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Sability of Switched Linear Discrete-Time Descriptor Systems with
Explicit Calculation of a Common Quadratic Lyapunov Sequence

Asier |beas, Manudl de la Sen, Ramoén Vilanovaand J. Herrera

Abstract— In this paper, the stability of a switched linear
regular descriptor system is considered. It will be shown that if
a certain simultaneous triangularization condition on the
subsystemsisfulfilled and all the subsystems are stable then the
switched system is stable under arbitrary switching. The result
involves different descriptor matrices and extends to the
singular case well-known results from the standard one.
Furthermore, an explicit construction of a common Lyapunov
sequence for a set of discrete-time regular linear descriptor
subsystems is performed. The main novelty of the proposed
approach is that the common Lyapunov sequence can be easily
computed in comparison with previous works which either
presented computationally-demanding methods or did not
construct the common Lyapunov sequence explicitly.

I. INTRODUCTION

ITCHED systems have attracted a lot of interest during
he last years spoiling an active research activity. Main
reason for this relies on their chalenging theoretical
background as well as their potential applications in real-
world control such as the control of robot manipulators,
electrical networks and chemical reactors, for citing few of
them [1,2]. Thus, many theoretical works have been reported
concerning switched systems including the study of their
controllability and observability properties and, especialy,
the stability and stabilization issues, [3-10]. The latter is
indeed the main problem when designing a control system.
Hence, there are two main questions that can be formulated
related to the stability of switched systems; 1) when is a
switched system stable under arbitrary switching? 2) Which
switching sequences are able to guarantee the stability of a
system?

This paper concentrates on the first question since the most
interesting feature for control purposes appears when the
system is stable under any switching sequence. One of the
classical approaches to the analysis of the stability of a
switched system under arbitrary switching relies on the use
of the Lyapunov theory. In this way, it is widely known
[5,6] that if all the subsystems share a common Lyapunov
function, then the switched system is asymptotically stable.
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For linear systems and quadratic Lyapunov functions there
are two possibilities to verify when this occurs. The first one
is to set up a system of linear matrix inequalities (LMI)
whose feasibility implies the existence of such a common
Lyapunov function, [11,12]. On the other hand, many
algebraic-type conditions have been proposed in the
literature to determine when there is a common Lyapunov
function [4,13,14]. The main result establishes that if the set
of stable linear matrices describing the switched linear
system is simultaneously triangularizable, then they share a
common Lyapunov function. Therefore, the switched system
will be asymptotically stable under any switching law. There
are many characterizations to verify when a family of
matrices simultaneously triangularizes. Among them, Lie-
type criteria have revealed especially useful [4,14,15]. Later,
triangularizability criteria were relaxed to a certain class of
pair-wise triangularizable set of matricesin [16].

However, both approaches posses the disadvantage that if
we are interested in the explicit calculation of the common
Lyapunov function, then high-demanding calculations have
to be used. As a consequence, little insight in the properties
of the common Lyapunov function is gained, [4,13].

This drawback is inherited when the switched system is
defined by descriptor systems. Descriptor (also known as
implicit or singular) systems are the most general class of
linear systems (in comparison with standard systems) and
are capable of describing a wide variety of economic,
physical and engineering models, [17-21]. As a
consequence, many works have been reported on descriptor
systems including the feedback stabilization, Lyapunov
stability theory, LMI approach, etc. [17,20-24]. Moreover,
the interplay between switched and descriptor systems has
also been explored in the literature. Thus, some of the above
results concerning standard switched systems have been
naturally extended to the singular case during the last years
[18,19,26] while the same limitation referred to the
calculation of the common Lyapunov function has also been
pointed out, [12].

Especially, the recent results in [18,19,26] extend the
asymptotic stability property under arbitrary switching of
stable switched standard systems satisfying the quite
restrictive condition of pair-wise commutativity to the
singular case.

The purpose of this paper is twofold. Firstly, the
simultaneous triangularizability condition on standard
systems, which is a sufficient condition to guarantee the
asymptotic stability of the system under arbitrary switching,
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is extended to the singular case. Furthermore, for the
commutativity case a less restrictive condition than that
exposed in [18] is stated as sufficient to guarantee stability.
Additionally, the result is obtained by using similar
techniques to the ones used in the standard case in
comparison to the involved algebraic manipulations used in
the recent work [26]. Hence, not only are the results
extended to the singular case but also obtained by using
adequate variations of previous techniques which have not
been presented so neat in the literature before.

