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Abstract: We consider the evolution of an asymptotically decoupled probability measure v on
Ising spin configurations under a Glauber dynamics. We prove that for any ¢ > 0, v4 is asymptoti-
cally decoupled and hence satisfies a large deviation principle with the relative entropy density as
rate function.
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1 Introduction

In the paper [1] it is proved that for a high-temperature Glauber dynamics started from a
low-temperature Gibbs measure, the Gibbs property can be lost in the course of time. As
long as the measure remains Gibbsian, we know that the empirical distribution satisfies
a large deviation principle with the relative entropy density as a rate function. As soon
as the Gibbs property is lost, we can a priori not even be sure of the existence of the
relative entropy density h(u|vy), where v is the measure at time ¢ and p any translation
invariant probability measure. In [9], Pfister introduced the notion of asymptotically
decoupled (AD) measures and proved a large deviation principle for this class. The AD
measures constitute a class which is broader than the Gibbs measures since renormalization
group transformations such as decimations, Kadanoff transformation, block spin averaging
preserve AD, but do not in general preserve the Gibbs property [2, 3]. In this paper we
obtain that for spin flip Glauber dynamics with local rates, the AD property is conserved
in the course of time, and hence for any ¢t > 0 the random measures

Ly(o) = |A1|26”"t (1.1)

zeA
satisfy the large deviation principle.

The plan of the paper is as follows: we start by defining AD probability measures, and
introduce the type of dynamics we study in section 2. Section 3 is devoted to the proof of
the conservation of the AD property.

2 Preliminaries

2.1 Configuration space, dynamics

We consider Ising spin systems on the lattice Z¢, i.e., the configuration space is the compact
metric space 2 = {—1, +1}Zd. The set of finite subsets of Z? is denoted by S and for any
A € S, we define its boundary to be A = {x € A : Jy € A |z —y| = 1}. The cube
[-n,n]?NZ € S is denoted by A, for all n € N. For A C Z%, we denote F4 to be the
sigma-field generated by the functions {0 : z +— o(z), = € A}. We abbreviate F,a by F.
Functions f : © — R are called local (notation f € L) if there exists some finite A € S
such that f is Fa-measurable. The minimal such A is called the dependence set of f and is
denoted by Dy. Local functions are continuous and any continuous function is the uniform
limit of local functions. The set of continuous functions f : Q — R is written C(2). For
x € 7%, 7, denotes translation over x, acting on elements of Q by 7,0(y) = o(y + z), on
functions via 7, f (o) = f(7,0) and on measures via [ fduo 7, = [ 7, fdp. The set of all
probability measures on the Borel sigma-field of €2 is denoted by ./\/lf and the translation
invariant elements are collected in the set denoted by Miinv. For A € S, we denote o the
restriction of o to A, and for 1 € M7, py is the distribution of oy when o is distributed
according to p. For all z € Z%, &% denotes the spin configurations obtained from o by
flipping the spin at z: o%(x) = —o(x) and 0%(y) = o(y) if y # . As a dynamics we
consider a Feller process with a generator of the type

Lf(o) =) cx(0)Vaf(o) (2.1)
xcZd

where for all z € Z%, for all f € F bounded, for all o €
Vaf(o) = f(0®) = f(o).



For the flip rates ¢, we make the following assumptions:
1. Nearest neighbor dependence: For all z € Z¢, ¢, is a local function such that
De, ={y: |y —a| <1}
2. Strict positivity:
Je>0,Vr ez 0<e= mgincx(a) < méixcx(o) < 00.
3. Translation invariance:
Vz € 74, ¢y = Tu00.

The restriction to nearest neighbor dependence of the rates is for convenience only; it can
be replaced by finite range.

In [6] it is proved that there corresponds a semigroup S(t) on C(£2) and a unique Feller
process to the generator L. We denote by P, its path space measure started at o9 = o,
and E, denotes the corresponding expectation. The semi group acts on functions: for all
t >0, for all f e C(Q), for all o € Q,

S(t)f(0) = Eg[f(o3].

