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Abstract: This paper mainly studies the Singularities of smooth mapping. The singularities of the families of Gauss
maps corresponding to the family of mappings are studied and the shape of these families and their singularities

using mathematica program are illustrated and plotted.
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1. Families of Maps (Scaler Function)
Let

Z= f(ul,..., un,al,..., ar)
be the family of r parameter of hypersurface in R".
Where ua el c Rnﬂ,a = ar c Rr ,
the vector a is a vector of control parameter.

The discriminate set of these families can be
calculate by the solution of these (n) equations

p“ = Osuch that p« = 0% and finding U” ’s as
ou”
function in a' say U“ =u“(a”)and substitution in
the relation f = 0 we obtain the discriminate set for
the considered formal as in the following form
A=f(',.,a")=0

By changing the control parameters we find some
singular points for the family which can be classified
according to the famous theorems in singularity
theory. Using the Hessian matrix we can obtain the
singular points and singular set. Geometrically these
singularities can be plotted but the classification of
them can’t be a valuable for all points. Using the
terminology of level set which tell us the type of
singular points like folds (level sets is start line), cusp
(level set is semicubical parabola). In general there is
no existance of some famous types.

Remark 1 For the simple ideas for finding and
calculated singular points and singular sets see [1, 2,
3].
Definition 1 [1] The level set attached to the
hypersurface M is defined as the following: let u, =
Z(ug, U2, ..., Un1) = C, Cis constant, if ¢ = 0 that given
the level set Vo = {(uy, U2, ..., Uy1): U, = 0} and the
other level sets are

V={(uy, u2, ..., Up):u, =0}, Cc=0
Another version of the definition of level sets is
contours as given in the following
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Definition 3 We say the point p on a surface M with

a parametric representation is a contour point if and

only if N.pc=0

where N is the normal vector field on the surface M

and c is the view point. The contour line or contour,

for short, of a surface is the set of all its contour

points.

The determination of the contour line of a surface in

the general case involves a numerical method to find

the zeros of a real-valued function of n real variables

in a domain (u, U ..., u") € U. An algorithm and its

implementation can be found in [6].

2. Application

Let us consider a 3-parameter family of surfaces

defined by mong’s form as the following:

Z=f (u, v; a, b, ¢) =au*+bu’v+u*+cv?, a,b,c eR (1)

This family is denoted by o, where a, b, ¢ are the

parameters of the family o . The bifurcation diagram

of the zeroes of this family (of functions of u; v

depending on the parameters (a, b, c) is given from:
A=c=0 @)

where A is the discriminant set and it is a plan.

Remark 4 The family of contours is given from z = k

(constant), and the family of zero level set

corresponding to k = 0 are given through the figurers

[1, 2, 3].

The families (1) are classified into serval subclasses

as the following:

1) a=b =c =0, in this case the family f has A;

singularity (fold).

2) b=c =0, a<0then f has a singularity (cusp).

3) b=c =0, a> 0 in this case the family f has A;

singularity (fold).

4)a=c=0,b<0orb>0in this case the family f

has a fold.

5 a=b=0,c<0orc>0 in this case the family f

has & B2 singularity (the normal form of this set is

By = X* +y% k>2).

6) a;b;c>0,a;b;c<0. 7Na=0,b<0;c<0.
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8) a=0,b>0;c>0.
10)a=0,b>0;c<0.
12)b=0,a>0;c>0.
14)b=0,a>0;c<0.
16)c=0,a>0;b>0.
18)c=0,a>0;b<0.

The previous families are plotted by &, i =

1, 2,...,18 which corresponding to the conditions ( 1),
2),..., 18)) and their geometric interpretations are
given through the figures [4]- [16].

we denote the previous families by &, i=

1, 2,...,18 which corresponding to the codomain ( 1),
2),..., 18)).
The normal vector field to the family of surfaces (1),
is given by:

N(u, v; &, b, c)={-2(u+2au®+buv),-(bu?+2cv),1} (3)
For the subfamily &, it is easy to see that the

99a=0,b<0;c>0.
11)b=0,a<0;c<0.
13)b=0,a<0;c>0.
15)¢c=0,a<0;b<0.
17)c=0,a<0;b>0.

normal vector fields has a planer swallowtail when a,
b,c>0o0ra, b, c <0 asshown in figure (17).

