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ON GENERALIZATIONS OF PRIME SUBMODULES

M. EBRAHIMPOUR AND R. NEKOOEI*

Communicated by Siamak Yassemi

ABSTRACT. Let R be a commutative ring with identity and M be
a unitary R-module. Let ¢ : S(M) — S(M) U {0} be a function,
where S(M) is the set of submodules of M. Suppose n > 2 is
a positive integer. A proper submodule P of M is called (n —
1,n) — ¢-prime, if whenever ai,...,an—1 € R and x € M and
ai...an—1x € P\@(P), then there exists ¢ € {1,...,n — 1} such
that a1...ai—1Gi41...an—1 € Por ai...an—1 € (P : M). In this
paper we study (n—1,n) — ¢-prime submodules (n > 2). A number
of results concerning (n — 1,n) — ¢-prime submodules are given.
Modules with the property that for some ¢, every proper submodule
is (n — 1,n) — ¢-prime, are characterized and we show that under
some assumptions (n — 1, n)-prime submodules and (n—1,n) — ¢m-
prime submodules coincide (n,m > 2).

1. Introduction

We assume throughout the paper that all rings are commutative with
1 # 0 and modules are unital. We will denote the set of maximal ideals
of R by Max(R).

Suppose that M is an R-module. We will denote the set of submodules
of M by S(M). For an ideal I of R and a submodule N of M, let /T
denote the radical of I and (N :g M) = {r € R: rM C N}, which is
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clearly an ideal of R. The R-module M is called faithful if (0: M) = 0.
We say that N is a radical submodule of M if \/(N :g M) = (N :g M).

Prime ideals play a central role in commutative ring theory. One
of the natural generalizations of prime ideals which have attracted the
interest of several authors in the last two decades is the notion of prime
submodules (see for example [11, 13, 14, 15, 19]). These have led to more
information on the structure of the R-module M. A proper submodule
P of M is called prime if r € R and x € M, with rx € P implies that
r € (P:gp M)orxz e P. It is easy to show that if P is a prime submodule
of M, then (P :p M) is a prime ideal of R.

Anderson and Smith in [7]; defined a weakly prime ideal, i.e., a proper
ideal P of R with the property that for a,b € R, 0 # ab € P implies
a € Porbe P. Weakly prime elements were introduced by Galovich in
[12], and used by the authors in [2], to study the unique factorization in
rings with zero-divisors.

Nekooei in [17], extended this concept to weakly prime submodule, i.
e., a proper submodule P of M with the property that whenever r € R
andz € M and 0 #rx € P,thenx € Porr e (P: M).

To study unique factorization domains, Bhatwadekar and Sharma in
[10] defined the notation of almost prime ideal, i.e., a proper ideal I with
the property that if a,b € R and ab € I\I?, then either a € [ or b € I.
Thus a weakly prime ideal is almost prime and any proper idempotent
ideal is also almost prime. Anderson and Bataineh in [6], extended these
concepts to ¢-prime ideals as follows: Let S(R) be the set of ideals of R
and ¢ : S(R) — S(R) U {0} a function. Then a proper ideal I of R is
¢-prime if for z,y € R, vy € I\¢(I) implies x € I or y € I.

Zamani in [19] extended this concept to ¢-prime submodule. For a
function ¢ : S(M) — S(M) U {0}, a proper submodule P of M is called
¢-prime if whenever r € R, x € M and rxz € P\¢(P), then r € (P : M)
or z € P. Let P be a submodule of M. Since P\¢(P) = P\(PN¢(P)),
without loss of generality, throughout the paper we will assume ¢(P) C
P. For two functions 11,19 : S(M) — S(M) U {0}, we write 11 < 19
if 1(N) C a(N), for each N € S(M). For the following functions
Ga : S(M) — S(M) U {0} the corresponding ¢,-prime submodules are:



On generalization of the submodules 921

o) d(N)=10 prime submodule

0N d(N)=0 weakly prime submodule
01 d(N)=N any module

02 ¢(N)=(N:M)N almost prime submodule
dn(n>2) ¢(N)=(N:M)" !N n-almost prime submodule
Do o(N) = ﬂ(N : M)'N  w-prime submodule

i=1

Observe that ¢y < ¢ < ¢, < -+ < Ppp1 < P < - < 2 < 1.
Then it is clear that ¢g-prime and ¢o-prime submodules are prime and
weakly prime submodules respectively. Zamani in [19] defined almost
prime submodule by the function ¢(N) = (N : M)N and ¢,-prime
submodule by the functions ¢,(N) = (N : M)"N(n > 2). In this
paper if ¢(N) = (N : M)""!N, then we say that N is n-almost prime
submodule.

We recall from [5] that a proper ideal I of R is called an n-absorbing
ideal if whenever z1x2...xn41 € I for x1,..., 241 € R, then there are
n of the z;’s whose product is in I. For n > 2, we denote an (n — 1)-
absorbing ideal I of R by (n — 1,n)-prime. Let ¢ : S(R) — S(R) U {0}
be a function. We say that a proper ideal I of R is (n —1,n) — ¢-prime
if ay...an, € I\¢(I) (a1,...,a, € R), implies aj ...a;—1Gi4+1...an € I,
for some i € {1,...,n}.

In this paper we extend this concept to (n — 1,n) — ¢-prime submod-
ules.

Let ¢ : S(M) — S(M)U{0} be a function and P be a proper submod-
ule of M. We say that P is (n—1,n)—¢-prime if a ...an—12 € P\¢(P),
(a1,...,ap—1 € Rand x € M), implies a; . ..a;—1ai4+1 - .. ap—12 € P, for
some i € {1,....,n—1} or ar...an—1 € (P : M). If ¢ = ¢y, then
(n — 1,n) — ¢y-prime submodule is called (n — 1, n)-prime submodule.
If = ¢p, then a (n — 1,n) — ¢g-prime submodule is called a (n — 1,n)-
weakly prime submodule and if ¢ = ¢,,, then a (n — 1,n) — ¢p,-prime
submodule is called a (n—1, n) —m-almost prime submodule (n,m > 2).

