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General Algorithm for Automatic
Generation of the Workspace for n-
link Planar Redundant Manipulators

2

Sang-Joo Kwon', Youngil Youm?, and Wan

Kyun Chung3

An efficient algorithm to simulate the workspace for a n-link
redundant manipulator with rotating base is developed. The
unique feature of the algorithm is its ability to automatically
generate the binary angle selection code for the given mani-
pulator. This code system makes it possible to avoid repetitions
in calculating positions and plotting arcs for the workspace
and thus saves considerable computing and graphic time. Two
types of workspace are possible using this algorithm. Nume-
rical examples including the workspace of human arm motion
and that of a 20-link system are demonstrated to illustrate the
effectiveness of the algorithm.

1 Introduction

The concept of workspace is utilized as a useful index to
evaluate the performance of robotic manipulators. The work-
space characterizes different types of manipulators and also
represents an important criterion for the optimum design of
manipulators [1]. There were several approaches to obtain the
boundary surfaces of manipulator workspace. Kumar and
Waldron [2] developed a numerical technique for tracing the

boundary surfaces. Lee and Yang [3] used the grid scanning

technique and developed an algorithm called kinematic analysis
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Table 1 Angle seiection code for a 4-link boundary workspace
link1{0 0 0 1 2 2 2 1
link2|0 0 1 2 2 2 1 0
link3[0 1 2 2 2 1-0 0
link4}1 2 2 2 1 0 0 O

of manipulators (KAM). Cwaikala and Lee [4] developed an
efficient algorithm, based on optimum path search, for the
grid scanning technique. Kohli and Spanos [5] proposed an
analytical method using polynomial discriminants.

In this paper, the angle selection code to generate the work-
space for r-link manipulator with rotating base is developed.
Using this angle selection code, the workspace of the mani-
pulator with any number of links can be generated.

2 Development of the Angle Selection Code

A binary angle selection code is introduced in this section.
This code system makes it possible to avoid repetitions in
calculating kinematic positions and plotting arcs for the work-
space. This means that the maximum workspace of the ref-
erence point can be obtained using this code system with
minimum computation time.

The angle selection code is categorized into two cases ac-
cording to the workspace types. If only the outer boundary
contour of the workspace is required, this type will be called
the boundary workspace (BW). However, if the interior hi-
erarchical arcs denoting the subworkspaces (i.e., W, (P) in [1])
are to be plotted as workspace contours, this type will be called
the Aierarchical workspace (HW).

2.1 Angle Selection Code for the Boundary Workspace.
The general procedures to generate the boundary workspace
can be stated as follows:

(7) Locate links at their minimum joint angles.

(2) Rotate links from the last link to the first link within
their range of rotation sequentially, that is, from the minimum
to the maximum joint angles.

(3) Conversely, rotate links from the last link to the first
link within their range of rotation, that is, from the maximum
to the minimum joint angles.

(4) Insteps2and 3, the minimum and the maximum radius
of arc from the current rotating joint to the reference point
on the end-effector of the manipulator should be computed
and their corresponding arcs are also to be plotted.

If the above procedures are coded, the generated angle se-
lection code for BW of 4-link will be as shown in Table 1,
where the row number corresponds to the link number and
the number of columns is just two times the number of links.
So the code system of BW can be represented by an (n x 2n)
matrix. Each column of this code is composed of the numbers
0, 1, and 2. The number 0 and 2 denote the minimum and the
maximum rotation angle of a joint, respectively, and number
1 describes the rotation of the joint within a specified range.
The column of this code is called sequentially in the computer
program and the plotting procedures use the information in
the column. When a column is called, an arc is plotted by
rotating the joint corresponding to code value 1 within its range
of rotation while the other joints are fixed at their specified
joint angles according to their code values.

As illustrated in Table 1, the code systems have a band of
1 values in the diagonal lines. The physical meaning of this
pattern is the orderly rotation of joints from their minimum
to maximum (or maximum to minimum) joint angles. This
tendency is simple and the code system for general n-link can
be constructed easily using the above rule.

2.2 Angle Selection Code for the Hierarchical Workspace.
The hierarchical workspace contains more informations about
a manipulator in that it includes all the subworkspaces. The
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Table 2 Angle selection code for a 4-link hierarchical workspace

link4|{1012}0|1012]2}0(|1012]0}1012f2/|2
link3|0121]/0]0121[2[0}0121f0(0121|2]|2
link2]0000(1(2222/1(0}0000|1(2222]1]|2
link1| 0000 0 0000 0 {1] 2222 2. 2222 2|1

procedures to generate the hierarchical workspace for general
n-link system is as follows:

(I) Repeat the following steps 2 and 3 for all numbers of
mas2,3,4,....,n —2,n— 1.