Since the family (3) of function lies in the
plane z =1, so we can make a modification to the
families (N(u, v; a, b, c)) as in the following:

Nmoa(U, V; a, b, ¢)={-2(u+2au+buv),-(bu*+2cv)} (4)
The singularities of this family can be deferral using
the rank of its Jacobian matrix which is given by:

—2(1+6au®+bv) —2bu -
—2bu -2c
so the discriminant set(singular set) is given as:

S :=4c-4b’u*+24acu®+4bcv =0 (6)
From which we have :

S::UZ:L(V+EJ, b* #6ac,b =0 (7)
b* —6ac b

This relation represents a parabola in the
plan u, v with [0 ;1] , 1. &, is non defined for all
b

points lies on the hyperbolic paraboloid. Thus the
image of singular set under the modified normal
vector field N is

Nimoa(S)= J_ 2(b2 —4ac) u37§_ 3(b2 —4ac) u? (8)
c b b
It is easy to see that the normal vector field of the

family has a cusp point for all points except for the
points lies on the hyperbolic paraboloid

b? —4ac = 0 with conditions b; ¢ # 0 see figures
(18). The shapes of discriminate set, zero level sets,

for the family subclasses o, of the given family and

1

the normal vector field for the subclasses o; and
singular point are shown in fig [1] to [18].
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3. Gauss and Mean Curvature

The notion of curvature of a surface is a
great deal complicated than the notion of curvature of
acurve. Let  be a curve in R®. and let p be a point
in on the trace of«x .The curvature of o at p
measures the rate at which ¢ leaves the tangent line
to « at p. By analogy. the curvature of a surface
Mc R®atp € M should measure the rate at which
M leaves the tangent plane to M at p. But for surface
a difficulty arises that was not present for curves:
although a curve can separate from one of its tangent
lines in only two direction. a surface separates from
one of its tangent planes in infinitely many directions.
In general the rate of departure of a surface from one
of its tangent planes depends on the direction.

It is usually possible to glance at almost any
surface and recognize which points are elliptic,
hyperbolic, parabolic or planer. at the planer points
we find the Gauss curvature achieves to maximum
value at thats points and mean curvature is planer. I. e
Gauss curvature and mean curvature have a relation
with elliptic, hyperbolic, parabolic and planer points.

Now we calculate the Gauss curvature and
mean curvature of that family of functions. The
shapes of Gauss curvature and mean curvature and
their contour are plotted to show the singularities of
these families.

The first fundamental coefficients of the
family under consideration are given as:
Gu=1+4(u+2au®+buv)®,  Gp=1+(bu?+2cv)?
G1,=2(bu*+2cv) (u+2au+buv)
and its discriminant (metric) is given by:

and

G=

L+ 16a”u® + 4™ + o' (B° + 16a(1 + bv))

+ 40 (1 4+ (2 + e+ b))

The second fundamental coefficients Lj; of this family
are:
L1=2(1+6au’+bv)Q, L»=2cQ, L;»=2buQ (9)

Where Q= \/1+ (bu? +2cv)? +4(u + 2au® +buv)?
and the discriminant L = det(Lj) is given by
L=4(c-b?u*+6acu®+bcv)Q (10)
From above equations and by simple
calculation we obtain the Gauss and mean curvatures
as the following:

4o -1 £ Bac® + bew)

(14 16e%0 = da? <o (1 < 16a(1+ b)) = 4ol £ bu(2 < e+ b))

(11)

(14 6au® + 4e'® (1 bo® +bu) < b (v - bu* (34 2au” + 3hu))
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- (1 - 4t (l’l - 2au?)” = b (1 =+ Gau?) 1] ]

2 et T iy 32
/ 1= (b = Zev)” = 4w+ 2au® + buw

respectively.

From (11) its easy to see that K = 0 when u; v lie on
the parabola equation:

2= bc ( 1)
U"———|V+—
h° —6ac b

i. e., K=0when u; v lie on the singular set (6).
Finally the shapes of Gauss Curvature and Mean
Curvature and its contours corresponding some

o; are plotted in figure [19] - [29].

Figures

Figure 1: zero level set hb=c=0,a <0

Figure 2: zero level set o =b =10, e <
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Figure 4: my :a=b=c=10 {fold)
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Figure 3: oo:a=b=0,c> 10

Figure f: oy :b=c=0,a>10

Figure 1) og : a, bye, = Dor a,be. < [

Figure T: my ra=c=0, <0

Figure ll: mr:a=0,b<0, c<

Figure 8: g2 ra=b=0,e <}

Figure 122 g a=0,0>0, e>0m:a=0b<0,
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Fawe 13 oy ca=00>0, e<log:b=00>0 e¢<log:c=10,
axl, bl

Figure 1oy b=0,a<l, e<l mz:e=0a<l, bl
Figure 15 gp i b=0,0 >0, e>0mg:e=0,a>0 b=
Figure 16: mg:b=0,0 <0, e>0 mrre=0,a<0, b>0
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Figure 17: normal vector field when a,b,e > )

=

-

Figure 21: Gauss curvature o, be < ()
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Figure 25: Mean curvature a=c=0,b<0or b >0

Figure 26: Mean curvature a=b=10, ¢ < 0
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Figure 28: Mean curvature a,b, e < ()

Figure 20: Mean curvature a,b, ¢ > ()
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