View metadata, citation and similar papers at core.ac.uk brought to you by fCORE

provided by CiteSeerX

Adv. Studies Theor. Phys., Vol. 2, 2008, no. 11, 507 - 518

An Approximation of the Analytic Solution of Some
Nonlinear Heat Transfer Equations: A Survey by

using Homotopy Analysis Method

G. Domairry* and H. Bararnia

Department of Mechanical Engineering
Mazandaran University, P.O. Box 484, Babol, Iran

Abstract

In this letter, the approximate solution of nonlinear heat diffusion and heat
transfer and also the energy balance for a differential fin element are developed
via Homotopy Analysis Method HAM. This method is a strong and easy—to—use
analytic tool for investigating nonlinear problems, which does not need small
parameters. Homotopy analysis method contains the auxiliary parameter 7, which
provides us with a simple way to adjust and control the convergence region of
solution series.

By suitable choice of the auxiliary parameter 7, we can obtain reasonable
solutions for large modulus. In this study, we compare obtained results through
HAM results, with those of homotopy perturbation method and the exact
solutions. The first differential equation to be solved is a straight fin with a
temperature—dependent thermal conductivity and the second one is the modeling
equation of a cooling Lumped system with variable specific heat.

Keywords: Heat transfer; Homotopy analysis method; Fin Temperature
Distribution; Cooling

1. Introduction

Most engineering problems, especially some diffusion and heat transfer
equations are nonlinear, and in most cases it is difficult to solve them, especially
analytically. Perturbation Method is one of the well-known methods to solve
nonlinear problems. It is based on the existence of small/large parameters, the so

! Corresponding Author
Email: amirgangalll@yahoo.com (G. Domairry)


https://core.ac.uk/display/357300064?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

508 G. Domairry and H. Bararnia

called perturbation quantity. However, perturbation methods cannot provide us
with a simple way to adjust and control the convergence region of the given
approximate series.

Unlike analytical perturbation methods the homotopy perturbation method does
not depend on a small parameter which is difficult to find. Comparing different
methods show that, when the effect of the nonlinear term is negligible, homotopy
perturbation method and the common perturbation method have nearly the same
answers but when the nonlinear term in the heat equation is more effective, there
will be a considerable difference between the results.

As the homotopy perturbation method does not need a small parameter, the
answer will be closer to the exact solution and also to the numerical one.

HPM [1-5] is one of the most powerful methods which provides the user with
acceptable analytical results of convenient convergence and stability. HPM is
applied to a wide class of nonlinear differential equations including nonlinear heat
transfer equations. In 1992, Liao employed the basic ideas of homotopy in
topology to propose a general analytic method for nonlinear problems, namely
homotopy analysis method HAM [6-16]. This method has been successfully
applied to solve many types of nonlinear problems by others [17-24,28-30]. In
this letter, the basic idea of HAM is introduced and then its applications in heat
transfer are studied. Also a comparison is made with the exact solution and the
HPM results. In this letter, the energy balance for a differential fin element is
developed, the resulting nonlinear differential equation is solved by HAM to
evaluate the temperature distribution within the fin. Using the temperature
distribution, the efficiency of the fin is expressed through a term called thermo-
geometric fin parameter (), and thermal conductivity parameter (B), which

describes the variation of thermal conductivity. Since the resulting analytical
expression for the fin efficiency is too complicated, the data from the expression
has been correlated for a wide range of thermo—geometric fin parameter and the
thermal conductivity parameter. The correlation equations of compact from are
useful for designing straight fins with variable thermal conductivities.

2. The Basic Concept of Homotopy Analysis Method

Let us assume the following nonlinear differential equation in form:
N (u(z))=0
where N is a nonlinear operator, zis an independent variable and u(z) is the
solution of the equation, we define the function, ¢(z,p) as follows:
Lim ¢(z,p)=ug ()
p—l
where, pe[0,1] and u,(z) is the initial guess which satisfies the initial or

boundary condition and if

Lim ¢(z,p)=u(r)
p—1
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Using the homatopy method generalization, Liao’s so—called zero—order
deformation equation will be:

(- p) LIg(z, p) —uy()]= phH(z) N[g(z, p)] D)
where 7 is the auxiliary parameter which increases the convergence of the result,
H (z) is the auxiliary function and L is the linear operator. It should be noted that

there is a great freedom to choose the auxiliary parameter 7, the auxiliary
function H(z), the initial guess u,(z)and the auxiliary linear operator L. This

freedom plays an important role in stablishing the keystone of validity and
flexibility of HAM as shown in this paper.
Thus, when p increases from 0 to 1, the solution ¢(z,p) changes between the

initial guess u,(z) and the solution u(z), the taylor series expansion of ¢(z,p) with
respect to p is:

¢(z, p)=u (T)+Z Un (7) p" )
u[m] ( )_a ¢(T p)‘ (3)
op" 1P

where ul™ (z) for brevity is called the m™ order of deformation derivation which
reads:

[m] .

u ()_uo!_% ag(;'r;p)‘po (4)

It’s clear that if the auxiliary parameter 7 =-1 and the auxiliary function is
determined to be H(z) =1, Eq. (1) will be:

(1-p) L(Q(z,P))—us(z)]+P(r) N[Q(z,P) =0

The statement is commonly used in HPM procedure. Indeed, in HPM we solve
the nonlinear differential equation by separating every Taylor expansion term.
Now, we define the vector of U, as follows:

Uy, :{UI’UZ’HS"“Un}

According to Eq. (4), the governing equation and the corresponding initial
condition of u_(zr) can be deduced from zero—order deformation, Eq. (1).
Differentiating Eq. (1) for m times with respect to the embedding parameter p
and setting p =0 and finally dividing by (m—1)!, we will have the so called m™
order deformation equation in the form:

L[u(z) —uy(r)]=2H(7)R,(U,) ®)
where,

y__ 1 3"'N[(z,p)]
Rm (umfl) = (m _1)| apm_l ‘ p=0 (63.)
and

0 m<l1 6b
In Y mst1 (60)
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Thus, applying the inverse operator to both sides of the linear equation, Eq. (5)
we can easily solve the equation and compute the generated constants by applying
the initial or boundary condition.

3. Applications
3.1 Example 1: Fin Temperature Distribution

Consider a straight fin with a temperature—dependent thermal conductivity,
arbitrary constant cross—sectional area. AC is the perimeter and b is length (see
[25, 27]). The fin is attached to a base surface of temperature T, , extends into a

fluid of temperature T,, and its tip is insulated, the one—dimensional energy
balance equation is given as:

ac L9y ph(, -T,) =0
dx dx

The thermal conductivity of the fin material is assumed to be a linear function of
temperature as:
k(T)=k,[1+A(T -Ta) ]
where k, is the thermal conductivity at the ambient fluid temperature of the fin,
and A is a parameter describing the variation of the thermal conductivity.
Employing the following dimensionless parameters:

T-Ta X
Th-Ta d b a )

hpb? | 1,
(k Ac)
the formulation of the problem reduces to:

d’6 d0 2
azz dég /3(5) y 0=0 (7a)

49 _ 0 at £=0
dé& (7b)
0=1 at =1

Here, we choose the base function with an initial guess that satisfies the
Boundary condition in form of:

e@=2%€ ®)

where a, is a coefficient to be later determined, and Eq. (8) is called the solution
expression. The initial guess is defined in the following form:
0,(&)=c=1 ©

Now, we verify the linear operator as:
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L[¢ (S, p)] =%§;p) (10)
where
L(cé&+c,)=0 (11)

and c, and c, are constants to be determined through the initial conditions. Now,
we determine the nonlinear operator as:

NI =05 paep) TSR e R v )

According to Egs. (6-a),(6-b) and (12), we have:

R (4., = o | dE,p) 07 D) | ﬁ[dqé(f, P)

(m 1t op™ dé dé? de J_M@ s

1 amfl al
(m-1!op™* P°
1 o < "
(m—l)! F b|p=0 :ﬂz en em 1-n

l am—l )
o s P2

1 ot
(m-1! op™*
therefore,

Ri (G2) =05 +ﬂZ 0y-Or s +ﬂZ Or-Oran =¥ Oy (13)

where
2
9’:d—0 and 9”:d f
dg dg
Hence, in an overall form the m™ order of the deformation equation is:
Oy 1 () = 0, () + 1] [ HER, (6, )IEIE +0.E +, (14)
where ¢, and c, can be determined through the boundary conditions. In
accordance with the rule of solution expression, H(z) must be in form of d &",

where n is an integer and any n<-1 is forbidden. For simplicity, let H(&) =1.
Thus, we have:

0. =1 [ 1] (o0, )+ B8, (£)+6, () -T0,(E)dENE +é +,
6,(6)=6,0) +h[ [(BO(0)8, (&) + BEE)EE)
+26, ()6, () +6, (£) ~v*6(E)AENE + o, + &

"
- Hm—l

9[

m-1-n

d |p:0 = _‘//2 01
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where c,,c,,c, and ¢, can be determined through the boundary conditions.
So,
90 ($)=1

6(8) ==Yy hy*& + Yony?
0,(8) ==Y ny?& + Vony? +h{i’//4§4 + Y pry? —ny? —%l//“h)fz}
+524 l//4h2+%ﬁhzl//2 +1/2h2l//2

Now we can compare the results of HAM with the exact solution and that of HPM
method:

0
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-400007
-B0000-
-500007
-1000007
-1200007
4 2 0 2 4
h "
— £
— 7'’

Figure 1. Heat transfer coefficint for (=0, =0,5), by 7th order approximation.
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Figure 2. The comparison of the results of HAM for (4=0, » =05,2=-0.9) with
those of HPM and the exact solution.