Let ¢ : S(M) — S(M) U {0} be a function. We show (Theorem
2.1) that a (n — 1,n) — ¢-prime submodule P that is not (n — 1,n)-
prime satisfies (P : M)""1P C ¢(P). In particular, if ¢ = ¢g and M
is faithful, Then (P : M)"~' = 0, and thus (P : M) C v/0. Among
the many results in this paper, we show (Theorem 3.8) if 0 # M; is a
Fi-vector space, for every i € {1,...,n} and R = F} x --- x F,, and
M = M; x --- x M,, then every proper submodule of M is (n — 1,n)-
weakly prime if and only if dimM; = 1, for all i. We know that a
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commutative ring R is Von Neumann regular if and only if every ideal of
R is idempotent. Anderson and Bataineh used this concept [6], Theorem
17, to characterize a commutative ring R that every proper ideal of R
is almost prime. Recall from [3] that a submodule N of M is called
idempotent if (N : M)N = N. An R-module M is a fully idempotent
module if every submodule of M is idempotent. We use this concept
to characterize modules M for which, every proper submodule is (n —
1,n) — n-almost prime (Theorem 3.10) or every proper submodule is
n-almost prime (Theorem 3.11).

It is well known that, every proper ideal of R is a product of prime
ideals if and only if R is a finite direct product of Dedekind domains
and SPIRs. Such rings are called ZPI-rings. Anderson and Smith [7],
Theorem 7, have shown that every proper ideal of R is a product of
weakly prime ideals if and only if R is a ZPI-ring or (R, m) is quasi-
local with m? = 0. Also, Anderson and Bataineh [6], Theorem 22, have
shown that in a Noetherian ring R every proper ideal of R is a product of
almost prime ideals if and only if R is a finite direct product of Dedekind
domains, SPIRs, and SPAP-rings.

Let M be a multiplication module, i.e., An R-module M with the
property that for every submodule N of M there exists an ideal I of R
such that N = IM. In this paper we give a characterization of some
multiplication modules in which every proper submodule is a product of
almost prime submodules.

Some of the results in this paper are inspired by [6].

2. (n—1,n) — ¢-prime submodules

The following theorem asserts that under some conditions (n—1,n) —
¢-prime submodules are (n — 1,n)-prime, (n > 2).

Theorem 2.1. Let R be a commutative ring and M be an R-module.
Let ¢ : S(M) — S(M)U{0} be a function and P be a (n—1,n)—p-prime
submodule of M, that is not (n—1,n)-prime, then (P : M)"~1P C ¢(P).
Hence a (n—1,n) — ¢-prime submodule P with (P : M)"~'P ¢ ¢(P) is
(n —1,n)-prime.

Proof. Suppose that (P : M)" 1P ¢ ¢(P); we show that P is (n—1,n)-
prime. Let ai,a9,...,a,_1 € R and x € M with ajas...ap_12 € P. If
a1ay . ..ap—12 ¢ ¢(P), then ajag...apn—1 € (P: M) or
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a1ay .. .Q4;—10i41 - - - ap—1x € P, for some i € {1,2,...,n — 1}. Now, let
a1ay . . .ap—12 € ¢(P).

We can assume that ajas...a,_x(P : M)z C ¢(P), for all k €
{1,2,...,n — 1}, because, if ajas...a, (P : M)* 'z ¢ ¢(P), then
there exist r1,...,7x_1 € (P : M) such that ajas...an_gr1...rg—12 &
¢(P). Hence ajag...apn—k(an—gs1 +71)...(an—1 + 16-1)x € P\@p(P).
Since P is (n —1,n) — ¢-prime, a1as . ..a;—1Gj+1 - .. an—12 € P, for some
i€{l,2,...,n—1} or ajas...an—1 € (P: M).

Likewise, we can assume that for all {i1,...,i,—x} C {1,2,...,n—1},
@iy @iy - --a;,_ (P M)tz C ¢(P), 1 <k <n—1. Also, we can assume
that ay ...ap_(P: M)*=1P C ¢(P), for all k € {1,...,n—1}, because,
if ai...an_(P : M)*"1P ¢ ¢(P), then ajas...an_prirs ... Th—1po &
¢(P), where pg € P and r1,r9,...,r,_1 € (P : M), and so
a1as ... ap—g(@n—t+1+71) - .. (@n—14+7K-1)(Po+2) € P\p(P). Since P is
(n—1,n) — ¢-prime, aj ...ap—1 € (P: M) oraj...a—1Gj+1...0p—1T €
P, for some i € {1,2,...,n — 1}. Likewise, we can assume that for all
{i1,42, . yink} C{1,2,...,n—1}, @iy ... a;, (P : M)*1P C ¢(P),
1 <k<n-1. Since (P : M)"'P ¢ ¢(P), there exist py € P and
71,72y Tn—1 € (P : M) with rire...7—1p0 € ¢(P). Then (a1 +
r1)(ag+72) ... (an—1+7n—1)(z+po) € P\p(P). Since P is (n—1,n)— ¢-
prime, ajas...an—1 € (P : M) or ajay...a;—1Gi+1...an—12 € P, for
some ¢ € {1,2,...,n—1}. So P is (n — 1,n)-prime. O

Corollary 2.2. Let R be a commutative ring, M be an R-module and P
be a proper submodule of M. If P is a (n—1,n)-weakly prime submodule
that is not (n — 1,n)-prime, then (P : M)"'P = 0.

Corollary 2.3. Let P be a (n — 1,n) — ¢-prime submodule where ¢ <
&n+t1. Then P is (n—1,n) — w-prime (n > 2).

Proof. If P is (n — 1,n)-prime, then P is (n — 1,n) — w-prime. Suppose
that P is not (n—1,n)-prime. By Theorem 1.1, (P : M)"" 1P C ¢(P) C
(P : M)"P. Hence ¢(P) = (P : M)*P, for each k > n — 1. Thus P is
(n —1,n) — w-prime.

O

Let R; be a commutative ring with identity and M; be an R;-module,
fori=1,2. Let R = Ry X Ry. Then M = M; x M5 is an R-module and
each submodule of M is of the form N = Nj x Ny for some submodules
N1 of M1 and N2 of Mg.
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let P, x My be a (n — 1,n)-weakly prime submodule of M. Let
r1,...,7n—1 € Ry and z1 € My , with r1...r,_121 € P1. Let 0 75 To € M.
Then (r1,1)...(rn—1, 1)(z1,x2) € P x M2\{0}. By assumption, this gives
that r1,...,7n—1 € (P1 : My) or m1..15_1741...Tn—121 € Pp, for some
i €{l,...,n—1}. Therefore, P; is a (n — 1, n)-prime submodule of M;.
So, if P; is a (n — 1,n)-weakly prime submodule of Mj, then P; x M,
need not be a (n — 1, n)-weakly prime submodule of M.

