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Abstract: In this paper, we mainly research a multifractal analysis of one probability measure with respect
to another. We explore the properties of the multifractal Hausdorff measure and the multifractal packing
measure with one to another in a probability space, and calculate the relative results of multifractal spectra
function in a probability space.
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1 Introduction

The fractal properties have been a basic question in fractal geometry. Many authors [1-10] have studied them. In recent
years multifractal theory has been discussed by numerous authors and it is developing rapidly. In 1986, physicist Halsey
drew to the conception of multifractal spectrum. Olsen was motivated by the heuristics of Halsey. In 1995 Olsen es-
tablished a multifractal formalism (see [1]). In 2000, Cole researched relative multifractal analysis which was based on
[1](see [2]). Billingsley defined the Haussdorff measure in a probability space (see [3, 4]). Then, Dai and Taylor devel-
oped the packing measure and packing dimension in a probability space (see [5]). In fact, multifractal Hausdorff measure
is a generalization of the centered Hausdorrff measure and multifractal packing measure is a generalization of the packing
measure. Applying the above idea, Li and Dai generalized the Hausdorff measure and packing measure in a probability
space (see [6]). So we can establish a general formalism for the multifractal analysis of one probability measure with
respect to another in a probability space.

2 Preliminaries

In this paper, we want to yield a generalization multifractal formalism in a probability space.

Let we start by defining Hausdorff ¢-measure and packing ¢-measure. We start with a fixed stochastic process
{X,,n € N} on a probability space {2,.%, u} taking values in a finite or countable state space E. A cylinder set
C of rank n is of the form

C={w: X;(w)=k; i=1,2,--n}
with k; € E. For each wg € () there is a unique cylinder set of rank n, denoted by u,,(wp), which contains wg. Thus
Up(wo) = {w: Xi(w) = Xi(wo), 1 =1,2,- - n}.
We assume the process is .% -measure, that is that € C .% , where € is the class of all cylinder set. We use sets in € for
both covering and packing. In this paper, we will assume that p is % = o (%) continuous, that is
lim p(u,(w)) =0 Vw e Q.
n—oo

Any function ¢ : [0, ] — [0, 1] which is continuous, monotone increasing, with ¢(0) = 0, is called a measure function.
The Billingsley [3] definition of Hausdorff ¢-measure follows, for § > 0, A C €2, define

Z?5(A) = inf { Zgﬁ(,u(Ci)) 1A CUCL{Cs} €, u(Cy) < 6},
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T ¢
Z(A) = lim 27 (A).

Dai and Taylor [5] defined the packing ¢-premeasure and ¢-measure by
3”4) = sup { Z d(u(Cy)) : {C;} are disjoint, p(C;) < § and C; = uy, (w) withw € A}.

FY(A) = lim ¢ ,(A),

® 6—0

2( mf{zw ) A CUA;}.

In particular, if ¢ = 5%, we simply write £ (-), 25 (-) and @,‘j‘() for Z2(-), 25 (-) and fﬁf() respectively.
We now define multifractal generalizations of the Hausdorff ¢-measure and packing ¢-measure. For ¢ € R, define
(bq : [0,00) - R-‘r = [0,00} by

z? forxz > 0,

¢q(x) =1forq =0,

0 for x = 0,
¢q() = { x4 for x > 0,

Let ) # A C Qand § > 0, suppose v is a probability measure on (2, .%). For ¢ € R, write

o) ={ % a sy fra<o

for ¢ > 0.

;LV(S

A = inf { quq (u(Cy)) + A C UGy, p(C;) <6 and C; = up(w) with w € A}.

HLH(A) = lim AT

v 50 Mo

g N
(A) =sup A0, 5(A).

6>0
It is easy to check that if A C B, then a centered d-covering of B is not necessarily a centered d-covering of A, thus %’jﬂf
is not necessarily monotone. So, we put

.t — :
%‘L‘{p (A) := sup %”q S (4;)
A;CA

Clearly, %’jﬁ,} is of monotony, and we can prove that %’jﬁ;} is of subadditivity, thus jfjlf is an outer measure, we call the
set function %’llf(A) multifractal Hausdorff measure in a probability space. We also make the dual definitions. Write

g@ﬂ vé( ) = sup { Z bq(V(Ci)) e (1(Cy)) : CiN Cy = 0,4 # 4,
w(C;) < 6 and C; = uy,(w) with w € A},

Pt _ ;
'@Z,u,< ) %I_IH) gzz v,

(4) = inf Z(4)

It is imperative to point out that the subadditivity is the false for the pre-measure 3”3’,,,

Munroe(see [7]Theorem 11.3) to the pre-measure ﬁg’;() to obtain an outer measure

and we can apply the method of

P 1nf{z<@ ) AC U4},

we call the set function @:‘{f,() multifractal packing measure in a probability space.

