M,<Mk i then P(Y;= p)=0<P(u;=p)=1 and f;;=0

< m=f-
If pj<p;=py then P(Y;= ) =0 and fi;=0=f};.
If p;<p;<py then P(Y;= ) =0=P(Y;= p) and f};=f;;=0

Based on all the cases, f;;=f}; for all k and f;;<f;;, which
means that if u;=Y;<Y;=p;, design j dominates design i.

Conversely, assume that design j dominates design i and out-
performs design i with respect to criterion &, i.e., fi;<f- Then,
by Definition 4.1, P(Y;= ) <P(Y;= ), which yields ¥;<Y,.

Therefore, when the system is deterministic, design j dominates
design i if and only if Y;<Y;. In effect, the new rule implied by
Definitions 4.1 and 4.2 is consistent with the usual idea of domi-
nance for the deterministic case.

Note that this case serves as a foundation for our approach in
the sense that the approach stems from the stochastic case with no
epistemic uncertainty, as presented in this subsection, but is meant
to be used for stochastic systems with epistemic uncertainty.

4.2 Design With Finitely Many Values of Epistemic
Uncertainty. To build up the stochastic case, assume a finite num-
ber of uncertainty values. For simplicity, assume that b can be
either b'=(1.5,1.5) or b*>=(1.5,0.5). We are to choose a design
without knowing the value of b. Let fk and fk denote the surro-
gate for b' and b2, respectively. The rnatrlx ofj surrogates can be
formed as follows:

fiv fla fis fia fis
o o iz S fis
i [ fis [ fis
fi fio fis fu fis
I fo i fa fis
v fo fis fla fis
1 o s B s
B fn s Ba fis
o fa fa fau fis
L f51 o S5 foa s
0.4549 0.4087 0.2660 0.1231 0.0883
0.4605 0.4113 0.2678 0.1240 0.0890
0.7275 0.5925 0.3835 0.1848 0.1276
0.9372 0.8288 0.5897 0.3311 0.2475
0.9535 0.8631 0.6351 0.3714 0.2980
0.4558 0.4482 0.2882 0.0811 0.0577
0.4042 0.4145 0.2698 0.0751 0.0537
0.6914 0.6098 0.3872 0.1165 0.0801
0.9712 0.9311 0.7275 0.3272 0.3341
0.9718 0.9334 0.7319 0.3313 0.3396

Definition 4.2 is extended to the case with finitely many uncer-
tainty values. For the example case, design j is said to dominate
design i if f,lq.s f,ii and f/%j = fzi for all k with strict inequality for at
least one k, k=1, ...,10. Designs 4 and 5 are efficient.

4.2.1 Preference Rule. Since two designs are efficient, a pref-
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erence can be introduced by extending the rule applied in the case
of one uncertainty value. Define an ideal vector with the compo-
nents

l=k=5
6=k=10

: 1
min;<j<s fkj’

: 2
min, <=5 fjis);»

and solve problem (8). Using the ¢,-norm, design 4 has the dis-
tance of 0.1429 to f%! and design 5 has the distance of 0.0108 to

deal
k

719l Hence, design 5 is preferred. Remember that this is only one

way for making the final decision.

The two uncertainty value case can be extended to any small
number of values. The computational burden becomes too heavy
for implementation when the number of uncertainty values be-
comes large.

4.3 Design With Intervals of Epistemic Uncertainty
Values. When epistemic uncertainty is modeled with an interval
of values, the design criterion Y(b,,b,), b e B, representing the
performance of the three-spring system, becomes a random field
over the uncertainty space. The second order statistics for the
random performance as a function of the uncertainties requires the
expected performance, in the example, a function of two vari-
ables, and the covariance of the performance, a function of four
variables. Our computations involving system performance are
simplified if we shift our attention to Y=H,(b;,b,)—H,(b;,b,)
instead of |H,(b,by)—Hy(b;,b,)|. The design objective is that ¥
should be close to zero, i.e., having a small mean and variance.
The second order statistics of Y(b,,b,), be B are the expected
performance

i(by,by) = E[Y(by,b))]
the covariance kernel
R(b',bh,b},b5) = E[(Y (], bb) -

and the variance

(b D)) (Y (DY, b5) — a(b,b9))]

Ez(blst) =var[Y(by,b,)] =E(b,,b2,b1,b2)

Let @(by,by), Ri(b},b,b%,bY), and G*(by,by) denote the ex-
pected performance, covariance kernel, and variance, respectively,
for design i,i=1,...,5. Figure 5 depicts the surfaces of expected
performance and variance for all five feasible designs. Notice the
difference in scales for the means and variances.

We turn to the question of incorporating the variances of de-
signs 4 and 5 in the decision process. Since our design preference
is based on simulations of the three-spring system, we are limited
to estimates of the second order statistics for discrete values of the
uncertainties. We will not discuss convergence but the smoothness
of the functions used in the decision methodology strongly sug-
gests that the estimates converge and hence the preference is ro-
bust. Assume that {b’ ¥, and {b’ } ', are partitions of [bl ,bY]
=[1.5,4.0] and [bz, 51=[0.25,1.5], respectlvely A complete sec-
ond order description of the uncertain stochastic system requires
the covariance of the response field. Even a modest discretization
of the uncertainty space, say, b} ,blf e{1.5,1.75,...,4.0} and
b),,b% €{0.25,0.375, ..., 1.5}, would require simulating the sys-
tem with 1212=14,641 different pairs of friction coefficient val-
ues. This is a very heavy computational burden.