Next we show that, if P is a (n—1,n)-weakly prime submodule of M,
then Py x My is a (n—1,n)—¢-prime submodule if {0} x My C ¢( Py x Ma).

Proposition 2.4. Let R; be a commutative ring and M; be an R;-
module, for 1 = 1,2. Let R = Ry X Ry and M = M; x M> and
¢:S(M)— S(M)U{d} be a function. Suppose that Py is a (n —1,n)-
weakly prime submodule of My such that {0} x My C ¢(Py x Ms). Then
Py x My is a (n —1,n) — ¢-prime submodule of My x Ma (n > 2).

PT’OOf. We have P1 X M2\¢(P1 X Mg) - P1 X Mg\{O} X M2 = (Pl\{O}) X
Ms. Let (al, bl) - (an_l, bn_l)(xl, .’L‘Q) = (a1 e Qp_121,b1 ... bn_liL'Q) €
Py x Ma\op(P1 x My), where (a1,b1) ... (an—1,bp—1) € R and (x1,22) €
M.

So (a1 ce Qp_121,b1 ... bn_ll’Q) S (Pl\{()}) X Ms. Then a1 ...ap_121 €
Pi\{0} and by the assumption on P; we have aj...an—1 € (P : M)
Or aj...0;—1Qi41...0n—171 € Py, for some i € {1,2,...,n — 1}. This
gives that (al, bl) e (anfl, bnfl) = (a1 e lp_1,b1... bnfl) € (Pl X Moy :
My x Mg) or ((11, bl) ... (ai,l, bi,l)(aHlel) ... (anfl, bnfl)(l'l, CL‘Q) S
Py x Ms. Therefore, P, x M is a (n — 1,n) — ¢-prime submodule of
M. O

Corollary 2.5. With the same notations as in Proposition 2.4, let ¢
be a function such that ¢, < ¢. Then for any (n — 1,n)-weakly prime
submodule Py of My, Py X My is a (n — 1,n) — ¢-prime submodules of
M (n>2).

Proof. If Py is a (n — 1,n)-prime submodule of Mj, then P; x Ms is
(n — 1,n)-prime and so (n — 1,n) — ¢-prime submodule of M. Suppose
that P; is not (n — 1,n)-prime. Then by Corollary 2.2, we have (P :
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M;)"~'P; = 0. This gives that

o
$u(PLx My) = ([(P1 x My: M)~ (Py x Mp)]
=2
Oo .
= (([(Pr x My : M)"™" x Ry Py x My) =0 x My
=2
= d)w(Pl XMQ):OXMQ gd)(Pl XMQ).
The result follows by Proposition 2.4. g

In the next theorem we give a characterization of (n —1,n) — ¢-prime
submodules (n > 2).

Theorem 2.6. Let P be a proper submodule of M and ¢ : S(M) —
S(M)U{0} be a function. Then the following are equivalent:
(i) P is (n — 1,n) — ¢-prime.
(ii) For ai,...,an—2 € R and x € M with ayas . ..ap—ox € M\P;
n—2
(P:aj...apn—2x) = U (P:aj...ai—1Gi41...Gp—2)

i=1
UP:ar...anoM)U(p(P):ay...an—ot)

Proof. (i)=(ii) Let a; ...an—2x € M\P. Assume that

r € (P : ay...an—2%); S0 rajay...an—2x € P. If raj...ap_—0x &
&(P), then ray...an—o € (P : M). Sor € (P : aj...an—oM) or
Taj ... Qi—1Git41 - .. Ap—2x € P, for some ¢ € {1,2,...,n — 2}. Hence
re (P:ai...ai—10i41...ap—2x). If ray...ap—ox € ¢(P), then r €
(¢(P) :ay...apn—2z). So

n—2
(P cat ... an_gzc) g U (P cay ... Q—1Q541 - - - an_gl')

UP:ai... an_;7\14) U(o(P):ai...an—2x)

The other containment always holds (remember we are assuming that
¢(P) C P).
(ii)=(i) Let a1, ...,an—1 € Rand x € M with ay ...an—12 € P\¢(P).
If a1...a,_2x € P, then there is nothing to prove.
n—2
So we can assume that aj ...a,—ox & P. Thus (Fuy ...ap—2x) = U (P:
i=1
ai ... .Q—1Q;41 - -- an_gx) U (P tat... an_gM) U ((Z)(P) Dat... an_gx).
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Since aj ...an—12 € P, we have a,—1 € (P :ay...ap—2x). But a,—1 &
(¢(P) : ay...ap—2x), hence aj ...a;—1a;41 ... ap—2an—1x € P, for some
ie{l,2,....n—=2}orap1 € (P:ay...an-oM) (s0aj...an_1 € (P:
M)). Thus P is (n — 1,n) — ¢-prime. O

Let S be a multiplicatively closed subset of R. We know [18], 9.11 (v),
that each submodule of S~'M is of the form S™'N for some submodule
N of M. Also it is well known that there is a one-to-one correspondence
between the set of all prime submodules P of M with (P: M)NS =1
and the set of all prime submodules of S™'M, given by P — S~!P,
see [16], Theorem 3.4. Furthermore, it is easy to see that if P is a
weakly prime submodule of M with S™'P # S~'M, then S~'P is a
weakly prime submodule of ST'M. In the next theorem we want to
generalize this fact for (n — 1,n) — ¢-prime submodules. Let N(S) =
{r € M :3s € S,sx € N}. We know that N(S5) is a submodule of M
containing N and S~H(N(S)) = S7IN. Let ¢ : S(M) — S(M) U {0}
be a function and define (S~1¢) : S(S7'M) — S(S~IM) U {0} by
(S16)(SIN) = S (H(N(S))) if S(N(S)) £ D and (S16)(S'N) =
if (N (S)) = 0. Since ¢(N) C N, hence (S71¢)(S7IN) C S7IN.

We next show that if (S71(¢(N)) C (S71¢)(S7LIN), then (n—1,n) —
¢-primeness of P together with S™'P # S~'M imply that S™!P is
(n —1,n) — (S71¢)-prime (n > 2). For a submodule L of M, let ¢y, :
S(M) = S(M) U {0} be defined by ¢r(X) = 2NL for [ C N and 0
for ¢(N) =10

Theorem 2.7. Let M be an R-module and ¢ : S(M) — S(M) U {0} be
a function. Let P be a (n — 1,n) — ¢-prime submodule of M.

