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1. -- I n  a r e c e n t  l e t t e r  (t), wh i l e  a n s w e r i n g  to a p r e v i o u s  c o m m e n t  b y  I~AMACHAN- 
DRAN et al.  (2), w e  i n t r o d u c e d  a new  g roup  G of L o r e n t z  t r a n s f o r m a t i o n s  (LT)  in four  
d i m e n s i o n s ( * )  gene ra l i zed  for  b o t h  s u b l u m i n a l  ( f i g  1) a n d  s u p e r l u m i n a l  ( f l >  1) 
veloci t ies .  

B u t  in  p a p e r  I - - i n  o rde r  to  l i m i t  i t s  l e n g t h - - w e  could  do n o t h i n g  b u t  scarce ly  men-  
t i o n i n g  our  g roup  G of gene ra l i zed  L o r e n t z  t r a n s f o r m a t i o n s  (GLT).  Ana logous ly ,  some 
o t h e r  de ta i l s  were  exp lo i t ed  n o t  enough .  

T h e  a im  of t h i s  f u r t h e r  l e t t e r  is to  cas t  more  l i g h t  on  t he  new group  G, and  to 
c l a r i fy  a few o t h e r  p o i n t s  of p a p e r  I .  

Such  p r o b l e m s - - a s  wel l  as m a n y  r e l a t e d  o t h e r  o n e s - - w i l l  be  e x t e n s i v e l y  dea l t  w i t h  
in  a f o r t h c o m i n g  paper ,  to  be  p u b l i s h e d  e lsewhere .  

L e t  us  cal l  S t h e  re fe rence  f r ames  t r a v e l l i n g  fa s t e r  t h a n  l i g h t  w i t h  r e spec t  to t he  
usua l  c lass  of i ne r t i a l  f r a m e s  s. T h e  ph i lo soph ica l  i n v e s t i g a t i o n  d e v e l o p e d  in p a p e r  I 
s h o w e d  t h a t - - i f  s t a n d a r d  space - t ime  m e a s u r e m e n t s  m u s t  be  p e r f o r m a b l e  b y  S - - t h e n  
a (~ s y m m e t r y  ,) b e t w e e n  f r a m e s  s a n d  S m u s t  hold .  I n  t he  sense  t h a t  pa r t i c l e s  b e h a v i n g  
as  t a c h y o n s  w i t h  r e spec t  to  obse rve r s  s wil l  b e h a v e  as b r a d y o n s  w i t h  r e s p e c t  to ob- 
s e r v e r s  S, a n d  vice versa (principle o] duality). Actua l ly ,  t h e  words  b r a d y o n  (B), 
t a e h y o n  (T), f r a m e  s, f r a m e  S h a v e  on ly  a relative m e a n i n g  (1). T h e  ve loc i ty  of l igh t  c 
p r e s e r v e s  of course  i t s  c h a r a c t e r  of i n v a r i a n t  q u a n t i t y  for  b o t h  s a n d  S f r a m e s  (4). 

(1) E. RECAI~[I and R. MIG~A~I: Left. Nuovo Cimento, 4, 144 (1972). This paper will be referred to in 
the following as * paper I *. 
(3) G. RA~kCHA~DRA~, S. G. TAGARE and A. S. KOLAS~:  Lett. Nuovo Cimento, 4, 161 (1972). 
(*) Our extended LT's happened indeed to generalize Parker's (a) ones from the bidimensional to the 
four-dimensional case. 
(*) Z. PARKER: Phys. Rev., 188, 2287 (1969). 
(~) See Paper I, and references therein. 
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W e  shall call  ~ iner t ia l  ~) all  the  (physical) f r ames  w i t h  re la t ive  speeds bo th  u < e 
and u > e. D u e  to t he  ~( pr inc ip le  of dua l i ty  ,, f r ames  S are  supposed to have  at  t he i r  
disposal  exac t ly  t he  same phys ica l  objec ts  as f rames  s have .  

I n  paper  I ,  i t  has  been a rgued  t h a t  a ~ pr inc ip le  of r e l a t i v i t y  ~> mus t  hold  for  t he  
whole  class {I} of (~ iner t ia l  ,) f rames,  since the  phys ica l  laws (when genera l ized  also for  
*achyons) are  to be  covar ian t  (~) for G L T ' s  of t he  whole  class {I}. Actua l ly ,  if  b o t h  s 
and S observe the same  object (as r equ i red  in r e l a t iv i ty ) ,  b radyon ic  laws will  t r ans fo rm 
into tachyouic  laws under  a super lumina l  LT ,  and  vice versa. Therefore ,  the  t o t a l i t y  
of relativistic phys ica l  laws (wr i t ten  in the  form va l i d  for bo th  B ' s  and  T's) wil l  be ~ G- 
covar ian t  )) (1). 

I n  these  senses, we m a y  say t h a t  all our  iner t ia l  f rames  are  equivalent.  

2. - The  condi t ion  for hav ing  the  (( pr inc ip le  of dua l i ty  ~ satisfied is the  fol lowing (~) : 
W h e n  pass ing  ]rom s to S ,  spacelike intervals m u s t  t rans]orm into t imel ike  in tervals ,  and  
vice versa. 