Secondly, an alternative construction to that included in
[4,25] of a common Lyapunov sequence is presented for the
case of discrete-time linear switched descriptor systems. To
this end, the set of matrices is represented in a special basis
where simultaneous triangularizability with the absolute
values of al the off-diagonal elements being as small as
desired is achieved. This transformation allows the explicit
construction of a common Lyapunov sequence in an easy
way in comparison with the previous work [4].

The paper is organized as follows. Section Il contains the
problem formulation. The main result of the paper is
presented and proved in Section 111 while conclusions end
the paper.

Notation. A > (>)B for matrices A,B means that

A — B isapositive (semi)definite matrix.

Il. PROBLEM FORMULATION

Consider the class of discretetime switched linear
descriptor systems of the form

Ea(k)xlwrl = Aa(k)xk @)
with z, e R", E,, A, e R for i€ Z7 ={1,2,...,m} and
finite integer m, n>2 to avoid trivial cases and
c:N— 7 is the so called switching function. The
matrices £, may be singular, i.e, d, = rank E, <n, for
i€ Z . The following definitions will be important in the
sequel.

Definition 1. The switched descriptor system (1) is said
regular if thereare 2, € C such that det(z,E, — 4,) = 0 for
1€ 7. u

Remark 1. Note that n>d, =rank E, >,

r, = degdet(zE, — A;) holds for any regular descriptor
system (1). When d, = r, the descriptor system defined by
(E,,A) issaid causal. u
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In this paper we will concentrate on extending the results
on simultaneous triangularizability based stability to regular
switched systems of the class (1). The proposed solution is
based on a calculation of an explicit solution to (1). To
define the stability and to give such an explicit solution it is

needed to previoudly introduce some results. For the sake of
simplicity consider the descriptor system
Ez, , = Az, 2
For system (2) the following definition can be stated.
Definition 2. The descriptor system (2) or equivaently, the
pair (E,A) is said to be asymptotically stable if the system
trajectories satisfy lim ||| =0 [ ]
The conditions which will be used to set up the existence
of a common Lyapunov sequence for (1) are based on the
caculation of an explicit solution to (1). To this end, we
need to introduce the following matrices:

E =W\E -A)'E, A=0N\E-4)'4 @)

for arbitrary real numbers \, such that (\E, — 4) ' exists

for i € Z . Furthermore, the symbol (*)” will denote the

Drazin pseudoinverse of (*), [21]. With this notation, the
following theorem gives an explicit solution to (2):
Theorem 1, [17,21]. Let (2) be aregular system and £, A

be defined in a similar way as (4). Then, every solution to
(2) hasthe form:
k

x, = (EDA) E"Fv (5)

for some v € R". Furthermore, the system (2) has a unique
solution sequence with prescribed initial value z, if and

only if there exists v € R" such that z, = E”Ev. In this
case, theinitial condition z, issaid to be consistent. |

As pointed out in [21] the products £”A and E”E do
not depend on the specific choice of .

Directly based on this result, the solution to the switched
regular descriptor system (1) is explicitly given by:

z, = (k,0)E2, B, v (6)

I k=0
O(k,0) =1k . - (7)
[1E5,4,, k>0

i=1

with the product (7) being performed from the left for some
v € R". An important question arises when considering the
existence of unique solutions to (1) due to the fact that a
‘state jump’ may occur at switching instants. Thus, the
switching may imply that the last reached state may not be a
consistent initial condition for the next active subsystem.
Then, there would not be a solution to the described
switching system afterwards. Hence, consider a consistent

~ k
initial condition z, and the solution z, = (EU(O)AU<0)) z, to
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(1) corresponding to the first k time steps without
switchings. If a switching occurs at (k+1) then it is

necessary that =, € Im(E},  E,,,,), where Im(*)

denotes the image space of the linear operator (*), in order
to force z, be a consistent initial condition for the next

subsystem. It is straightforward to see that this can be
achieved if

tm (B2 A,) CIm(B2A,,)CIm (B, By )

o(k+1)o(k+1)

The above condition can be directly generalized to give the
following technical assumption guaranteeing the consistency
of the switched descriptor system under an arbitrary
switching policy:

Assumption 1. The switched descriptor system (1) satisfies

m(EPA)CIm(EE,) fordlijeZ (8

i

and =, isaconsistent initial condition for £/, £, ,. ™

Hence, with Assumption 1 the following theorem holds.