For a probability measure v on 2, we define vS(t) by

/f dvS(t /s )f dv. (2.2)

2.2 Asymptotically decoupled measures

Definition 2.3 A probability measure v € Ml,lnv is called asymptotically decoupled (AD)
if there exists sequences d(n),c(n) such that

c(n) _

lim

n—oo [ Ay nooe n

and for all A € Fp,, B € F§ with v(A)v(B) # 0:

n+d(n)
v(ANB)

p—cn) o V(AN DB)
= V(Aw(B)

< e, (2.4)
Important examples of AD measures are Gibbs measures with a translation invariant
absolutely summable interaction [4]. In this case we can choose d(n) = 0 and c¢(n) =
o(]An|), and in the case of finite range potentials ¢(n) = o(|0Ay|). Examples of non-
Gibbsian AD measures are renormalization group transformations such as decimation,
block spin averaging and Kadanoff transformation of Gibbs measures [2, 3|. Indeed, it is
clear from the definition that if, for a finite set W, we consider a transformation

T:0— W2

such that T'o(x) depends only on {o(y) : y € B} where for x # a’, B, N B, = () and such
that max, |B;| < R € Ry, then for v AD, v o T is AD. The simplest example of such a
T is To(z) = o(kz) (decimation). Let us denote by A the set of all translation invariant
asymptotically decoupled probability measures. The following theorem is proved in [9].



Theorem 2.5 For all v € A, we have the following:

1. For any p € M7 the relative entropy density

1,inv’

1 dpa,
) = Jim [ i, 108 P (2.6)

exists.

2. For any f € C(Q), the pressure

P,(f) = lim 1log/exp( Z T f) dv (2.7)

el |An | IGAn

exists.

3. P,(-) and h(-|v) are conjugate convexr functions, i.e.,

vy = s ([ 1 du-p0)

fec)
rin = sw ([ dn-nn) (28)
MEM-l':inv
4. Under v, the empirical measures
1
Lo(0) =) ——0r0 (2.9)

satisfy the large deviation principle with rate function I(-) = h(-|v), extended to M
by putting I(p) = oo for u & M7

1,inv*

3 Result

In this section we prove

Theorem 3.1 Let v € A and let S(t) be the semi group of the generator (2.1), then
vS(t) € A. In particular, for any t > 0, the random measures

L; - j;l Z 5Tx0t

’ Tl‘ CEEAn

satisfy the large deviation principle with rate function h(-|vS(t)).

Proof. First notice that by the semi group property, it suffices to show that for some
to >0, {vS(t) : ve At <ty} C A The ty should depend only on the rates ¢, and not
on the initial measure v € A. Fix n € N and choose v € A with corresponding ¢(n), d(n)
of Definition (2.3). We will prove that there exists ¢y > 0, ¢; > 0 depending only on the
rates such that for all A € Fy,, B € Fjc , and for all ¢ < tg:

n+d(n+4)+4

—c(n) ,—c1|0An US(t)(AﬂB) c(n) c1|0An

e—cn) g—c1|0Ax] < SO S D) < ec(n) ge1|0An] (3.2)
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which clearly implies that vS(t) € A for t < ty. The idea is to “artificially decouple” A
and B by introducing in the process a “corridor” of independently flipping spins. This
requires a modification of the process in a region of the order of the boundary of A,,. Then
via a Girsanov’s formula and a cluster expansion we control the “price to pay” for this
modification. It is because of the cluster expansion technique used that we first have to

restrict to small t. Fix A € F), and B € fAfL+d(n+4)+4 and denote R,, = Ap14 \ Ay, and

R}, = At dmea)+4 \ Antd(nta)- Notice that since d(n)/n — 0 as n — oo the regions Ry, R;,
satisfy |R, U R} | = o(]Ay]|). Introduce the following “decoupled generator”:

Ly= )Y Vet Y Vet > V. (3.3)

€A, z€R,U R, 2€ZN\(ApnUR,URY)

In the process with generator L, the spins in R}, U R,, flip on the event times of inde-
pendent rate one Poisson processes. By the nearest neighbor character of the flip rates
¢z, this implies that under the path space measure P?, the random variables {o4(x) : = €
Afz+d(n+4)+4’ 0 <s<t}and {os(z) : € Ay, 0 < s <t} are independent. Moreover,
again by the nearest neighbor character of the rates, for A € Fy,,, S,(t)(14) € Fa,_, and

for B € ‘7:A2+4+d(n+4>’ Sp(t)(1p) is ‘7:A3L+d(n> measurable. Therefore we have

/ S0 (8)(1alp)dv = / S (8)(14)Sn (1) (1) dv (3.4)

and
—c(n) < f Sn(t)(lA)Sn(t)(lB)dV < pc(n)
€ = <e .