(i) If L C P is a submodule of M, then % is a (n—1,n) — ¢r-prime
submodule of % (n>2).

(ii) Suppose that S is a multiplicatively closed subset of R such that
S7IP # S7'M and ST (#(P)) C (S71¢)(S™'P). Then S7P is a
(n —1,n) — (S~1¢)-prime submodule of ST*M (n >2).

Proof. (i) Let aj,...,ap—1 € R, x+ L € % with a;...ap—1(z + L) €
%\(ﬁL(%). By definition of ¢, we have a; . ..an,—12 € P\¢(P).

Since P is (n — 1,n) — ¢-prime, we have aj...an—1 € (£ :+ 2 or
ay...a;—1Gj+1---an—1(x+ L) € % , for some i € {1,...,n — 1}. Thus
P -

7 is (n —1,n) — ¢r-prime.
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(079

aAp—-1 T

a a
(i) Let —,... e SR and € S7'M with =
S1 " Sp—1 S1 Sp—11

STIP\(S7'¢)(S™'P), where ai,...,an_1 € R, 51,...,5,_1,t €S,z €

M. Then by assumption, —L—-n=1% S~IP\S7(¢(P)). So there

S1...8,-1t

exists u € S such that waj...ap—12 € P\¢(P). Thus L
S1 Sp—1
S7YP M) C (ST'P: STIM) o Qimtfipl  Inol® o golp

51 8i-18i41  Sp1t
for some i € {1,...,n —1}. Hence S™'Pis a (n —1,n) — (S~'¢)-prime
submodule of S~'M. U

Proposition 2.8. Let R= Ry x--- xR, and M = My x---x M, be an
R-module, where R; is a commutative ring and M; is an R;-module, for
i€{1,2,...,n}. Let P = Py x---x P, be a (n—1,n)—¢-prime submodule
of M, where P; is a submodule of M; and let v; : S(M;) — S(M;) U{0}
and ¢(P) = 1 (P1) x o (Pa) X - - - X, (P,). Then Pjis a (n—1,n)—1;-
prime submodule of Mj, for each j with P; # M;.

Proof. Let P; # M;, x; € M; and aq,...,a,—1 € R; such that
ai...ap—17; € Pj\wj( ) Thus

(L. Lail,. ..,1)(1,...,1,a2, o)
(1,...,1,an,1,1,...,1)(0 ,0,2;,0,...,
(0,...,0,&1...an,11:j,0, . )EP\¢(P)
Therefore, (1,...,1,a;.. an 1,1,...,1) € (P: M). Soaj...an_1 €
(Pj:Mj)oray...ai—1ait1...an—12j € P}, for some i € {1,...,n — 1},
Thus Pj is (n — 1,n) — v;-prime.

0) =

O

Corollary 2.9. Let R= Ry X --- X R, and M = My x --- x M,, and
P =P x---x P, where R; is a commutative ring and M; is an R;-
module and P; is a submodule of M;, for i € {1,...,n}. Let P be a
(n—1,n) — ¢ -prime submodule of M. Then Pj is a (n — 1,n) — ¢p,-
prime submodule of Mj, for each j with P; # M; (n,m > 2).

Proof. We have

dm(P) = (P:M)" ‘P = (P, : M)™ P x - x (P, : M,)™ ‘P,
So the result follows by the Proposition 2.8. U

It is clear that every (n — 1,n)-weakly prime submodule is (n,n + 1)-
weakly prime. We show that the converse is not true in general.
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Example 2.10. a) Let R = Zg and M = R as R-module. By [9],
Ezample 3.5 (a), every nonzero proper submodule of M is (2,3)-prime,
and hence (n — 1,n)-weakly prime, for all n > 3. Now consider N =
{0,4}. We have 0 £2-2 € N but 2 ¢ N. So N is not a weakly prime
submodule.

) 1t o — Rl

(':Uya $2 - 3/27 :L-3’ y3)
Ezample 3.5(b), every nonzero proper submodule of M is (2,3)-prime
and so (n — 1,n)-weakly prime, for alln > 3. Consider
(zy, 2°,y°) fg _
= . We have 0 # T € N, but T ¢ N, where
(l’y, '1"2 - y27 :L‘ga y3)
T 292,23, y3), fori=1,2. So N is not weakly prime.

and M = R as R-module. By [9],

T =o'+ (2y,

3. (n—1,n) — ¢o-prime submodules

Theorem 3.1. Let M be an R-module and 0 # x € M such that Rx #
M and (0 :g ) = 0. If Rx is not a (n — 1,n)-prime submodule of M,
then Rx is not (n —1,n) —m-almost prime submodule of M (n,m > 2).

Proof. Since Rz is not (n— 1,n)-prime, there exist a1,...,a,-1 € R and
y € M such that ay...ap—1 € (Rz : M) and a1 ...a;—1Gj+1...an—1Yy &
Rz, foralli € {1,2,...,n—1}. Butay...ap—1y € Rx. Ifay...an1y &
(Rx : M)™~ ! Rz, then by definition Rz is not (n—1, n)—m-almost prime.
Solet ay...an 1y € (Rr: M)™ 1x. We have (ai...a; 1Giy1...0n 1)

(y+xz) ¢ Re, foralli € {1,2,...,n—1} and a; ... ap—1(y + 2) € Rx. If
ai...an_1(y +x) € (Rx : M)™ 'z, then again by definition Rz is not
(n —1,n) — m-almost prime. So let ay ...a,_1(y+ ) € (Rx : M)z,
then ay ...a,_ 17 € (Rx : M)™ 'z, which gives that a; ...a, 17 = rx,
for some 7 € (Rx : M)™~ 1. Since (0 :g ) = 0, it gives that aj ... an_1 =
r € (Rx: M)™ ! C (Rx : M), which contradicts our assumption. O

Corollary 3.2. Let 0 # x € M, where M is an R-module and (0 :p
x) = 0 and Rx # M. Then Rx is a (n — 1,n)-prime submodule of
M if and only if Rx is a (n — 1,n) — m-almost prime submodule of M
(n,m>2).

Corollary 3.3. Let the assumptions be as in the Corollary 3.2. Then
Rz is (n—1,n)-almost prime if and only if Rx is (n —1,n) — m-almost
prime (n,m > 2).

