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Abstract. Let C be a threshold logic circuit computing a Boolean func-
tion MODm : {0, 1}n → {0, 1}, where n ≥ 1 and m ≥ 2. Then C outputs
“0” if the number of “1”s in an input x ∈ {0, 1}n to C is a multiple of
m and, otherwise, C outputs “1.” The function MOD2 is the so-called
PARITY function, and MODn+1 is the OR function. Let s be the size
of the circuit C, that is, C consists of s threshold gates, and let e be
the energy complexity of C, that is, at most e gates in C output “1”
for any input x ∈ {0, 1}n. In the paper, we prove that a very simple
inequality n/(m − 1) ≤ se holds for every circuit C computing MODm.
The inequality implies that there is a tradeoff between the size s and en-
ergy complexity e of threshold circuits computing MODm, and yields a
lower bound e = Ω((log n − log m)/ log log n) on e if s = O(polylog(n)).
We actually obtain a general result on the so-called generalized mod
function, from which the result on the ordinary mod function MODm

immediately follows. Our results on threshold circuits can be extended
to a more general class of circuits, called unate circuits.

1 Introduction

A circuit of threshold gates is a theoretical model of a neural circuit in the
brain, and is well studied through decades [10,11,13,14]. An input-output char-
acteristic of a biological neuron is roughly represented by a threshold gate, but
the mechanism of energy consumption of a neuron is quite different from an
electrical circuit: a neural “firing” consumes substantially more energy than a
“non-firing” [8,9], while a gate in an electrical circuit consumes almost the same
amount of energy in either case of outputting “1” and outputting “0” [1,7]. A
biological study reports that, due to the asymmetricity of the energy consump-
tion, the fraction of neurons firing concurrently is possibly fewer than 1% [8].
Based on the biological fact above, the energy complexity e of a threshold cir-
cuit C is defined as the maximum number of threshold gates outputting “1” over
all inputs to C [16]. We then confront the following natural question from the
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point of computational complexity: what Boolean functions can or cannot be
computed by reasonably small threshold circuits with small energy complexity?
It has been shown that the energy complexity strongly influences the computa-
tional power of threshold circuits [16,18]. In particular, if a Boolean function f
has high communication complexity, there exists a tradeoff among the following
three complexities: size (that is, the number of gates) s, depth d, and energy
complexity e of threshold circuits computing f [18]. However, the mod function
MODm : {0, 1}n → {0, 1} has low communication complexity, and hence the
result in [18] does not yield any interesting tradeoff for MODm, where n and
m are positive integers, and MODm(x) is 0 if the number of “1”s in an input
x ∈ {0, 1}n is a multiple of m and, otherwise, MODm(x) is 1. MODm is the
PARITY function if m = 2, and is the OR function if m = n + 1.

In the paper, we deal with a fairly large class of Boolean functions, called the
generalized mod function [2,3,5], and show that there exists a tradeoff between the
size s and energy complexity e of threshold circuits C computing the generalized
mod function. The result immediately yields a very simple tradeoff for the ordi-
nary mod function MODm. More precisely, we prove that n/(m− 1) ≤ se, that is,
log(n/(m−1)) ≤ e log s, for every circuit C computing MODm. Both n and m, and
hence n/(m − 1), do not depend on the design of C, while se is monotonically in-
creasingwith respect to s and e. Therefore, s and e cannot be simultaneously small.
That is, if s is small, then e must be large, and if e is small, then s must be large. The
tradeoff n/(m−1) ≤ se immediately implies a lower bound on the size s expressed
by n, m and e: (n/(m − 1))1/e ≤ s. If s = O(polylog(n)), then the tradeoff also
implies a lower bound on e: e = Ω((log n− log m)/ log log n). The lower bound on
e is tight up to a constant factor. Our results on threshold circuits can be extended
to a more general class of circuits, called “unate circuits,” as stated in Section 4.

It is well known that there exists a tradeoff between the size s and depth d
of a threshold circuit computing the PARITY function. Siu et al. proved that
n ≤ (s/d)d+ε for any fixed ε > 0 if the weights of the threshold gates are integers
and their absolute values are sufficiently small [15]. Impagliazzo et al. proved
that n/2 ≤ s2(d−1) even if the absolute values of weights are arbitrarily large [6].
Our tradeoff between s and e holds even if the absolute values of weights are
arbitrarily large. It should be noted that the inequality d ≤ e does not necessarily
holds, and that if a Boolean function f can be computed by a polynomial-size
threshold circuit C of energy complexity e then the function f can be computed
by a polynomial-size threshold circuit C′ of depth d′ = 2e + 1 [17].