3.2 Example 2: Cooling of A Lumped System with Variable Specific Heat.

Consider the cooling of a lumped system [26,27]; let the system have volume V,
surface area A, density o, specific heat ¢ and initial temperature, T,. At time
t =0, the system is exposed to a convective environment at temperature, T,, with

convective heat transfer coefficient h.
Assume that specific heat c is a linear function temperature of the form:

c=c,[1+4(T -Ta)] (15)
where c, is the specific heat, at temperature T, and £ is a constant, the cooling
equation and the initial condition are:

pVC Z—-lt-+hA(T -T,)=0 TO)=T, (16)
Introducing. Eq.(13) and using the following dimensionless parameters:
T-Ta t
0= =— = -Ta
Ti—-Ta ‘ pvc, /hA £=/4T-Ta)
Eq. (16) is transformed to:
@+ 59):—9 +6=0 0(0)=1 a7
T

Due to the physics of the problem that is a decaying function by time, we
assume the solution in the form of an exponential function as follows:

u()=3 de (18)
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where d, is a coefficient to be determined afterwards. Eq. (18), the so—called rule

of solution expression, guides us to the selection of an auxiliary function which is
denoted by H (7).

According to Eq. (18), other expressions such as z"e™" or (d,Ln(z)) must be

avoided, and according to Egs. (7-a), (7-b) and (18), we choose the linear
operator as the following term:

de(z,
Lo o1 =222 ) (19)
with the property
L(ce™)=0
where c, is a constant to be determined through the initial conditions. Now, we
can verify the nonlinear operator as:

N[g (7, P)] = d‘“’ p)+¢< P)+ ep(r, p) + SAEP)

According to Eqs. (17-a) , (17-b) and (18), the initial guess should be in the
form u,(z) =e™" to satisfy the initial condition and the rule of solution expression.
From Egs. (6) and (19) we have:

R (0 ,)= 1 9" dg(z, p)
" (m=Dte™t|  dr

d¢(r P)
dr

+§(c.p) + £4(z, p)w

b

l 6mfl _9,

1 amfl
1) 2 M=

1 ot o
o)
Ry(Upy) =605, +0,, + 82 0, On1s (20)

, dé .
where @' = Pl hence we have the mth oeder:
T

as follows.
(64 () +6(2)) = (041 (2) + O 1 (7)) 2 + FH (D) R, (6,,4(7)) (21)

Due to the rule of solution expression, the appearance of expression is form of
d z should be avoided, Hence, H(r) must be in form of e™ where k is an
integer and every k >0 is forbidden, we let H(z) =e™".

Therefor Egs. (5), (7-a) , (7-b) we have:
0,(r)+ 0/(z) = 1By (z)e " + O (r)e " — (e )} (22)
After substituting 6,(7) in Eq. (22) we have:
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6,(z)+6,(z) = ~he(e)’ (23)
So, after solving Eq. (23), we have:

01(r) =(1/2hee =27 4

where c1 is computed through the initial condition so, ¢, = -1/2h¢ and

01(7) =(Y2hee 2% —1/2he)e” " (24)
also

0,(r) +0,(z) = 6,(r) + 6(r) + 16,(r) 7 +hO)(r) " — 2177 (€%) + W& (e™¥)]
0,(7) ={-he{l/2hce™ ~1/2che™ —1/2e*" —1/3he ¥ }+c,}e "

where ¢, is computed through the initial condition

$0,C, =—1/2he —1/3h°¢

thus we can obtain 7 (z) asfollows:

0,(r) ={-he(Bhee™ — Y che™ — e — Y he ™) - Yhe - Yh's}e™

we can determine 6,(z),6,(z),... with the same way as illustrated. So,
0(r)=6,(r)+6,(r)+6,(r)+6,(7) +...

+c1)e

1.58E71
1E71

5ER1

Figure 3. Heat transfer coefficint for (¢=0.1,6=0.2,6=0.3,6=0.8), by 10th order
approximation.
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Figure 4. The comparison of the results of HAM for (z=0.5) and (7=-1) with
those of HPM and the exact solution.
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Figure 5. The error of the two methods (HAM and HPM) in comparison with the
exact solution.

4. Conclusion
In this study, convective straight fins with temperature—dependent thermal

conductivity were analyzed using HAM.This method provides highly accurate
numerical solutions for nonlinear problems in comparison with other methods.
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The comparison of the method reveals that the approximations obtained by HAM
and HPM converge to the exact solution quite fast. Moreover, HAM is faster than
HPM, (see figures 2, 4). The auxiliary parameter 7 provides us with a convenient
way to adjust and control the convergence and its rate for the solutions series.
When small parameter of ¢ is increased the error of HAM is less than HPM in
comparison with the exact solution. The nonlinear differential equation, which is
expressed in terms of suitable dimensionless parameters and is presented in terms
of regression equations is obtained by standard statistical techniques; these results
can be used for designing straight fins with variable thermal conductivities.
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