T Su(t)(La)dv [ S,(6) (1) do
Notice that we used here a consequence of (2.4), namely that for any non-negative f € Fjy,,,
g € Fie

n+d(n) ’

(3.5)

—c(n) < f(fg)dl/ < ec(n)

= [ fdv [gdv — ’
This follows immediately from the definition (2.4) together with the fact that such f, g
can be approximated in L!(v) by linear combinations of indicator functions with positive

coefficients. In order to prove (3.2), it is sufficient to have the existence of ty > 0, £(n) =
O(]0A,]) such that all ¢ < ¢,

) < iy vS(t)(1c) - vS(t)(1c) £(n)
S B s M0 S S s i) = (36)

i.e., the measures vS,,(t) and vS(t) are absolutely continuous with a density that is uni-
formly bounded from below by e~¢(™ and from above by e$(™. This can be expected from
the fact that we modified our process only in a corridor, i.e. the generator L,, differs from
L in the region R, UR] only. To obtain (3.6), it is in turn sufficient to check it on cylinder
events and to prove that

o) < En (I(ne(x) = o(x), Vo € An)) < £f(n)
- EZ (I(m(x) = o(x), Ve € AN)) —

e

(3.7)

where this inequality holds for all o,n, N with the same £. In order to obtain (3.7), we
approximate by finite volume processes. For M € N| introduce the generator

Lyu= > Vit Y. Ve (3.8)

zEA?\/j €A



Since the rates ¢, are nearest neighbor, Lj; generates a process on Q741 = {—1, +1}AM+1
and by the Trotter-Kurtz theorem ([6], chp 1) for the associated semi group Sys(t) we
have Sy/(t)f — S(t)f uniformly on compacts as M goes to infinity. Similarly, the finite
volume approximation of Lj; is introduced by

Lyy= Y Vet > Vet Y, Ve (3.9)

z€R,UR), z€A\(RnUR,) zENS,

Therefore, in order to obtain (3.7), we have to prove

e o En U0n(@) =o(@), Ve €AN)) _ em) (3.10)
Ep™ (I(ni(z) = o(x), Yo € Ay))

where Efy[ denotes expectation in the process with generator Ly, IEZ’M expectation in
the process with generator L}, and where the £ of the inequality (3.10) does not depend
on n,0,N and M > N > n. Finally introduce the generator of the independent spin flip
process:

L°=> "V, (3.11)

and Py, Ep for corresponding path space measure and expectation. By Girsanov’s for-
mula, the ratio in (3.10) can be rewritten as a quotient of expectations in the process of
independent spin flips, and we are led to show that

0 - L4 B
o—E() < E <ez 1 7 Tloeny Lm(x) = U(w‘)))
=~ E?] (eszAN[\(RnURIn) \Ijtz HQCEAN I(’I’]t(l‘) e U(SU)))

< 8 (3.12)

where £ does not depend on o, and M and where

/3 :/0 log(cy(0s))dNY —/0 (cz(os) — 1)ds (3.13)

and N7 denotes the number of flips at x in the time interval [0, s]. Let us denote by

P340 the “bridge between 1 and ¢”, ie. the measure P conditioned on the event

{ne(z) = o(x), Yo € Apr}. We can rewrite the ratio of (3.12) as follows

t
o] Z eA \Ijz
]EM7t7777U (e ’ Al )

o D €A RnUR) 142 ’
Bl tmo (6 T (DT

(3.14)

This expression has the form of the ratio of two ’abstract’ partition functions of different
volumes, i.e., a quotient of the form