Theorem 2. The switched regular descriptor system (1) has
a unique solution corresponding to an initial state z, given

by (6)-(7) provided that Assumption 1 holds. ]
Remarks. 3. It can also be directly concluded from (5) that
the system (E,A) (2) is asymptoticaly stable if and only if

al the eigenvalues of EPA have absolute values strictly

less than unity.
4. Note, in particular, that (8) can be satisfied if

Im(E’f) = Im(E’jD) implyingthat d = d, = d, for  all
i,j € Z which is the condition used in [26]. Nevertheless,
equation (8) is less restrictive and it is not necessary that all

the descriptor matrices have the same degree. [ |
Moreover, it is appreciated from (7) that ®(k,0) satisfies

the recursive equation ®(k,0) = £, A, , ®(k —1,0) which
makes (1) convert into

Ty, = Ef(k)Aa(k)(I)(k —10)z, = Ef(k)Ao(k)xlc—l )
since Assumption 1 holds. Thus, the stability of the switched
standard system (9) implies the stability of the switched
descriptor system (1). The standard system (9) will serve as
an auxiliary system in the main result below to state the
conditions for stability of (1) under arbitrary switching. Note
that this approach is exactly the opposite one of the selected
in [26] to deal with the stability problem for discrete-time
switched descriptor systems and constitutes the key point to
import techniques used in standard switched systemsinto the
analysis of switched descriptor ones, bringing the gap,

therefore, between them.

The main result is established by using a simultaneous
triangularization property defined in the following way.

Definition 3. Let .4 = {M ;i€ Z} be a set of matrices.
Then, 4 is said simultaneously triangularizable if there
exists a single (complex) nonsingular transformation T
such that A = TM, T~ is upper-triangular for al ie 7,
i.e

(10)

where A (M,);p =1,...,n denotethe eigenvaluesof 1/,.

The fundamental result presented in this paper in Section 3
is based on the simultaneous triangularization property of

the set of matrices A:{E[D/Al,;z‘ € Z} and in the
following result, proved here for convenience.

Lenma 2. Let 4={M;icZ} be a set of
simultaneously triangularizable matrices and ¢ >0 be
arbitrary. Then, there exists a (possibly) complex
nonsingular  transformation T =T(¢) such that
A = TMT™" is upper-triangular with |d§,>| <e for j>1¢
in(10)anddl i e 7.

Proof. Since .4 is simultaneoudly triangularizable, there
exists anonsingular complex transformation matrix ¢ and a

basis V = {v,,...,v,} such that A =QM.Q" is upper
triangular for al i€ 7. Now, define a new basis
W ={w,...,w,} by w, :U%j with re R, r=0 for
1< j<n. The matrix of each linear transformation /Nl,
with respect to this basis can be calculated for al i € 7 as:

- 1 -
Azwl = _Av'vl = /\Lwl
r

i L5 ()
Aw; = —Av; = \w, + Zaﬁ

i
r

W, (11)
j=1

for j=2,3,...,n. It can be seen that (11) defines the

dements of (10) with ) = af) —— . It is clear that the
) =a) =

choice of a sufficiently large » would lead to off-diagonal
entries being smaller than any prescribed ¢ for dl i€ 7.

(i)
. |a/, |
More precisely, |r| > max ~—
1<l,j<n IS
i€z

, which completes the proof.

[ |
Note that the transformation matrix T depends on the value
of ¢ . This dependence will be omitted in the sequel for the
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sake of notation simplicity. A comprehensive work on
simultaneous triangularizability providing conditions to
check when this is possible can be found in [15]. Also, nhote
that for the problem at hand,

rankE” A, < min (mnkEAy.D,mnk/L) <n if the matrices

E, are singular which implies that the products E”A,

i€ Z aways have a number of their eigenvalues being
zero. In this sense, it will be supposed without loss of

generality that Ef)/il possesses the largest eigenvalue from
theset A4 = {ED/L,Z € Z}, ie.,

max
1<j<d

/\,(Effll)‘ > \AZ,(EDA )\,2 <a<ml<l<d (12)

' a “a

and that the upper-triangular matrix A, = TE’ AT hasall
its zero eigenvalues in the last positions of the diagonal

entries. Now, we are capable of formulating the main result
in the next Section.