Proof. Let Rx be (n—1,n)—m-almost prime. So Rz is (n—1,n)-almost
prime. Conversely, let Rx be (n — 1,n)-almost prime. By Corollary 3.2
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(for m = 2) Rx is (n — 1,n)-prime. So again by Corollary 3.2 Rz is
(n — 1,n) — m-almost prime. O

We give an example of a (n — 1,n) — n-almost prime submodule that
is not (n —2,n — 1) — (n — 1)-almost prime (n > 3).

Example 3.4. Let K be a field and R = K[|z|]. We know that m =

(x) is the unique mazimal ideal of R. Put R = % and M = R

as R-module. We have m" = 0. Let N be a proper submodule of
M. We have (N" 1) = N2 - e C m" = 0. Suppose that
ai,...,an-1 € R, an € M and 0 # ay...a, € N" 1. Since m" = 0,
there exists i € {1,...,n} such that a; ¢ m and hence a; is a unit.
Thus ayas ... a;_1a;11 - ..a, € N*71 and N*=! is (n — 1,n) — n-almost
prime. We now show that m"~! is not (n — 2,n — 1) — (n — 1)-almost
prime. Since (M"~1)""1 = m?"=2 = 0, we have 0 # "1 € m"~ L.
Hence 7071 € mn~1\(m" 1)1, But 72 ¢ m"~L. So m" ! is not
(n—2,n—1)— (n—1)-almost prime.

Theorem 3.5. Let M be an R-module and a be an element of R such
that aM # M. Suppose that (0 :pr a) € aM. Then aM is (n —1,n)-
almost prime submodule of M if and only if it is (n—1,n)-prime (n > 2).

Proof. <) is clear.

=) Suppose that aM be (n — 1,n)-almost prime. Let by,...,b,—1 € R
and z € M with by...bp—1x € aM. If by...bp_12 & (aM : M)aM,
then by...b,—1 € (aM : M) or by...bi_1bjt1...by_1x € aM, for some
i € {1,2,...,n — 1}. So suppose that by...b,_12z € (aM : M)al.
Now (b1 + a)by...by_1x € aM. If (by +a)ba...bp_1x & (aM : M)aMl,
then, aM is(n — 1,n)—almost prime, then by...b,—1 € (aM : M) or
by...bj—1bjt1...byp—1x € aM, for some i € {1,2,...,n — 1}. So assume
that (b1 + a)be...by—1x € (aM : M)aM. Then by...b,_12 € (aM :
M)aM gives that abs...b,—12 € (aM : M)aM. Hence there exist r €
(aM : M) and y € M such that abs ...b,—12 = ray and so by ... b,_12—
ry € (0 :ps a). This gives that by... b1z € (0:pr a) +aM CaM. O

Lemma 3.6. Let R = Ry X Ro X --xX R, where R; is a commutative ring,
foralli € {1,2,...,n}. If P is a (n—1,n)—weakly prime ideal of R, then
either P=00or P=P X Py XX P,_1 X Ry X Piy1 X ---x P, for some
ie€{1,2,...,n} and if P; # R; (for j # i), then P; is (n — 1,n)—prime
m Rj.
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Proof. Let P=P; X Py X -+ X P, be a (n — 1,n)—weakly prime ideal
of R. So there exists (0,...,0,0) # (a1,as9,...,a,) € P and hence

(a1, 1,1,...,1)(1,a2,1,...,1)...(1,1,...,1,an) = (a1,as,...,an) € P.

Since P is (n — 1,n)—weakly prime; we have
(a1,az2,...,a;-1,1,ai41,...,a,) € P, for some i € {1,2,...,n}. Hence
(0,0,...,0,1,0,0,...,0) € P. So P=Py X Py x--- X Pi_1 X Rj X Pi11 %
- x P,. If Pj # Rj (for j # 1), we claim that P; is (n — 1, n)—prime.
Suppose that 7 < j. Let biba...b, € P;, we have

0+ (0,0,...,0,1,0,...,0,biba...by,0,...,0)
= (0,...,0,1,0,...,0,b1,0,...,0)(0,...,0,1,0,...,0,bs,0,...,0)
...(0,...,0,1,0,...,0,b,,0,...,0) € P.

Since P is (n — 1,n)—weakly prime, we have
(0,0,...,0,1,0,...,O,blbg...bk_lbk+1...bn,o,...,O) epP

for some k € {1,2,...,n}. So biby...by_1bg+1...b, € Pj. Thus P is
(n — 1,n)—prime. The proof j < i is similar. O

Proposition 3.7. Let R = Ry X --- X R, where R; is a commutative
ring, for alli € {1,...,n} and every proper ideal of R is (n—1,n)-weakly
prime. Let M = My x --- X My, where 0 # Mj is an Rj-module, for all
jeA{l,...,n}. If 0 # P is a (n — 1,n)-weakly prime submodule of M
such that (P : M) # 0, then P = Py X Pyx -+ -X Py X M; X P11 x---X P,
for somei € {1,...,n} and if P; # M; (for j # i), then P; is a (n—1,n)-
prime submodule of M;.

Proof. Let P = P} x --- x P,, where P; is a submodule of M;, for
ie{l,....n}. 0#£(P: M) = (P, : My) x---x (P, : My,) is a nonzero
proper ideal of R. So it is (n — 1, n)-weakly prime, by assumption. We
have by Lemma 3.6 (P, : M;) = R;, for some i € {1,...,n} and so
PZ:MZ ThUSP:P1X"'XPZ‘_1XMZ‘X_PZ‘+1X-"><P7L. IfP]#M]
(for j # i). We claim that P; is (n — 1,n)-prime. Suppose that ¢ < j.
Let aq,...,ap—1 € R; and x € M; such that a;...a,-1x € P;. There
exists 0 #£ y € M;. We have

0#(0,...,0,9,0,...,0,a;...ap—12,0,...,0)
=(0,...,0,1,0,...,0,a1,0,...,0)...(0,...,0,1,0,...,0,an_1,0,....,0)
%(0,...,0,9,0,...,0,2,0,...,0) € P.
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Since P is (n — 1,n)-weakly prime, we have a1 ...a,—1 € (P; : Mj) or
ai...ag—10k41 - .- ap—12 € Pj, for some k € {1,...,n —1}. Thus P; is
(n — 1,n)-prime. The proof j < ¢ is similar. O

It was shown by Anderson and Smith [7], Theorem 8, that every
proper ideal of R is weakly prime if and only if R is a direct product
of two fields or (R, M) is quasi-local with M2 = 0. Now we extend this
result to (n — 1,n)-weakly prime modules.