(2) Plot the workspace for the last m links (1.e., Wy_m41(P)
in [1]) while the (n — m)th link is at its minimum joint angle
(code value 0) and again at its maximum joint angle (code
value 2). The other links 1 to (n — m — 1) remain as their
minimum joint angles (code value 0).

(3) To connect the workspaces apart from each other in
the above step, plot arcs when the (7 — m)th link moves within
a specified range of rotation (code value 1) while the last m
links are at their minimum joint angles and again at their
maximum joint angles. The other links 1 to (n — m — 1)
remain as their minimum joint angles.

Based on the above procedures, the angle selection codes
for the 4-link HW can be made out manually as shown in
Table 2. From the example in Table 2, we can extract the
following formula to calculate the number of columns:

size[n] =2 X size[n —1]+2 (1)

where size[n] defines the number of columns for an z-link
system and size[1] is defined as 1. Thus the code system for
HW can be represented by a (n X size[n]) matrix.

2.3 Generation of the Angle Selection Code for the Hi-
erarchical Workspace. In the array of Table 2, the bold char-
acters 1 are defined as the starting points to store code values.
The first problem is to find out the logic to detect the position
of these starting points.

When we consider each row {except the 1st row) of the code
array in Table 2, we find out that the number of starting points
in a row is equal to 2"~"" and the position of starting points
can be expressed analytically as,

Jor(1=k=<2""""2k — 1) X hs[row] + plus[k] )

where hs[n] is the half value of size[n] of Eq. (1) and the plus[k]
gives the number added to the regular term 2k — 1) X As[row]
of the kth starting point of a row. The plus[k] goes in the
sequence, 0, 1, 3, 4, 7, 8, 10, 11, 15, ..., which seems to be
irregular at a glance. However, with careful examination, the
generation rule of the sequence can be found. Considering the
series of the function plus[k] of each row, the following two
facts are found out:

(I) There exists a summmation rule in each row as: plus[1]
+ plusimax k] = plus[2] + pluslmax k — 1] = plus{3] +
plusimax k — 2] = ... etc. where max k is the maximum
number of k& for a certain row. This fact can explain why the
imperfect regularity appears, which is hidden in the sequence
which goes approximately as 0, 1, 2, 1 in each row of the angle
selection code for HW.

(2) The series of plusik] for the 2nd row contains the array
for the other remaining rows hierachically. This fact is phys-
ically reasonable when we consider the structure of HW and
make it possible to generate all plus[k] for n-link system in a
recursive loop.

By combining the above two facts, the series of plus[k] for
an n-link system can be generated. Successively, the positions
of all starting points can be determined. Finally, the angle
selection for HW of the n-link system can be generated au-
tomatically by repeating the fill up process of Fig. 1 (where
the number of 2’s of the 3rd step is size[i — 1] for the ith row)
from every starting point in each row after initializing the code
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? (For thelst row)

n-thlink | e 0

(@-Dth link |7 0
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Fig. 1 Hlustration of the storage process of code values for the hier.
archical workspace

@orkspure of planac 6 link manipulator

75. 1ink 7_sax| T.min[1angty
1 (24500 | 0.80[ 3145

=248 |
8,80 1135.08 | 24.19 |
4598 | 5808|919
0.80 | -98.80| 558
0.88 [119.99| 3.8
0.80 | 45.80] 228

EICIEN T

37.0'H
79.76

12514.15

375952.58

10800

Fig. 2 The maximal workspace (HW) of human arms

array by storing zero values in all the places of the code array
except the first row where value 1’s are stored.

3 Numerical Examples

The workspace simulator based on the generation of the
angle selection code had been developed. The required com-
putation time for workspace plotting was only a few seconds
in most cases on the SUN 3 computer. For example, it took
approximately 5 sec. and 30 sec. for BW of 6-link and 20-link,
respectively. For HW, it took, for example, approximately 40
sec. for 6-link and 2 min. for 9-link. It is, therefore, considered
to be fast enough to evaluate the kinematic performance of
manipulators using the proposed binary code system.

Followed by plotting, the accessible area and volume of
workspace were calculated by using the concept of the equi-
valent area and volume [6].