[1l. STABILITY OF SWITCHED DESCRIPTOR LINEAR SYSTEMS

The main result of the paper follows.

Theorem 3. The switched descriptor system (1) is
asymptotically stable under arbitrary switching provided that
it is regular, each subsystem (E,A),ic Z is
asymptotically stable, Assumption 1 holds and the set
A ={EPAi € 7} issmultaneoudly triangularizable.

Proof. It will be proved that there exists a
sequenceV (k) = 2, Pz, , with P = P" >0 such that itisa
common Lyapunov sequence for the complete family:

2y = TEzDAzTilzkfl = ;lizlv—l L 1€z (13)
with 21, defined by Lemma 2 (for sufficiently small values
for ¢ being specified below) through the nonsingular time-
invariant state transformation z, = Tz, since (1) is regular
and A = {EZ-DAi;i € Z} is simultaneously triangularizable.

Hence, as commented below, since Assumption 1 holds and
the problem is well-posed, the asymptotic stability of (13)
will imply the asymptotic stability of (1).

For proving this, we first consider ]11 , which is the matrix
from 4 with the largest absolute eigenvalue, and its
associate discrete Lyapunov inequality

A'PA —P<0 (14)

where A stands for the conjugate transpose of A .
However, according to Lemma 2,

0 d(l) . ~(1)

12 a’ln
W, =4 - D = | with |@) <e (29)
a’u,—l,n
0 o e 0
where D, = diag(\(4),...,\,(4),0,...,0) with v <d,.
Therefore, the |eft-hand side of (14) becomes
(VV1*+D1*)P(VV1 +D1)_P (16)

=D, PD, — P+ (W, PW, + W, PD, + D, PW, ) <0

At this point, consider any solution to the auxiliary
Lyapunov inequality D, 'PD, —P <0 for a diagonal
matrix P = diag(p,, p,,...,p,). 1t is easy to verify that
P =1 sdtisfies the above equation since for each nonzero

value of the diagonal entries |)\].(]11 )|2 ~1<0 for
j=12..,vand —1 for j=v+1,...,n. Hence, denoting

|/\j(*21i )|2 - 1‘ and p= max|)\z.(D1)| , the

1<i<n

k=i

origina Lyapunov inequality (14) becomes via (16) into,

APA -P
< —pl, +W, PW, +W, PD, + D, PW, 17)
<—ul, + A +epA
0 1 1 1
1 0 1 1
since A, (P) =1 with A =|: and
1 1 1
1 1 1 0
0 I 0 0
—— e —
011 - 1
9 2
A=]|. . (18)
[
|
i n—2 n-—2
011 2 n—2 n-1
A possesses two distinct eigenvalues, namely, —1 with

multiplicity (n —1) and (n —1) with multiplicity unity. A,
on the other hand, has a richer eigenstructure. However, an
upper-bound for its largest eigenvalue can also be obtained
as follows. It is clear from (18) that the matrix posseses at
least a zero eigenvalue while the remaining eigenvalues can
be obtained as the eigenvalues of the (2,2) block of the
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partitioned matrix (18). This sub-matrix is a positive one and
hence, the Perron-Frobenius Theorem applies, [22]. Thus,
the sub-matrix possesses a simple real largest eigenvalue
which is upper-bounded by the largest row-sum of the

entries of the matrix given by n(n —1)/2. Then, (17) can
be upper-bounded as:
A'PA —P
(19
< (—u + 156 (n—1)n + pe(n — 1)) I,

sothat for & € (0,¢") with

2
* - 2
e="Py L4 50
n (n—1n

the right-hand side of (19) is till negative definite. A value
of e satisfying this condition should be used in (15).
Finally, it will be shown that V' is indeed a Lyapunov

sequence for any le., j€ Z . For this, consider, (with
P = 1) theinequality

AA -1
* * * * (20)
= DD, ~I+(WW, + WD, + D, ) <0
since A, = D, +W,. Thus, from (12) and (19),
AA -1
. . . (21)
< —ul, +(W/W, +W/D, +D,;W,)
sincedl A,,j € Z arestable. Then, as before,
AA -1