Theorem 3.8. Let R = F}| x --- X F,,, where F; is a field and 0 # M;
is a Fj-vector space, for all i € {1,...,n} and M = M; x --- X M,.
Every proper submodule of M is (n — 1,n)-weakly prime if and only if
dimM; = 1, for all i.

Proof. (<) Let dimM; =1, foreachi € {1,...,n}and N = Ny x---xN,
be a proper submodule of M, where N; is a submodule of M;. So N; = 0,
for at least one j € {1,...,n} (because N is a proper submodule). It is
easy to show that N is (n — 1, n)-weakly prime.

(=) Suppose that every proper submodule of M is (n — 1, n)-weakly
prime. We claim that dimM; = 1, for alli € {1,...,n}. Let dimM; > 1,
for some i € {1,...,n}. So there exists a proper submodule 0 # N; of
M;. We have by assumption that P=0x--- x0x N; x 0 x --- x 0 is
(n — 1,n)-weakly prime. Let 0 # x; € N; and 0 # x; € M; (for each
j #1). We have

0 # (0,...,0,2;,0...,0)=(0,...,0,1,0,...,0)(z1...2y)

= (a11,...,ai-11,1, a1, .., an—11)(@12, ..., @i—12, 1, a2, . . ., an—12)
(@1n—1,-- s Gi—1n—1, 1, Gin—1, . . - s Gp—1n—1)(T1, 22, ..., p) € P,

Where z; and ones are in the i'th place and a;; = 0 and aj;, = 1, for
each k # j and j € {1,...,n—1}. Since M; # 0, for each j # i, we have
(0 : Mj) = 0. Since N; is a proper submodule of M;, we have (N; : M;) =
0. Thus (P : M) = (0, ,0). So (all,... ,ai_ll,l,ail,...,an_ll)
(@1n—1s-+ s Gimin—1, 1, Qin—1, ..., an—1n—1) & (P : M), where the number
1 has appeared in the #'th place and for each j # i (i < j), we have
0,...,0,1,0,...,0,1,0,...,0)(z1,...,zn)

= (0,...,0,240,...,0,24,0,...,0) € P, where the first one is in the
i'th place and the second one is in the j’th place, which is impossible.
The proof for j < i is similar. g

It was shown by Anderson and Smith [7], Theorem 8, that every
proper ideal of R is weakly prime if and only if R is a direct product
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of two fields or (R, M) is quasi-local with M2 = 0. Now we extend this
result to (n — 1, n)-weakly prime modules.

Theorem 3.9. Let R = I} x --- X F,,, where F; is a field and 0 # M;
is a Fj-vector space, for all i € {1,...,n} and M = M; X --- X M,.
Every proper submodule of M is (n — 1,n)-weakly prime if and only if
dimM; = 1, for all i.

Proof. (<) Let dimM; =1, foreachi € {1,...,n}and N = Nyx---xN,
be a proper submodule of M, where N; is a submodule of M;. So N; = 0,
for at least one j € {1,...,n} (because N is a proper submodule). It is
easy to show that N is (n — 1,n)-weakly prime.

(=) Suppose that every proper submodule of M is (n — 1, n)-weakly
prime. We claim that dimM; = 1, for alli € {1,...,n}. Let dimM; > 1,
for some ¢ € {1,...,n}. So there exists a proper submodule 0 # N; of
M;. We have by assumption that P=0x--- x0 X N; x 0 x -+ x 0 is
(n — 1,n)-weakly prime. Let 0 # x; € N; and 0 # x; € M; (for each
j #1i). We have

0 # (0,...,0,2;,0...,0)=(0,...,0,1,0,...,0)(x1...2y)
= (a11,...,ai-11,1,ai1,...,an—11)(a12, ..., Gi—12, 1, a2, . .., apn_12)
(aln,l, e, Qi—1n—1, 1,am,1, .. .,anflnfl)(l'l,l‘g, .. .,ZL‘n) € P,

Where z; and ones are in the i'th place and aj; = 0 and aj; = 1, for
each k # jand j € {1,...,n—1}. Since M; # 0, for each j # i, we have
(0 : Mj) = 0. Since N; is a proper submodule of M;, we have (N; : M;) =
0. Thus (P : M) = (0, cee ,O). So (a11, ey Ai—11, 1, ity - - - ,an_n)
co(@ip—1, - ai—1n—1, 1, Gin—1, - -y Gp—1n—1) € (P : M), where the num-
ber 1 has appeared in the i'th place and for each j # i (i < j), we have
0,...,0,1,0,...,0,1,0,...,0)(z1, ...,z

= (0,...,0,24,0,...,0,2;,0,...,0) ¢ P, where the first one is in the
i'th place and the second one is in the j'th place, which is impossible.
The proof for j < i is similar. O

Recall from [3] that a submodule N of M is called idempotent if
N = (N : M)N. We know that a commutative ring R is Von Neumann
regular if and only if every ideal of R be idempotent. Ansari-Toroghy and
Farshadifar in [8] defined a fully idempotent module i.e., an R-module
M with the property that every submodule of M is idempotent.

Lemma 3.10. Let n > 1 be a natural number. An R-module M is
reqular if and only if (N : M)"N = N, for every submodule N of M.
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Proof. (=) Let M be a regular R-module and N be a submodule of M.
We have (N : M)N =N. So (N : M)"N = N.

(<) Let N be a submodule of M. We have N = (N : M)"N C (N :
M)N CN.So N = (N:M)N and M is regular. O

Theorem 3.11. Let R = Ry X --- X R,,, where R; is a commutative
ring and 0 # M; be an R;-module, for all i € {1,...,n}. Let M =
My x -+ x My,. Every proper submodule of M is (n — 1,n) — n-almost
prime if and only if M is a reqular R-module (n > 2).

Proof. (<) Let M be a regular R-module and N be a proper submodule
of M. So (N : M) N = N. Since N\(N : M)" "IN = ), we have N
is (n — 1,n) — n-almost prime.

(=) Let every proper submodule of M be (n—1,n)—n-almost prime.
We show that M; is regular, for all i € {1,...,n}, hence M is regular.
Suppose that M; is not regular, so there exists a submodule N; of M;
such that (N7 : M1)" 'N; # Ni. By hypothesis Ny x 0 x --- x 0 must
be (n — 1,n) — n-almost prime. But, since (N7 : M1)" !Ny # Ny, there
exists 1 € N1\(Ny : M7)" "Ny, Let 0 # x; € M;, for all i > 2. We
have

(21,0,...,0) = (1,0,1,...,1)(1,1,0,1,...,1)...(1,1,...,1,0)
(z1,...,2n) € (N1 x0x---x0)\(Ny x0x---x0:M)"!
(N1 x0x---x0).