2 Preliminaries

For x = (x1, x2, · · · , xn) ∈ {0, 1}n, we denote by [x]m the Hamming weight of x
modulo m and hence [x]m =

∑n
i=1 xi (mod m). Let M = {0, 1, · · · , m−1}, then

m = |M |. For a set A ⊆ M , the generalized mod function MODA
m : {0, 1}n →

{0, 1} is defined as follows [2,3,5]:

MODA
m(x) =

{
0 if [x]m ∈ A;
1 otherwise. (1)
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Let a = min(|A|, |M − A|). We may assume that the generalized mod function
MODA

m is not trivial, and hence

1 ≤ a ≤
⌊m

2

⌋
(2)

and

2 ≤ m ≤ n + 1. (3)

If A = {0}, then MODA
m is the ordinary mod function MODm, and

MODm(x) =
{

0 if [x]m = 0;
1 otherwise.

If m = 2 and A = {0}, then MODA
m is the so-called PARITY function. If

m = n + 1 and A = {0}, then MODA
m is the OR function. If m = n + 1 and

A = {0, 1, · · · , �n/2�}, then MODA
m is the MAJORITY function. Thus, the class

of generalized mod functions MODA
m is fairly large.

In the paper, a threshold gate is the so-called linear threshold logic gate, and
can have an arbitrary number k of inputs. For every input z = (z1, z2, · · · , zk) ∈
{0, 1}k to a threshold gate g with weights w1, w2, · · · , wk and a threshold t, the
output g(z) of the gate g for z is defined as follows:

g(z) =

⎧
⎨

⎩
1 if

k∑

i=1

wizi ≥ t;

0 otherwise,
(4)

where w1, w2, · · · , wk and t are arbitrary real numbers.
A threshold (logic) circuit C is a combinatorial circuit of threshold gates, and

is expressed by a directed acyclic graph as illustrated in Fig. 1. Let n be the

Fig. 1. (a) A threshold circuit C with n = 3 and s = 5; and (b) the 0-fixed circuit C0

of C
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Table 1. Various designs of circuits computing the PARITY function of n variables

�����������Designs
Complexities

s e d Notes

Small d n + 1 n + 1 2 Fig. 2(a)

Small e n + 1 2 n + 1 Fig. 2(b)

Moderate s, e and d log n log n log n Ref. [14]

Moderate s, e and fairly small d polylog(n) polylog(n) log n/ log log n Ref. [12]

Moderate s, d and fairly small e polylog(n) log n/ log log n polylog(n) Sect. 3.1

Small e and d 2n−1 + 1 1 2 Truth table

number of input variables to C, then C has n input nodes of in-degree 0, each
of which corresponds to one of the n input variables x1, x2, · · · , xn.

The size s of a threshold circuit C is the number of threshold gates in C.
Figure 1(a) depicts a threshold circuit with n = 3 and s = 5, while Fig. 1(b)
depicts a circuit with n = 2 and s = 5. (Impagliazzo et al. define the “size” of C
to be the number of wires in C, and obtained a tradeoff between the “size” and
the depth [6].)

Let C be a threshold circuit of size s, let g1, g2, · · · , gs be the gates in C, and
let x = (x1, x2, · · · , xn) ∈ {0, 1}n be an input to C. Then the input zi to a gate
gi, 1 ≤ i ≤ s, either consists of the inputs x1, x2, · · · , xn to C and the outputs
of the gates other than gi or consists of some of them. However, we denote the
output gi(zi) of gi for zi by gi[x], because x decides gi(zi). Thus gi[x] = gi(zi).
Let gs be one of the gates of out-degree 0, and we regard the output gs[x] of gs

as the output C(x) of C. Thus, C(x) = gs[x] for every input x ∈ {0, 1}n. The
gate gs is called the output gate of C.

A threshold circuit C computes a Boolean function f : {0, 1}n → {0, 1} if
C(x) = f(x) for every input x ∈ {0, 1}n.

The depth d of a circuit C is the number of gates in the longest path from an
input node to the output gate gs, and corresponds to the parallel computation
time.

We define the energy complexity e of a threshold circuit C as

e = max
x∈{0,1}n

s∑

i=1

gi[x].