Hence, for the given = € (0,¢"), the right hand side of

(22) is till negative definite for ¢+ € Z since (12) holds and
V' isa common Lyapunov sequence for the complete set of
matrices. In conclusion, since ¢ > 0 is arbitrary — then as
small as necessary- it has been proved that (13) possesses a
common Lyapunov sequence and (13) is asymptotically
stable under arbitrary switching implying that the descriptor
system (1) is stable under arbitrary switching. u

In this way, the results on stability for simultaneously
triangularizable standard switched systems are extended to
the singular case.

Remarks. 5. If .4 satisfies the stronger property of being
simultaneously diagonalizable, which can be achieved if all

the matrices in .4 are pairwise commuting, then it can be
selected € = 0 in the formulation of Lemma 2.
6. Also, if the matrices E, are not singular, then the

classical result on stability of switched systemsis recovered,
[5].

7. For the case of pair-wise commuting matrices in .4,
the above result implies that a reduced number of conditions
than those stated in [18,26] are needed to be verified since it
is not necessary to make all the matrices £, commute with

themselves and with all the matrices 4, .

8. Note that the presented approach is constructive and
does not require evaluating all the minors of the matrices A,

for al i € Z in comparison to the method presented in [4]
to obtain a solution to the Lyapunov equation. Since
calculating the determinant of a m x m matrix involves the
sum of m! terms, the saving in computational cost with the
proposed approach is apparent.

9. The construction of the matrix T, if desired can be
performed by using the resultsin [15]. ]

Additionally, as a corollary, Theorem 3 alows obtaining
an estimation of the worst convergence rate of the solution
of the switched descriptor system. In fact, from (19), one has

AV(E) < (—u +8) V() (23)

implying

V(k) < (1—p+6)V(0) (29)

As it has been proved by Theorem 3, for any sufficiently

small € there is a sufficiently small
§=16(c) = % e (n—1)n+pe(n—1) such that
[1—p+ 68 <1 .Therefore,
lecll, < (= p+ 8 [l
and,
lell, < (1= o+ 6) k(T ], (25)

with r,(T) = ||T],||T"||, < oo (since T is nonsingular) is

the condition number of T with respect to the 2-norm (or,
spectral norm). Since u,6 are both known, an estimation of

the convergence rate can be caculated explicitly.
Furthermore, the method not only alows caculating a
worst-case convergence rate, but it also provides an
estimation of the maximum amplitude of the transient
response of the system. For this, consider the output
equation y, = C"z, whichimplies,

k
2

] <10, e, < 1O, W@, (1~ +5)

Since the system is exponentially stable, and the right-hand
side is an dtrictly decreasing function, the above equation

1723



reaches its maximum at k£ = 0 whence an estimation of the
maximum output amplitude (which does not depend on the
specific choice for the basis) can be estimated. Moreover, a
more accurate bound of such a maximum amplitude can be
obtained by minimizing k() = |C|, 5(T(¢))|z,|, with
respect to e. Thus, the extra knowledge of the
transformation matrix T'(¢) provides us with this extra

information.

In conclusion, the presented method allows easily
obtaining an estimation of the worst-case convergence rate
along with an estimation of the maximum output amplitude.
Also, note that this method is based on the one introduced in
[27] for continuous-time switched standard systems. Thus,
this approach brings the gap between standard and
descriptor systems which has not been exploited previously
in the results obtained in [18,19,26].

IV. CONCLUSIONS

In this paper, the classica simultaneously
triangularization condition to establish the asymptotic
stability of a standard switched system under arbitrary
switching is extended to the class of regular switched
descriptor systems. The proposed approach is based on the
explicit calculation of a common Lyapunov sequence for an
auxiliary standard system whose stability implies the
stability of the original descriptor system. Additionally, the
construction of such a Lyapunov sequence is easier than in
previous approaches providing an estimation of the worst
convergence rate along with an estimation of the maximum
output amplitude.
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