For our example the situation is much simpler, i.e., we assume

that R(b}, b}, b5, b%)=0 if (b',b]) # (b*,bY), and so the estimation
of the discrete R requires that we only consider the “diagonal” of
R, which is the variance 2. We will continue with a discussion of
the decision process and will later offer some computational evi-
dence that this simpler situation for the example does hold.
Since we have simulated the system for b=(b),b}), where i,j

=1,2,...,11 and all five designs, we could apply the decision
methods of the last subsection. However, because of the size of
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Expected Performance

Fig. 5 Expected performance surfaces j(b,,b,) (left) and variance surfaces (b, ,b,) (right)
for design 4 (light gray) and design 5 (dark gray)

the decision surrogates, the interpretation of risk and the justifica-
tion of the preferred choice become hazy. Further, we would have
trouble making a convergence argument, i.e., that the preferred
choice does not change with finer partitions of [1.5,4.0] and
[0.25,1.5]. We turn to an alternate approach that avoids these dif-
ficulties.

4.3.1 A Decision Surrogate. Our objective is to convert the
random field Y into a normal field whose statistics will carry in-

formation about z and a2. Let Y(b), b e B be a random field with
mean zero defined as

Y(b) = Hy(b) = Hy(b) — E[H,(b) - Hy(b)]
Using our assumption that

R(b}, b}, b5, bY) = E[Y (b, b)) Y(b5,b)]=0
when (b ,bé) * (bk,bg), we have the property of statistical inde-
pendence for Y. Define a random field Z(b), beB

by by
Z(by,b,) =f J Y (u,0)(du)"(dv)'"?
15

then, by the central limit theorem, Z is a normal field with mean
zero [27]. We now calculate the variance of Z

by by
0'2(171,172) = E[Z(bl,bz)z(bl,bz)] = J f E[YZ(M,U)]dudU
1.5

J‘hl by
157025
Note that we do not need to simulate Z in order to compute its
variance o> because we can compute it from the variance of Y.
However, field Z has zero mean and does not carry any informa-

tion about . We therefore define w by applying to u the trans-
formation

by by by by
u(by,by) = f f E[Y(u,v)]dudv = f f a(u,v)dudv
15 J 025 15 J 025

and construct field p+Z. This field is random and determined by
m and o. Note also that the distribution of the random variable
u(by,by)+Z(b,,b,) is determined by u(b,,b,) and o(b;,b,) but
the distribution of the random variable Y(by,b,) is not determined
by a(b;,b,) and a(b;,b,). Typically, the surfaces given explicitly

7 (u,v)dudv

Journal of Mechanical Design

by w and o are smoother than those given by u and &.
Since w+Z is normal, we use a decision surrogate

fby,by) = by, by) + ao(by,by)

with a fixed value @, a«=0. The expression it ao; for a>0
calculated for design j has the probabilistic interpretation that, if,
say, a=1, approximately 16% of the time the values of u;+Z; will
exceed u;j+0;. Thus, we can use u;+«ao; as the decision criterion
for identifying the designs balancing expected performance and
risk, i.e., the designs with “minimum” u;+0;. The fixed « reflects
the decision maker’s tolerance for risk. In effect, we make risk
dependent on the uncertainties (b;,b,) € B and define it as
follows:

DEFINITION 4.3. Risk associated with design i is the probability
of an undesirable outcome when design i is used and is calculated
as

risk;(by,b,) = Prob(u;(b1,b,) + Z(b1,by) > piby,by) + ao(by,b,))

)
for a fixed value o, a=0.

The advantage of using this definition is that, since the risk
tolerance « is the same for all designs, the DM can concentrate on
the magnitude of the decision criterion, resulting from that level
of probability and choose the design that yields the smallest mag-
nitude. In this case, w(b;,b,)+ao(b;,b,) is minimized. For «
<0, similar statements can be made and w(b;,b,)+ada(b,,b,) is
maximized.

We can now proceed in the same manner as for the other cases.
We define domination between designs according to Definition 3.1
and introduce a preference rule. Let f;(b,,b,) denotes the decision
surrogate for design i.

DEFINITION 4.4. Design i is said to dominate design j provided
for all (by,b,) € B:fi(by,by) =f;(by,by) with at least one strict
inequality.

Let an ideal surrogate surface be defined as

fdeﬂl(bk,bg) min ,u,j(bk,bz) + aa;(b},bY)
for k=1,2,...,m and €=1,2,...,n. We find the preferred design
whose nondominated surface is the closest to the ideal surrogate
surface by solving

min{]fi(b) - S D),k € BY (10)
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Surrogate Value

Fig. 6 Decision surrogate surfaces u;(b¥,b5)+ac(b¥, b)),k
=1,...,mand ¢=1,...,n for designs 4 (gray) and 5 (black)

Designs 4 and 5 are efficient and their surrogate surfaces are
depicted in Fig. 6. Solving problem (8), we obtain the optimal
value of 1.8052 for design 4 and 0.5882 for design 5. Design 5 is
again the preferred design.