Definition 1 Let
: o . )t _ __ . )t _
dlmfu,(A) = sup{t : AL (A) = +oo} = inf{t: %’jf{l,(A) =0},

DimZ,V(A) = sup{t: @gf,(A) = 400} = inf{t: Bzgf,(A) = 0},
AZVU(A) :=sup{t: Wﬁ:L(A) =400} = inf{t: BZZL(A) =0},

which are, respectively, called multifractal Hausdorff dimension, packing dimension, pre-packing dimension with respect
to | in a probability space.
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3 The relative multifractal spectrum in a probability space

In order to investigate the relative multifractal spectrum, we will define the local pointwise dimension.
Let w € (Q, define the upper, lower local dimension of 6 with respect to v at a point w, respectively, by

70,1/(‘*}) - lirzrisogp m,

= limin w
l@,y(w) B 1n—><>of log V(Un(w))

If ¥y, (w) = 7, ,(w), then the common value, known as the local dimension of ¢ with respect to v at w, is denoted by

Yo,v (w).
Then, if o > 0, let us introduce the fractal sets

" := {w € suppy N suppv : T (W) < af,

1L, := {w € suppu Nsuppr : v (w) > a},

Also, let

Given 6, p, v are probability measures, for o, 8 > 0, set
(@, ) = {w € suppyt N suppy| 7y, (w) < @ and 7,,,(w) < A},
(a, B) := {w € suppu N suppy| a < 19,1/(“) and 7, ,(w) < B},
(@, §) := {w € suppp N suppr| g, (w) <avand f <7y (W)},

H(a, §) := {w € suppy N suppr| o < 7, (w) and § <5, (w)}.

—U,

Also, let

I(a, ) :==1l(a@, B) N (e, B) N1I(a, B) N1I(a, B)

= {w € suppu N suppr| 7o, (w) = @, V. (w) = B}

Fix o, 8 > 0, ¢,t € Rand 91, 02 > 0 such that §; < ag+t and 2 < B(ag+t — d1). Then the following inequalities
hold.

Theorem 3.1 Let {2,.7 } be a probability space and 0, v, y are probability measures on {Q, . #}. Then we have the
following:

(i) Z?(aq+t+51)+6z (H(aﬁ)) < %?;(H(E,B)) for q > 0.

(ii) gf(aq+t+51)+52 (H(g, B)) < %?;t(ﬂ(g, B)) for ¢ < 0.

Proof. The statements are true for ¢ = 0.
(i) For m € N, write

Foim foene ) R <o
log v(un (w)) ds 1
and Tog f1(tn (@) <B+ Py for 0 < p(up(w)) < E}
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Now givenm € N,and 0 < p < % let {C; = up(w),w € T, } be a centered p-covering of T;,,. Then clearly
1 i
0g 0(C;) <a+t é’
log v(C;) q

s

0(Cy) > v(Ci)*t T,
7> I/(Ci)anrél,
Q(Ci)qy(C’,-)t Z V(Ci)aq+t+61.

Also, we have,

log v(C;) <84 d2
log 11(C5) ag+t+0,
v(Ci) 2 p(Cy) T e
V<Ci>o¢q+t+51 > M(Ci)ﬂ(aq+t+61)+52-

Putting these together we see that
Q(Ci)qy(ci)t > M(Ci)ﬁ(aq+t+§1)+52 .

Hence
Z@(Ci)qy(ci)t > ZM(Ci)ﬁ(("Q+t+5l)+52 > gﬁ&aq+t+61)+62 (T)n).
i i
From this we can deduce that for 0 < p < #
LRI, ) < S (T,).
Thus letting p — 0 now yields

FPleatthoTo (T, ) < jf?ﬁf(Tm) < A (Ty) for m € N.

Clearly T, 1 II(a@, 8) from the definition of T},,, whence

LT (1@, B)) = sup £ IHEOVT(T,,) < sup AT (T) < A (L@, B)).