ZAM

LS T (3.15)
Z Ay \RnUR!,

If for the logarithm of Z, we can write a convergent cluster expansion, then it is clear
that the ratio is of the order e/#nYEnl. The natural parameter which has to be chosen
small in order to ensure convergence of the cluster expansion will be the time t. However,
since we are working with a conditioned expectation Eﬁﬁﬂ% »» We cannot expect that the
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exponential e2= V% is close to one as t tends to zero. Indeed for the lattice sites z € Ay,
such that o(z) # n(z), at least one jump took place in the conditioned measure g, .
and the integral [log(cz(os))dNZ equals log(cy(n®)/cz(0)) if precisely one jump of N
took place in the interval [0,¢]. To remedy this problem, we will subtract from ¥ the
value it takes in the limit ¢ — 0 in the conditioned measure IP’?\“% »» Which is

a0, 0) = log ((Z ))I(n(x) £ o(z)). (3.16)

By an expansion of the exponential function around zero, we will then prove that the
logarithm of the expectation

ES 100 (ezz(‘yi—%)) (3.17)

can be given by a convergent cluster expansion for small ¢. In order to set up the expansion,
remind that the rates ¢, depend on o(y) for [y — x| < 1. Under the measure P§,, ., the
spins at different lattice sites evolve independently. Therefore, if z,y are more than one
lattice distant apart, the random variables W’ and \I/Z are independent. For a set A € S,
we denote

A={yez:d(y,A) <1}.

Two connected subsets A and B are called compatible if AN B = () With this notation,
we write

t_ t_
?\4,15,77,0’ (ezz(\l,‘l, Sﬂw)) — E?\J,t,n,o’ H ((E\II“L Pr __ 1) + 1)

Z‘GA]M

= 1+ Z Z H Wm0 'Yz (318)

k=1 " 71, CAy =1

where the sum over ~y; is over compatible collections of nearest neighbor connected subsets.
The polymer weights are given by

wt,"]:”(f)/) - ?\/[,t,n,a (1_[<e\1/§:_809c - 1)) : (319)

rey

In order to write down a convergent cluster expansion of the logarithm of the right hand
site of (3.18), we use the Kotecky-Preiss criterion, i.e., we have to prove an estimate of
the type

Wi ()] < et (3.20)

where the constant ¢; does not depend on 7,0 and where ¢; — 0o as t — 0. Indeed if that
estimate holds, then for ¢ small enough the weights will beat the entropy and we can write

g B 10 (e2+7579)) = 37 a(T)uwtp,0(I) (3.21)
FCA]M

where the sum is over clusters, i.e., multi-indices of compatible polymers, see e.g., [5, 8, 10].
In order to obtain (3.20), remind that the rates ¢, are bounded away from zero and infinity,
and hence we can estimate

E[le"# — 1] < E[(Pe™ 2D —1)I(n(2) # o () + (7™ — DIn(2) = o(x))]
(3.22)



where we used that, by the choice of .., the integral fot log ¢, (05)dNF = ¢, if the Poisson
process N* made exactly one jump in the time interval [0,¢]. Arrived at this point, the
weight can be estimated as follows

|wen,0(7)]
1 E (I(NF € 2N+ 1)(eBreAN (22 1))
S €T
2E¥NA(,0) E(I(Nf € 2N +1)

E (I(Nf € 2N)(eBteAN: — 1))
E(I(N7 € 2N)

(3.23)

<l

TEYNAS(n,0)

where E denotes expectation w.r.t. independent mean one Poisson processes, and where

A(n,0) = {z € Z': o(x) # ()} (3.24)

i.e., the sites where the spin flipped an uneven number of times. A straightforward com-
putation using that N is Poisson gives

E <I(Nf € 9N + 1)(ePteANET(N22) _ 1)) t . 0
E(I(Nf € 2N+ 1)) = <(€B ~Vamm sinh(t)> (3:25)

and

E (I (N7 € 2N)(ePteANs — 1)) _ eBt cosh(te?) — cosh(t)
E(I(N} € 2N)) - cosh(t)

Since both expressions do not depend on o,n and converge to zero as t — 0, we obtain
the estimate (3.20). This implies that we can write

(3.26)

EM (I(ni(z) = o(x), Yz € An))
En™ (I(ni(z) = o(z), Yo € A))

= exp Y a@uwige@ | ] ¢

N(R,UR)#D rER,UR'n
exp (C|R, UR,,|) (3.27)

IN

which concludes the proof of the theorem. |
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