Since N1 x0x---x0is (n—1,n)—n-almost prime, we have 1 € (N} : M;)
or z; € (0), for some ¢ > 2, which is impossible. So M; is regular.
Likewise, M; is regular, for all i € {2,...,n}. O

Theorem 3.12. Let R = Ry X --- X Ry, and M = My X --- X M,,,
where R; is a commutative ring and 0 # M; is an R;-module, for all
i€ {l,...,m}. Then every proper submodule of M is n-almost prime if
and only if M is regular (n,m > 2).

Proof. (<) Let M be a regular module and N be a proper submodule
of M. So (N : M)" !N = N, hence N is n-almost prime.

(=) Suppose that every proper submodule of M is n-almost prime.
So every proper submodule of M is almost prime. We show that M;
is regular, for all i € {1,2,...,m}, hence M is regular. If M; is not
regular, then there exists a proper submodule N; of M; such that (IV; :
Ml)Nl # Ni. So there exists x1 € Nl\(Nl : Ml)Nl. Let 0 # x; € M;,
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for all ¢ > 2. We have
(xl,O,...,O) = (1,0,...,0)(%1,3}2,...,1'771)€(N1XOXH-XO)\
(Npy x0x---x0:M)(Nyx0x---x0).

By hypothesis N; X0 x - -+ x 0 must be almost prime. But (1,0,...,0) ¢
(N1 x0x---x0:M)and (x1,...,2y) € Nt x0x---x0. So M is
regular. Likewise, M; is regular, for all i € {2,...,m}. O

Corollary 3.13. Let m,n > 2 be natural numbers and R = Ry X---X R,
and M = M; X -+ X M,,, where R; is a commutative Ting and M; is
an R;-module, for all i € {1,...,m}. Then, every proper submodule
of M is n-almost prime if and only if every proper submodule of M is
(n + 1)-almost prime.

Proof. (<) It is clear.

(=) Let every proper submodule of M be n-almost prime. We get that
M is regular by Theorem 3.11. But n + 1 > 2, hence by Theorem 3.11,
we obtain that every proper submodule of M is (n+1)-almost prime. [

4. Multiplication modules and (n —1,n) — ¢,-prime submodules

Let R be a commutative ring and M an R-module. We know that
M is called a multiplication module if every submodule N of M has
the form IM for some ideal I of R. Note that I C (N : M), hence
N =IM C (N : M)M C N, so that N = (N : M)M. We use this
concept in the next results.

Theorem 4.1. (i) Let R be a commutative ring and My, Ms be two
R-modules. Let P be a (n — 1,n)-weakly prime submodule of My. Then
Q=P x My is a (n—1,n) — ¢-prime submodule of M = My x Ma, for
cach ¢ with ¢, < & < ¢y (n > 2).

(ii) Let R be a commutative ring, M be an R-module and P be a
finitely generated faithful multiplication submodule of M. Suppose that
P is (n — 1,n) — ¢-prime, where ¢ < ¢py1 and (P : M) is a finitely
generated ideal of R. Then either P is (n — 1,n)-weakly prime or (P :
M)"=1P 0 and M decomposes as My x Ma, where My = (P : M)" 1M
and P = Q X My, where Q is (n — 1,n)-weakly prime. Hence P is
(n —1,n) — ¢-prime, for each ¢ with ¢, < ¢ < ¢P1.

Proof. (i
(n—1,n

If Pis (n— 1,n)-prime then @ is (n — 1,n)-prime, hence is
— ¢-prime, for all ¢. Suppose that P is not (n — 1, n)-prime.

N —
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Then by Corollary 2.2, (P : M)" 1P = 0. We have (Q :p M) =

o0

(P:r Mi). So ¢,(Q) = [)(Q: M) 'Q = (P : M) (P x M) =
=1 =1
0x ()(P: My)' ™" My. Thus Q\¢w,(Q) = PxMa\0x [ |(P: My)" ' My =
i=1 =1
(P\{0}) x M\ () (P : My)*~'M,. Thus
=1

aj...an—1(z,y) € Q\du(Q)

aj...ap—1z € P\{0}

ay...an—1 € (P:M;)=(Q:M)

Or aj...—1Gij41...anp—12 € P for some i€ {1,...,n}

= a1...0i-1041 .- Ap—1(x,y) € Q.

oy

So @ is (n — 1,n) — ¢,-prime and hence (n — 1,n) — ¢-prime.

(ii) If P is (n — 1,n)-prime, then P is not (n — 1, n)-weakly prime. So
we can assume that P is not (n — 1,n)-prime. Then (P : M)"~'P C
¢(P); and hence (P : M)" 1P C ¢p1(P) = (P : M)"P. So (P :
M) P = (P : M)>=DP. Thus by [1], Theorem 3.1, we have (P :
M)» 1 = (P : M)>™=1. Hence (P : M)"! is idempotent. Since
(P : M)™ 1 is finitely generated, (P : M)"~! = (e) for some idempotent
element e € R. Suppose (P : M)"'P = 0. So ¢(P) = 0 and hence
P is (n — 1,n)-weakly prime. Assume that (P : M)""1P # 0. Put
My = (P: M)" 1M = (e)M and M; = (1 —e)M; hence M decomposes
as My X My. Let @ = (1 —e)P, so P = @ x My. We show that Q
is (n — 1,n)-weakly prime. Let ai,...,a,—1 € R and = € M; and 0 #
ay...ap—1T € Q; 80 ay...an—1(x,0) = (a1 ...ap—12,0) € Q@ x My = P.
We have (P : M)" 1P = {0} x My and ¢(P) C (P : M)""!P. Hence
P\(P: M)"~'P C P\¢(P). Since P is (n — 1,n) — ¢-prime, so

(ah s ,(Lnfll',()) € P\¢(P)
= ajy...an-1(z,0) € P\¢(P)
= a1...0j-10i41...0p—1x € Q for some i€ {1,...,n—1}

or a,...,ap—1 € (P : M) = (Q : M;). Hence Q is (n — 1,n)-weakly
prime. O
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Theorem 4.2. Let (R,m) be a quasi local ring with m™ = 0. If M is a
multiplication R-module, Then every proper submodule of M is (n—1,n)-
weakly prime (n > 2).