(ii) For ¢ < 0, for any m € N, write

T, = {w e M. B)| Epiel > 0t 2
log v(uy, (w)) P 1
and Tog 11(un (@) < B+ Py for 0 < p(un(w)) < E}

and proceed as in case (i). m

Theorem 3.2 Let {Q2,.7 } be a probability space and 0, v, p are probability measures on {Q,.#}. Then we have the
following:

Proof. The statements are true for ¢ = 0 .
(i) For m € N, write

Foim foene ) R <o
log v(un (w)) ds 1
and Tog f1(tn (@) <B+ Py for 0 < p(up(w)) < E}
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Now givenm € N, B C T, and 0 < n < % let {C; = u,(w),w € B} be a centered n-packing of B. Then clearly

log 6(C;) o1
oA~ hid
ogu(Cy) =T

hence
0(Cy) v (Cy)t > v(C;)*attTor,

Also, we have,
log v(C5) < 2

log (Ci) — ag+t+0;
V(Ci)aq+t+51 > M(Ci)ﬁ(aq+t+61)+52.

Putting these together we see that
0(Cy) T (Cy)t > p(C;)Plaatt+dntoz
Hence
3 0(CH () = Y (G leatira s,

From this we can deduce that for 0 < n < L

m

PPatttot () < ZPt (B).

Thus letting n — 0 gives that for all B C T},
ﬁf(aq+t+61)+5z(3) < (%1:5(3).
Now let T;,, C U;B;, then the above inequality implies that
gzﬁ(aq-%t—i-&)-&-&z (Trn) = 325(‘111"!‘t+61)+52 (Ui (T N By))
< Z gﬁ(aq+t+61)+52 (T N B;)

(2

< Z @:i(Tm N Bz)
< Z %,,z(Bi)7
i

Hence
yﬁ(aq+t+61)+5z (Tm) < egzgjﬁ(Tm) vm € N.
Since T),, 1 I(a, B), I1(@, 8) = Uy, T},. From the monotonicity of the measure, we have

PeatETR ([(@, ) = sup ZCTHTVNRT,) < sup 247 (Tn) < 24, (L@, B)).
m m

(ii) For ¢ < 0, for any m € N, write

e (a3 080un(w) o 0
T = 40 TP Gy ) 2
log v(uy, (w)) ) 1
™ e <P at e O HOnD) < )

and proceed as in case (i). m

Theorem 3.3 (i) If A C K (@, j3) is Borel then, for q < 0,
HIA) < LT84,
(ii) If A C K(«, ) is Borel then, for 0 < g,

HGL(A) < LTI ),

1JNS homepage: http://www.nonlinearscience.org.uk/



318 International Journal of Nonlinear Science, Vol.10(2010), No.3, pp. 313-319

Proof. An exhaustive proof of this theorem would require considerable repetition. Thus we only prove (ii). The statement
is well-known for ¢ = 0.
(1) For m € N, let us set

log 0 (up, 0
T :={z € A| 0g 0(un (w)) >a— —
log v(un(w)) q
log v(uy,(w)) P 1
d > - fi 0 n _—
an Tog ji(un (@) > B pE— or 0 < u(u (w))<m}
FixmeN, FCT,and0 < n < % let {C; : C; = up(w),w € B} be a centered 7-covering of E. Then we have
log 6(C;) St
logv(C;) —

01
q b
0(Ci) < w(Cy)* 7,
G(Ci)qu(Ci)t < V(Ci)aq+t_61.

Also, we have,
log v(C5) S d2

log u(Cy) =7 ag+t—6;
V(Ci)aq—&-t—él < ’u(ci)ﬁ(mz+t—61)—627

Putting these together we see that
0(Ci) v (Cy)! < p(Cy)Pleatt=on=0,
Hence
ZH(Cl)qI/(CZ)t < ZM(Ci)ﬂ(aq+t7§1)762
opB(ag+t—81)—6
§<@H7(nq 1) 2(E).
From this we can deduce that for n < %

Pyt (B) < Pgart==5(E),
Thus letting n — 0 gives that for all E C T,
Py(E) < PTH=i =0 (),
Finally, let (E;);c v be a covering of T},,.Then we have
Py (Tn) < P (Uil(T 0 (E))))

< Z DL (T N Ey)

< Z P (T N E;)

< i éﬂﬁ’(aq-&-t—&l)—&g (Ton N E;)
< i {@Jﬁ(aq+t761)762 (E;).

Hence
P (Ty) < PREIH=V=0(T, )
and the result follows since A = U,,,T;,,. ®
Theorem 3.4 (i) If A C K(a, j3) is Borel then, for q < 0,
gzg:lt/(A) < gzﬁ’(aq-i—t—&)—ﬁz (A)
(ii) If A C K(a, ) is Borel then, for 0 < g,
PP (A) < gleati=a=0z(4),

The proof is the same as Theorem 3.3.
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