W h e n  in pape r  I we spoke (not too correct ly)  about  (( change of me t r i c  )) or  (~ me t r i c  
inversion ,, we m e a n t  no th ing  b u t  th is  fact .  Such an invers ion  opera tes  indeed on the  sym-  
m e t r y  wi th  respect  to the  l ight-cone.  1Vfathematically, the  G L T ' s  mus t  be such t h a t  

(1) c 2 t ' 2 - - x  ' 2 =  -r ( e 2 t ~ - - x  ~) for u ~ e .  

The  l inear  t ransformat ions ,  connect ing  iner t ia l  f rames  and  sa t is fying eq. (1), are,  
roughly  speaking,  i) the  usual,  o r thochronous  (homogeneous)  Lo ren t z  t r ans fo rma t ions  
A< (and the  ones - - A <  ~ ( P T ) - A < )  for u < c ,  ii) t he  genera l ized  Loren tz  t rans-  
format ions  ~ iA> ~ 4- i l  .A> for u >  c (1), where  (*) 

(2) A<  =--A(I~I< 1 ) ,  A> --= A(] f l [>  1) . 

F o r  example ,  in paper  I we h a v e  shown t h a t - - i n  t he  s imple  case of col l inear  mot ion  
a long the  x-axis condi t ion  (1) is satisfied by  

(3) 

x - -  u t  t - -  nx /e  2 
x" - -  - -  t" - -  - -  

VI1- ~1' ~/11-8'1' 

= , /  = , 

V II-- /J~l  [ l l - - f l ~ l  

[ ~  ~ 1 ] ,  

for r e l a t ive  speed both u < c and u > c. The  GLT ' s ,  eq. (3), are precisely  of the  forms A <  
and i A >  for f12 < 1 and  f12 > 1, respec t ive ly .  

I n  general ,  le t  us consider  a un iverse  free of charges  and  represen t  t he  A ' s  by  4 x 4 
matr ices .  Since mat r ices  A> are  fo rmal ly  iden t ica l  w i t h  usual  L T ' s ,  b u t  cor responding  
to values  ]fl[ > 1, i t  is i m m e d i a t e  to see t h a t  

(4) 

Thence  

(Sa) 

A<Z(fl) -~ A < ( - - f l )  , [ iA>(f l ) ] -x=  - - i A > ( . f l )  ~ - - i A > X ( f l )  . 

[ iA  > @ ] .  [ - -  i A >  ~(p)] = I ,  

(*) Let us explicitly recall (1) that the matrices A> are complex. 
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but 

(5b) [iA>(fl)]. [iA>X(fl)] = -- I ~ P T  , 

so that  our generalized (1) group G will contain the total-inversion operator as an element. 
Precisely, by considering successive applications of GLT's of the types A< and iA>,  
i t  is easy to realize tha t  the group G consists of four subsets: 

(6) 

where 

SU~< ~ SO~< =-- SO~+(1, 3; R; ]ill <> I), SUt> -~ SU~(I,3; C; I~I > I), 

_-- = i A > ;  4 e  

and so on. All the elements L of G are rotations in the four-dimensional space-time, 
~.e. the transformations L arc unimodular (with det L = -b 1). 

The structure of G will be clarified in a forthcoming article. Here let us simply 
mention that  a correspondence exists between subluminal  LT's  from a frame So to a 
frame s, moving with velocity u (0 < u  < c), and superluminal GLT's connecting So 
to a frame S travelling in the same direction with speed U = c3/u (u > c). Such a bi- 
univocal correspondence between frames s and S is the particular con]ormal mapping 
(inversion) 

( 7 )  u ~ e 3 / u  . 

In  the case ot a charged universe, interesting observations may be made about the C P T  
covarianee. 

3. - Afterwards, it is worth-while to clarify the following. When generalizing (1) 
physical laws for tachyons (fl > 1), one should pay at tent ion that  a priori ~/f13_ 1 = 
= • i - v / 1 -  33. Always (*) we consistently choose the sign minus,  in order, e.g., to get 
positive values of the relativistic mass (see eq. {4') of paper I). I t  is understood that  
~/1--33 represents, for f l>  1, the upper-half-plane solution. 

Lastly, let us notice that  relativistic laws may be easily generalized for taehyons. 
In  fact, from our discussion about the <~ equivalence,  of all the inertial  frames, it is 
immediate to get the following taehyonization principle: ~ The relativistic laws (of me- 
chanics and electrodynamics) for tachyons follow by applying the GLT's to the cor- 
responding laws for bradyons ,)(**). 

* * *  

The authors are grateful to Prof. A. AGo])I and Dr. M. ]3ALDO for many useful 
discussions. 

(*) A misprint occurredin t h e  s e c o n d  eq.(7)of paperI,whioh ought to reaxl v'u,z = +vy,z%/~--fll/(1 -uvz/c') 
for u > c .  
(**) A f t e r  t he  comple t ion  of p a p e r  I ,  we b e c a m e  a w a r e  of t h e  exis tence  of paper s  (~,o), which  approached  
ou r  p rob l em  too. Crit icizing ref .  (5) is the  subs tan t i a l  con ten t  of ref .  (6). 
(6) J .  G. GILSON: Mathem. Gazette, 52, 162 (1968). 
(*) S. NARANAN: Left. Nuovo Cimento, 3, 623 (1972). 