Thus, the energy complexity e is the maximum number of gates outputting “1”
over all inputs x ∈ {0, 1}n. Clearly 0 ≤ e ≤ s. We may assume without loss of
generality that e ≥ 1.

As summarized in the Table 1, there are various designs of threshold circuits
computing the PARITY function MOD2. Figure 2 illustrates two of them, for
which n = 4 and s = n+1 = 5. For the circuit in Fig. 2(a) d = 2 and e = n = 4.
On the other hand, for the circuit in Fig 2(b) d = n + 1 = 5 and e = 2; if the
number i of “1”s in an input is odd, then only the two gates gi and gs output
“1”; and otherwise only gi outputs “1.”
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Fig. 2. Threshold circuits computing the PARITY function of n = 4 variables; (a)
s = 5, d = 2, e = 4; and (b) s = 5, d = 5, e = 2

3 Size-Energy Tradeoff

In Section 3.1, we present, as Theorem 1, our main result on the size-energy
tradeoff for circuits computing the generalized mod function MODA

m. The theo-
rem immediately yields a tradeoff for circuits computing the ordinary mod func-
tion MODm. In Section 3.2, we present four lemmas, and using them we prove
Theorem 1. In Section 3.3, we present a tradeoff better than that in Theorem 1
if e ≥ 5.

3.1 Main Theorem and Corollaries

Our main result is the following theorem:

Theorem 1. Let C be a threshold circuit computing the generalized mod func-
tion MODA

m of n variables, and let a = min{|A|, |M − A|}. Then the size s and
energy complexity e of C satisfy

n + 1 − a

m − a
≤ se. (5)

The ordinary mod function MODm is MODA
m for the case where A = {0} and

hence a = 1. The PARITY function is MODm for the case m = 2. We thus have
the following corollary.

Corollary 1
(a) If a threshold circuit C computes the ordinary mod function MODm, then
n/(m − 1) ≤ se.
(b) If a threshold circuit C computes the PARITY function, then n ≤ se and
hence log n ≤ e log s.

If n, m and a are fixed, then the left side (n + 1 − a)/(m − a) of Eq. (5) is a
constant and does not depend on the design of C. On the other hand, s and e
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depend on the design of C, and the right side se is monotonically increasing with
regards to s and e. Thus Eq. (5) implies that there exists a tradeoff between e
and s.

One can know that the lower bound (n + 1 − a)/(m − a) on se in Eq. (5)
cannot be improved much, as follows. For the case where m = n+1 and A = {0},
MODA

m is the OR function, and can be computed by a circuit C with s = e = 1,
and hence Eq. (5) holds in equality for the circuit C. Thus, for any ε > 0, the
inequality

(1 + ε)
(

n + 1 − a

m − a

)

≤ se

does not hold in general. For the case where m = 2 and A = {0}, MODA
m is

the PARITY function MOD2, which can be computed by a circuit C such that
s = n + 1 and e = 2 as illustrated in Fig. 2(b). In this case, the right side se of
Eq. (5) is (n + 1)2 for the circuit C, while the left side is n. Therefore, for any
ε > 0, the inequality

(
n + 1 − a

m − a

)2+ε

≤ se

does not hold if n is sufficiently large.
Equation (5) immediately implies

(
n + 1 − a

m − a

)1/e

≤ s,

which is a lower bound on s expressed in terms of n, m, a and e. One can easily
know from the bound that s = Ω(

√
n) if e ≤ 2 and m = O(1).

From Theorem 1, one can immediately obtain a lower bound on e expressed
in terms of n and m as follows.

Corollary 2. Let C be a threshold circuit computing MODm. If s =
O(polylog(n)), then

e = Ω

(
log n − log m

log log n

)

.

Corollary 2 implies that if m = o(n) then MODm cannot be computed by any
threshold circuit C such that s = O(polylog(n)) and e = o(log n/ log log n).
Similarly to the corollary above, Sung and Nishino [12] prove that d =
Θ(log n/ log log n) if a threshold circuit C with depth d computes the PAR-
ITY function and s = O(polylog(n)). Slightly modifying a circuit given in [12],
one can construct a threshold circuit of size s = O(polylog(n)) and energy
e = O(log n/ log log n) that computes the PARITY function of n variables. (See
Table 1.) Thus, the lower bound on e in Corollary 2 is best possible within a
constant factor for the case where m = 2.