Proof. Since every multiplication module over a quasi-local ring is cyclic
[1], Theorem 2.8, there exists y € M such that M = Ry. Suppose that
N is a proper submodule of M. Let r1,...,7,_1 € R and x € M and
0#7ry...rp—1x € N. There exists s € R such that, x = sy and hence
0#7ry...rp—18y € N. Since m™ =0, we have r1...7_17j41..."p—1T €
N, for some i € {1,...,n —1}orri...7p—1 € (N : M). Thus N is
(n — 1,n)-weakly prime. O

The converse of Theorem 4.2, is not true in general. For example let
M be a vector space over the field F' with dimM > 2. We know that M
is not a multiplication module. Every proper submodule of M is prime
and so is (n — 1,n)-weakly prime (n > 2).

In the following lemma, we will characterize the almost prime sub-
modules of a finitely generated faithful multiplication module.

Lemma 4.3. Let R be a commutative ring and M be a finitely generated
faithful multiplication R-module and let P be an ideal of R.

(i) If PM is a n—almost prime submodule of M, then P is a n-almost
prime ideal of R (n > 2).

(ii) If P is an almost prime ideal of R and for every Q € Maz(R)
with P C Q; PNQ?> =0 and ﬂ Q" =0, then PM is an almost prime

n>1

submodule of M .

Proof. (i) Suppose that PM is a n-almost prime submodule of M and
r,s € R with rs € P\P". Since N = PM = (N : M)M, we have by
[1], Theorem 3.1, P = (N : M) = (PM : M). So (PM : M)""'PM =
P*"M. If rsM C P"M, then (rs) C P™ by [1], Theorem 3.1, which is
impossible. So (r)[(s)M] € PM and (r)[(s)M] € P"M. Thus we have
by [19], Theorem 2.11, (r) C P or (s)M C PM. Sor € Por s € P by
[1], Theorem 3.1, and hence P is n-almost prime.

(ii) Suppose that P is an almost prime ideal of R. If PM = P, then
there exists a € P, such that (1 —a)M = 0. Hence a = 1, which is
impossible. So PM # M. Let a € R and z € M with ax € PM\P?M.
If a € P, then a € (PM : M). Thus we may assume that a ¢ P.
Put K = {r € R|re € PM}. If K = R, then v € PM. Let K # R.
So there exists Q € Max(R) with K C @. Since a € K C Q, we
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have P C Q. Since M is multiplication, by [1], Theorem 1.2, M =
{m € M|3q € Q,(1 — gym = 0} or there exists ¢ € Q and m € M
such that (1 —¢)M C Rm. If M = {m € M|3q € Q, (1 — ¢ym = 0},
then (1 — ¢)xr = 0 and so (1 —¢) € K C @, a contradiction. Now
assume that there exists m € M and ¢ € @, such that (1 —¢)M C Rm.
Hence (1 — ¢)x = sm, for some s € R. We have ax € PM and so
(1 —q)ax € (1 — q)PM C Pm. Therefore there exists p € P such that
(1 — g)Jar = pm and so asm = pm. Again, [(1 — ¢)ann(m)|]M = 0
and hence (1 — g)ann(m) = 0. Therefore (1 — ¢q)(as —p) = 0. So
(1—q)as = (1—q)p € P. If (1—q)p & P?, then (1—q)as € P\P2. Since
a ¢ P and P is almost prime, so (1 — ¢q)s € P. Since (1 — q)p & P2,
(1—q)s € P\P2. Therefore (1—q) € P C Q, (a contradiction), or s € P.
If s € P, then (1 —¢)x € PM and so (1 —q) € K C @, a contradiction.

It follows that (1 — q)p € P2. Since P C @ we have p € Q N P? = 0.
So (1 — g)ax = pm = 0 and hence ax = gar = ¢’ax = .... So ax €
((Q"M) = ([} Q")M = 0 by [1], Theorem 1.6, which is impossible.
n>1 n>1

O

Anderson and Bataineh [6], Theorem 22, have shown that in a Noe-
therian ring R every proper ideal of R is a product of almost prime ideals
if and only if R is a finite direct product of Dedekind domains, SPIRs,
and SPAP-rings. Recall that R is an SPAP-ring, if (R, m) is quasi-
local and satisfies the following two conditions: (i) for each z € m\m?,
(2?) = m? and (i) m3 = 0.

Let M be a multiplication R-module and N7 and Ny be submodules of
M. There exist ideals I7 and I3 of R such that Ny = 1M and Ny = I, M.
Ameri in [4] defined the product of N1 and Ny by N1No = 1o M. We
use this notion and extend the result in the above paragraph to some
modules.

Theorem 4.4. Let R be a commutative Noetherian ring and for each al-
most prime ideal P of R and each Q € Maz(R) with P C Q; Q*NP =0

and ﬂ Q" =0. Let M be a finitely generated faithful multiplication R-
n>1

module. FEvery proper submodule of M is a product of almost prime

submodules if and only if R is a finite direct product of Dedekind do-

mains, SPIRs, and SPAP-rings.

Proof. (=) Suppose that every proper submodule of M is a product of
almost prime submodules. Let I be a proper ideal of R. We have IM is
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a proper submodule of M by [1], Theorem 3.1. Since N = IM = (N :
M)M, so I = (N : M). By hypothesis N = ([;M)...(I,M), where
I;M is an almost prime submodule of M, for all i« € {1,...,n}. So
IM=(I...I,)M. Thus I = I1I,...I, by [1], Theorem 3.1. Now I; is
an almost prime ideal of R, for all s € {1,...,n}; by Lemma 4.3 (i). So
every proper ideal of R is a product of almost prime ideals. Therefore R
is a finite direct product of Dedekind domains, SPIRs, and SPAP-rings;
by [6], Theorem 22.

(<) Let R be a finite direct product of Dedekind domains, SPIRs,
and SPAP-rings. So every proper ideal of R is a product of almost
prime ideals, by [6], Theorem 22. Let N be a proper submodule of
M. So N = IM, for some proper ideal I of R. Thus I = I11...1I,,

where I; is an almost prime ideal of R, for each i € {1,...,n}. Now we

have I; M is an almost prime submodule of M by Lemma 4.3 (ii) and

N=5L...IM=ILM...I,M. O
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