Example 1: the maximal workspace of a human arm:
Figure 2 represents the hierarchical workspace of a human arm
in the sagittal plane, from the shoulder joint to the fingertip,
as a planar 6-link open-loop system with approximate speci-
fications shown in the right box of the figure.

Example 2:  hypothetical 20-link manipulator: Figure 3 is
the boundary workspace for the hypothetical manipulator with
20 links whose specifications were given arbitrarily. It is also
possible to calculate the workspace of the system with infinite
number of links.

4 Conclusions

A new algorithm generating the workspace of an n-link
planar redundant manipulator with rotating base has been
developed. We proposed a new approach of binary angle se-
lection code system which is composed of a set of notations.
of joint variables to generate workspace. It was proved that .
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Fig. 3 The boundary workspace of the 20-link manipuiator

the developed angle selection code system is very efficient in
plotting workspaces, especially, for a system with a large num-
ber of degrees of freedom. Numerical examples were shown
for the manipulators with revolute joints and it was shown
that the developed algorithm works well for any n-link planar
system.
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Kinematic Analysis and Design of
Articulated Manipulators with Joint
Motion Constraints

T. A. Dwarakanath,’ A. Ghosal,' and
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For an articulated manipulator with joint rotation constraints,’
we show that the maximum workspace is not necessarily ob-
tained for equal link lengths but is also determined by the
range and mean positions of the joint motions. We present
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expressions for sectional area, workspace volume, overlap vol-
ume and work area in terms of link ratios, mean positions and
ranges of joint motion. We present a numerical procedure to
obtain the maximum rectangular area that can be embedded
in the workspace of an articulated manipulator with joint mo-
tion constraints. We demonstrate the use of analytical expres-
sions and the numerical plots in the kinematic design of an
articulated manipulator with joint rotation constraints.

1 Introduction

The concept of a manipulator workspace and the workspace
of the manipulator regional structures has been studied exten-
sively and is well understood (Roth, 1975; Kumar and Wald-
ron, 1980; Hansen et al., 1983; Sugimoto and Duffy, 1981a,b;
Tsai and Soni, 1984). Most of the results assume unconstrained
joint motions and are not directly applicable to industrial ma-
nipulators which usually have limited joint motions. Several
researchers have discussed the design of manipulators based
on workspace considerations (Tsai and Soni, 1984; Paden,
1986). Again, these are based on the assumption of complete
joint rotation. For a manipulator with joint constraints, Ras-
tegar and Deravi (1987) discussed the number of possible con-
figurations as a function of the ‘““overlap’’ and the *‘location”
of the joint rotation range. Gupta (1986) pointed out the effect
of rotation ranges of links on the number of possible config-
urations. Their treatment is, however, not analytical. Vijay-
kumar et al. (1985) have discussed the effect of joint limits on
workspace and dexterity. However, the design problem is not
addressed. In this paper, we present analytical expressions for
sectional area, volume, work area and bounding surfaces for
an articulated manipulator. We also present a method to choose
link lengths, joint ranges and their mean positions to obtain
a workspace of given size.

In manipulator applications, such as welding and painting,
the total workspace is of less importance. It is more important
to know the optimum location and orientation of the part in
the workspace since this would allow the operator or task
planner to compute how much painting or welding can be done
in one setting of the part and the manipulator and thus max-
imize the use of the manipulator. Very little is known about
embedding regular shapes in the workspace. We present an
algorithm to obtain the maximum rectangle that can be embed-
ded in the workspace of an articulated manipulator with joint
motion constraints,

2 Articulated Manipulators with Joint Constraints

To study the workspace of an articulated manipulator, shown
schematically in Fig. 1, we consider the so-called wrist point.
Denoting the wrist point by (X, ¥y, Zw) . and by using the
well known 4 X 4 matrix transformations (Paul, 1981), we can
write

(Xis Yws 2w) = {(@mCr +ascn)cr, (@0 +asen)s,

ax$y+ (3833}

M

where a,, a; are the link lengths and c(.), ., denote cosine and
sine of angle (»), respectively. We can eliminate two out of
the three ’s from Eq. (1) to obtain equations of the form

2 2 2 2
403 (o +¥5) G5 — (Xo+ Yo+ 25+ af — a5 — 2a55:2,,) 2 =0

@
3

Equations (2) and (3) represent two families of surfaces but
the solid region described by them is the same and is the
workspace of the manipulator. The above equation can also
be used to study the workspace of a manipulator which has
joint motion constraints. If, for example, §, is between 02max

2a,a3¢4 +a§+a§— (xi+y£+zfv) =0
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