3.2 Proof of Theorem 1

Let a threshold circuit C consist of gates g1, g2, · · · , gs, and let gs be the output
gate of C: gs[x] = C(x) for every x ∈ {0, 1}n. For an input x ∈ {0, 1}n, we
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define a pattern pC(x) ∈ {0, 1}s of C for x as pC(x) = (g1[x], g2[x], · · · , gs[x]).
We often denote pC(x) simply by p(x). We denote by P(C) the set of all patterns
that arise in C: P(C) = {pC(x) | x ∈ {0, 1}n}.

One can easily prove the following lemma.

Lemma 1. For an arbitrary threshold circuit C, |P(C)| ≤ se + 1.

Proof. If s = 1, then |P(C)| ≤ 2, se + 1 = 2 and hence Lemma 1 holds. We
may thus assume that s ≥ 2. Since the energy complexity of C is e, at most e of
the s gates output “1” for any input x. Therefore, we have

|P(C)| ≤
e∑

i=0

(
s

i

)

(6)

≤ 1 + s +
1
2

(
s2 + s3 + · · · + se

)

≤ 1 + s +
s2(se−1 − 1)

2(s − 1)
. (7)

From Eq. (7) and s ≤ 2(s − 1), we obtain

|P(C)| ≤ 1 + s + s(se−1 − 1) = 1 + se. 
�

For every input x ∈ {0, 1}n, we define an extended pattern qC(x) ∈ {0, 1}s ×M
of a threshold circuit C for x as follows: qC(x) = (pC(x), [x]m), where M =
{0, 1, · · · , m − 1}. We often denote qC(x) simply by q(x). We denote by Q(C)
the set of all extended patterns that arise in C: Q(C) = {qC(x) | x ∈ {0, 1}n}.
Since |M | = m, we have |Q(C)| ≤ |P(C)| · m. A better upper bound on |Q(C)|
can be obtained for a circuit C computing MODA

m, as follows.

Lemma 2. Let C be a threshold circuit computing MODA
m, and let a = |A|.

Then

|Q(C)| ≤ (|P(C)| − 1)(m − a) + a. (8)

Proof. We give a proof only for the case where |A| ≤ |M−A| and hence a = |A|,
because the proof for the other case where |A| > |M − A| is similar.

The set P(C) can be partitioned into the following two subsets P1(C) and
P0(C):

P1(C) = {p(x) | x ∈ {0, 1}n, C(x) = 1}
and

P0(C) = {p(x) | x ∈ {0, 1}n, C(x) = 0}.
Since gs is the output gate of C, we have gs[x] = 1 if C(x) = 1, and gs[x] = 0 if
C(x) = 0. Thus P1(C) ∩ P0(C) = ∅. Similarly, the set Q(C) can be partitioned
into the following two subsets Q1(C) and Q0(C):

Q1(C) = {q(x) | x ∈ {0, 1}n, C(x) = 1}



Size and Energy of Threshold Circuits Computing Mod Functions 731

and
Q0(C) = {q(x) | x ∈ {0, 1}n, C(x) = 0}.

Clearly

|P(C)| = |P1(C)| + |P0(C)| (9)

and

|Q(C)| = |Q1(C)| + |Q0(C)|. (10)

If C(x) = MODA
m(x) = 1, then [x]m ∈ M − A by Eq. (1). We thus have

|Q1(C)| ≤ |P1(C)| · (m − a). (11)

On the other hand, if C(x) = 0 then [x]m ∈ A. We thus have

|Q0(C)| ≤ |P0(C)| · a (12)

Substituting Eqs. (11) and (12) to Eq. (10), we have

|Q(C)| ≤ |P1(C)| · (m − a) + |P0(C)| · a. (13)

Equations (9) and (13) imply that

|Q(C)| ≤ (|P(C)| − |P0(C)|) · (m − a) + |P0(C)| · a
= |P(C)| · (m − a) − |P0(C)| · (m − 2a). (14)