The designer might now pass the preferred design (2.5,0.5) to
the higher-level DM. Recall, however, that the latter does not
know or possibly understand the three-spring model and so the
two masses are meaningless. Furthermore, the uncertainties are
also meaningless, so that the ordered pair of functions of the un-
certainties, (us(b;,b,),05(b;,b,)), is meaningless too. However,
it seems very reasonable for the lower-level designer to pass up
the pair (us(by,b5), o5(b],b5)), where (b],b5) produces the maxi-
mum value of the function us(b;,b,)+acs(b,,b,), which is the
estimate of the worst case performance of the preferred design.
This estimate is a unique feature of our approach and may be used
by the upper-level DM as the measure of the balance of the sys-
tem while treating its performance as a function of the passed
down input F;.

4.3.2  Experimental Evidence of Statistical Independence. We
provide experimental evidence that the assumption

R, b}, b5,b5) =0
for (V' ,bé) * (bk,bg) is reasonable. Because of the burden of a
complete computation, we will rely on sampling and examine a
sample distribution of R(b',b},b%, b)) =E[Y (b, b)Y (b%,bE)] for
(b ,bé)i(bk,bg). For random choices of (b"l,b’é) and (bk,bg),
(b ,bé) * (bk,bg), we observe that Y(b! ,bé) and I?(bk,bg) are un-
correlated. For instance, the correlation coefficient of Y (b6,b;0)
and Y (b{l,b;) is —0.0050. For a random sample S of four-tuples
(b ,bé,bk,bg) of size 121, chosen without replacement and
(b}, b)) # (b, bY), the sample mean of R(S) is 2.4220X 10~ and
the sample variance is 7.8929 X 107°. Figure 7 depicts a histogram

-6).01

-0.008 -0.006 -0.004 -0.002 0

0.002 0.004 0.006 0.008 0.01

Fig. 7 Histogram of a sample distribution of R(b!, b}, b¥, b})
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of a sample distribution of R(b: ,bé,b’l‘,bg).
We conclude that assuming R(b,bh,b%,b%)=0 for (b',b))
# (b*,bY) is a reasonable modeling approximation.

5 Conclusion

The study shows unique features of this approach in which
risk-based design decisions are made under both aleatory and
epistemic uncertainties without assuming a distribution for
epistemic uncertainty. In engineering literature, our risk is associ-
ated with aleatory uncertainty. Uncertainty in our sense is associ-
ated with epistemic uncertainty. Our departure from more standard
engineering approaches is in modeling system performance with
uncertainties (epistemic uncertainties) as independent variables.

The three-spring example illustrates our approach to decision
making under uncertainty and risk. It consists of three phases:
modeling, computational, and decision phases. In the modeling
phase, a decision model of the design problem is developed based
on the associated engineering context. This phase requires an ex-
perienced and knowledgeable designer who is able to formulate
the design problem according to our modeling requirements. The
computational phase requires the development of computational
models of random fields. The resulting decision models for prob-
lems with two uncertainties use the decision criterion w(b,,b,)
+a(b,,b,), balancing expected payoff and risk. Finally, the deci-
sion phase requires the integration of designer’s preferences in
order to select a preferred design.

Our approach naturally addresses randomness and uncertainty
and enables designers to rapidly and easily assess a large number
of design alternatives under uncertainty and risk. The approach
identifies a preferred design alternative over all uncertain condi-
tions, balancing expected performance and risk, and is equipped
with a variety of preference rules to effectively support the
decision-making process. The epistemic uncertainties in the three-
spring problem are uncorrelated. However, this does not have to
be the case in general. In Ref. [35], a set of operator algebra rules
is developed to handle cases with correlated uncertainties while an
illustrative example with correlated uncertainties is presented in
Ref. [36].

Particular sets of uncertainty values can be thought of as sce-
narios. The methodology promotes strategic thinking, i.e., consid-
eration of multiple scenarios, even a continuum of scenarios. In
the context of multicriteria methodologies, single-criterion prob-
lems with multiple scenarios are the same as multicriteria prob-
lems with a single scenario [26]. The introduction of performance
as a random function of the uncertainties allows us to make use of
the many tools of abstract analysis.

The independence condition introduced in the interval case is a
property of the physics-based three-spring model. Other implica-
tions of this important property remain to be explored, including
simplified representations of the all important covariance kernel
R.

While not discussed in this paper, our methodologies based on
multicriteria methods satisfy Savage’s first four postulates guaran-
teeing rational decisions. This is important in light of Hazelrigg’s
powerful criticism of current design selection methods [37]. Fur-
ther, the use of multicriteria methods is an important consideration
for decisions in the presence of uncertainty as illustrated by a
discussion of Ellsberg’s famous urn paradox in Ref. [38].
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