By Eq. (2) we have m − 2a ≥ 0. Therefore, the right side of Eq. (14) is non-
increasing with respect to |P0(C)|. Since a ≥ 1 by Eq. (2), we have A �= ∅.
Since A ⊆ M = {0, 1, · · · , m − 1} and m − 1 ≤ n by Eq. (3), there is an input
x ∈ {0, 1}n such that [x]m ∈ A and hence C(x) = MODA

m(x) = 0. Therefore,
p(x) ∈ P0(C) and hence |P0(C)| ≥ 1. Thus, the right side of Eq. (14) takes the
maximum value when |P0(C)| = 1, and hence Eq. (8) holds. 
�
For a threshold circuit C with n(≥ 2) inputs, we denote by C0 a circuit obtained
from C by fixing the n-th variable xn of input x = (x1, x2, · · · , xn) to the constant
0. As illustrated in Fig. 1, one can obtain C0 from C by deleting the n-th input
node for xn and all the wires linked from the node. We call C0 the 0-fixed circuit
of C. The 0-fixed circuit C0 has n − 1 inputs, but the size of C0 is the same as
that of C.

Define X0 ⊆ {0, 1}n as follows: X0 = {(x1, x2, · · · , xn) ∈ {0, 1}n | xn = 0}.
For each input x′ = (x1, x2, · · · , xn−1) ∈ {0, 1}n−1 to the 0-fixed circuit C0 of C,
let x ∈ X0 be the input to C such that x = (x1, x2, · · · , xn−1, 0). Then clearly
[x′]m = [x]m and pC0

(x′) = pC(x). We thus have

P(C0) = {pC0
(x′) | x′ ∈ {0, 1}n−1}

= {pC(x) | x ∈ X0} ⊆ P(C) (15)

and
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Q(C0) = {(pC0
(x′), [x′]m) | x′ ∈ {0, 1}n−1}

= {(pC(x), [x]m) | x ∈ X0} ⊆ Q(C). (16)

If a threshold circuit C computes the function MODA
m of n variables, then

clearly the 0-fixed circuit C0 computes the function MODA
m of n − 1 variables.

We now have the following key lemma on Q(C) and Q(C0).

Lemma 3. If a threshold circuit C computes the function MODA
m of n(≥ 1)

variables, then |Q(C0)| + 1 ≤ |Q(C)| where |Q(C0)| is assumed to be 1 if n = 1.

Sketchy proof. Clearly Lemma 3 holds for the case where n = 1, and hence
one may assume that n ≥ 2. Suppose that a threshold circuit C computes
the function MODA

m of n(≥ 2) variables, and that C consists of s threshold
gates g1, g2, · · · , gs. One may assume that g1, g2, · · · , gs are topologically ordered
with respect to the underlying directed acyclic graph of C, and that gs is the
output gate of C. Assume for a contradiction that Lemma 3 does not hold.
Then, Q(C0) = Q(C) because Q(C0) ⊆ Q(C) by Eq. (16). Let X1 be the subset
of {0, 1}n such that X1 = {(x1, x2, · · · , xn) ∈ {0, 1}n | xn = 1}. Let Q1 be
the subset of Q(C) such that Q1 = {(p(x), [x]m) | x ∈ X1}. Then we have
Q1 ⊆ Q(C) = Q(C0).

Let h = |P(C)|. To derive a contradiction, we construct the following sequence
of 2h + 1 inputs to C:

x0 → y0 → x1 → y1 → · · · → xh−1 → yh−1 → xh, (17)

where xj ∈ X1 and yj ∈ X0 for every index j. We arbitrarily choose x0 from
the set X1(�= ∅), and choose y0, x1, · · · , xh as in the following (a) and (b):

(a) From xj , 0 ≤ j ≤ h − 1, we obtain yj ∈ X0 such that p(yj) = p(xj) and
(p(yj), y′

j) �∈ Q(C0) for y′
j = [yj ]m + 1 (mod m).

(b) From yj ∈ X0, 0 ≤ j ≤ h − 1, we obtain xj+1 ∈ X1 simply by flipping the
n-th input of yj ∈ X0.

The sequence (17) corresponds to the following sequence of patterns:

p(x0)→p(y0)→p(x1)→p(y1) → · · ·→p(xh−1)→p(yh−1)→p(xh). (18)

One can prove that p(xj) = p(yj) �= p(xj+1) for each j, 0 ≤ j ≤ h − 1.
Therefore, the sequence (18) contains h + 1 patterns p(x0), p(x1), · · · , p(xh),
but h = |P(C)|. Thus, there is a pair of indices l and r, 0 ≤ l < r ≤ h, such that
p(xl) = p(xr). We now consider the following subsequence of (18)

p(xl)→p(yl)→p(xl+1)→p(yl+1)→· · ·→p(xr−1)→p(yr−1)→p(xr),

and find a sequence of gates gil
, gil+1 , · · · , gir−1 , as follows. Since p(yj) �= p(xj+1)

for each j, l ≤ j ≤ r − 1, there are one or more gates that output b ∈ {0, 1}
for yj and output the complement b̄ of b for xj+1. Let gij be the gate with the



Size and Energy of Threshold Circuits Computing Mod Functions 733

smallest index among all these gates. Let it, l ≤ t ≤ r− 1, be the smallest index
among il, il+1, · · · , ir−1. Then one can prove that the n-th input node xn of C is
directly connected to the gate git , and the weight wn is not zero. From the fact
one can derive git [xl] �= git [xr], which contradicts to p(xl) = p(xr). The details
are omitted, due to the page limitation. 
�

From Lemma 3 one can easily prove the following lower bound on |Q(C)|.
Lemma 4. If a threshold circuit C computes the function MODA

m of n(≥ 1)
variables, then

n + 1 ≤ |Q(C)|. (19)

Proof. By Eq. (3) we have n ≥ m − 1, and hence we prove by induction on n
that Eq. (19) holds for every integer n such that n ≥ m − 1.

For the inductive basis, we assume that n = m − 1. Clearly, for every integer
i ∈ M , there exists an input x ∈ {0, 1}n such that [x]m = i. Thus |Q(C)| ≥
|M | = m = n + 1, and hence Eq. (19) holds.

For the inductive hypothesis, we assume that n ≥ m(≥ 2) and that Eq. (19)
holds for every threshold circuit computing the function MODA

m of (n− 1) vari-
ables. Let C be a threshold circuit computing MODA

m of n variables. Since the
0-fixed circuit C0 of C computes the function MODA

m of n− 1 variables, the in-
duction hypothesis implies that |Q(C0)| ≥ (n−1)+1 = n. Therefore, by Lemma
3 we have |Q(C)| ≥ |Q(C0)| + 1 ≥ n + 1. 
�

There exists a threshold circuit C computing the function MODA
m of n variables

such that |Q(C)| = n + 1, as illustrated in Fig. 2(a) for m = 2 and A = {0}.
Therefore, the lower bound on |Q(C)| in Lemma 4 is best possible.

Using Lemmas 1, 2 and 4, one can easily prove Theorem 1, as follows.

Proof of Theorem 1. By Lemma 2 and Lemma 4 we have

n + 1 ≤ (|P(C)| − 1)(m − a) + a. (20)

Slightly modifying Eq. (20) and using Lemma 1, we have

n + 1 − a

m − a
≤ |P(C)| − 1 ≤ se. 
�

3.3 Theorem 2

In the section, we present a tradeoff which is better than that in Theorem 1 if
e ≥ 5.

Applying a counting argument ([4, p.102, p.122]) and the Stirling’s formula
to Eq. (6), one can easily prove the following upper bound on |P(C)|, which is
better than the bound in Lemma 1 if e ≥ 5:

|P(C)| ≤ 1√
2πe

·
(

2cnpr · s
e

)e

(21)
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where cnpr
∼= 2.718 is the Napier’s (or mathematical) constant. Similarly to the

proof of Theorem 1, we can prove the following theorem from Eqs. (20) and (21).

Theorem 2. Let C be a threshold circuit computing the function MODA
m of n

variables. Then the size s and energy complexity e of C satisfy

n + 1 − a

m − a
+ 1 ≤ 1√

2πe
·
(

2cnpr · s
e

)e

. (22)

4 Conclusions

In the paper, we show that there exists a very simple tradeoff (n + 1 − a)/(m−
a) ≤ se between the size s and the energy complexity e of a threshold circuit
computing MODA

m, where n is the number of input variables, 2 ≤ m ≤ n + 1,
and a = min{|A|, |M − A|}. The main idea of the proof of our result is to show
that the number of patterns of a circuit is at most se + 1 and the number of
extended patterns is at least n + 1.

We have so far considered circuits of threshold logic gates, but our result
can be extended to a more general class of circuits, called “unate circuits.” A
function g(z1, z2, · · · , zk) : {0, 1}k → {0, 1} is said to be unate in variable zi if

g(z1, · · · , zi−1, 0, zi+1, · · · , zk) ≤ g(z1, · · · , zi−1, 1, zi+1, · · · , zk)

or
g(z1, · · · , zi−1, 1, zi+1, · · · , zk) ≤ g(z1, · · · , zi−1, 0, zi+1, · · · , zk)

holds for all z1, · · · , zi−1, zi+1, · · · , zk ∈ {0, 1}. A function g is said to be unate
if g is unate in every variable zi, 1 ≤ i ≤ k. A unate gate is a logical gate
computing a unate function. Clearly, a threshold gate, OR gate, AND gate, etc.
are unate gates, while there is a unate function which cannot be computed by
any single threshold gate. A unate circuit is a combinatorial circuit C consisting
of unate gates, let the size s of C be the number of gates in C, and let the
energy complexity e of C be the maximum number of gates outputting “1” over
all inputs. Then one can observe that our proof scheme for threshold circuits
can be applied to unate circuits and yields the same tradeoffs as in Theorem 1
and Theorem 2.

References

1. Aggarwal, A., Chandra, A., Raghavan, P.: Energy consumption in VLSI circuits.
In: Proceedings of the 20th Annual ACM Symposium on Theory of Computing,
pp. 205–216 (1988)

2. Beigel, R., Maciel, A.: Upper and lower bounds for some depth-3 circuit classes.
Computational Complexity 6(3), 235–255 (1997)

3. Chattopadhyay, A., Goyal, N., Pudlak, P., Therien, D.: Lower bounds for circuits
with MODm gates. In: Proceedings of the 47th Annual IEEE Symposium on Foun-
dations of Computer Science, pp. 709–718 (2006)



Size and Energy of Threshold Circuits Computing Mod Functions 735

4. Cormen, T.H., Leiserson, C.E., Rivest, R.L.: Introduction to Algorithms. MIT
Press, Cambridge (1989)

5. Grolmusz, V., Tardos, G.: Lower bounds for (MODp - MODm) circuits. SIAM
Journal on Computing 29(4), 1209–1222 (2000)

6. Impagliazzo, R., Paturi, R., Saks, M.E.: Size-depth trade-offs for threshold circuits.
SIAM Journal on Computing 26(3), 693–707 (1997)

7. Kissin, G.: Upper and lower bounds on switching energy in VLSI. Journal of the
Association for Computing Machinery 38, 222–254 (1991)

8. Lennie, P.: The cost of cortical computation. Current Biology 13, 493–497 (2003)
9. Margrie, T.W., Brecht, M., Sakmann, B.: In vivo, low-resistance, whole-cell record-

ings from neurons in the anaesthetized and awake mammalian brain. Pflugers
Arch. 444(4), 491–498 (2002)

10. Minsky, M., Papert, S.: Perceptrons: An Introduction to Computational Geometry.
MIT Press, Cambridge (1988)

11. Parberry, I.: Circuit Complexity and Neural Networks. MIT Press, Cambridge
(1994)

12. Shao-Chin, S., Nishino, T.: The complexity of threshold circuits for parity func-
tions. IEICE Transactions on Information and Systems 80(1), 91–93 (1997)

13. Sima, J., Orponen, P.: General-purpose computation with neural networks: A sur-
vey of complexity theoretic results. Neural Computation 15, 2727–2778 (2003)

14. Siu, K.Y., Roychowdhury, V., Kailath, T.: Discrete Neural Computation; A The-
oretical Foundation. Prentice-Hall, Inc., Upper Saddle River (1995)

15. Siu, K.Y., Roychowdhury, V.P., Kailath, T.: Rational approximation techniques
for analysis of neural networks. IEEE Transactions on Information Theory 40(2),
455–466 (1994)

16. Uchizawa, K., Douglas, R., Maass, W.: On the computational power of threshold
circuits with sparse activity. Neural Computation 18(12), 2994–3008 (2006)

17. Uchizawa, K., Nishizeki, T., Takimoto, E.: Energy complexity and depth of thresh-
old circuits. In: Proceedings of the 17th International Symposium on Fundamentals
of Computation Theory. Springer, Heidelberg (to appear)

18. Uchizawa, K., Takimoto, E.: Exponential lower bounds on the size of threshold
circuits with small energy complexity. Theoretical Computer Science 407(1-3), 474–
487 (2008)


	Size and Energy of Threshold Circuits Computing Mod Functions
	Introduction
	Preliminaries
	Size-Energy Tradeoff
	Main Theorem and Corollaries
	Proof of Theorem 1
	Theorem 2

	Conclusions
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




