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Effect of Evaporation and
Condensation at Menisci
on Apparent Thermal Slip
We semi-analytically capture the effects of evaporation and condensation at menisci on
apparent thermal slip lengths for liquids suspended in the Cassie state on ridge-type
structured surfaces using a conformal map and convolution. An isoflux boundary condi-
tion is prescribed at solid–liquid interfaces and a constant heat transfer coefficient or iso-
thermal one at menisci. We assume that the gaps between ridges, where the vapor phase
resides, are closed systems; therefore, the net rates of heat and mass transfer across
menisci are zero. The reduction in apparent thermal slip length due to evaporation and
condensation relative to the limiting case of an adiabatic meniscus as a function of solid
fraction and interfacial heat transfer coefficient is quantified in a single plot. The semi-
analytical solution method is verified by numerical simulation. Results suggest that inter-
facial evaporation and condensation need to be considered in the design of microchan-
nels lined with structured surfaces for direct liquid cooling of electronics applications
and a quantitative means to do so is elucidated. The result is a decrease in thermal resist-
ance relative to the predictions of existing analyses which neglect them.
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Keywords: heat transfer, apparent thermal slip length, evaporation, condensation

1 Introduction

A sessile droplet on a structured surface characterized by peri-
odic length scales that are small compared to the capillary length
may be stable in the Cassie state, where solid–liquid contact is
confined to the tips of the structures [1]. A liquid flowing over a
structured surface may also be in this state, which we assume here
and depict in Fig. 1 for ridge-type structures. The necessary crite-
ria are provided elsewhere [2]. The solid–liquid interface is sub-
jected to the no-slip boundary condition, but lubrication is
achievable because low shear stress may be maintained at the
meniscus (liquid–vapor interface). Heat is supplied to the liquid
primarily through the solid–liquid interface.

Trapping a flowing liquid in the Cassie state is envisioned for
enhanced microchannel cooling of electronics [2,3]. This reduces
the caloric resistance, 1= _mcp

� �
, to heat transfer, but, simultane-

ously, degrades the effective heat transfer coefficient. To evaluate
the efficacy of the enhancement it is necessary to capture the ben-
eficial effects of condensation and evaporation along menisci on
reducing apparent thermal slip length when a volatile coolant such
as water is utilized.

We consider a periodic array of ridges of width 2a, of pitch 2d,
and centered about the origin and assume that menisci are flat as
per the semi-infinite domain shown in Fig. 2. The composite inter-
face corresponds to the y¼ 0 boundary of the domain and includes
the solid–liquid interface and the meniscus. Solid fraction (/)

equals the area fraction of the solid–liquid portion of the compos-
ite interface, a/d. The temperature field is symmetric about x¼ 0
and x¼ d. We assume that the gaps between ridges, where the
vapor phase resides, are closed systems.2 This is true, when, e.g.,
ridges reside in a trench on a substrate over which liquid flows.
We consider steady-state conditions; therefore, the net rates of
heat and mass transfer into the meniscus are zero. Thermophysical
properties are assumed to be constant.

The Reynolds number characterizing flow near a composite
interface in the limit as solid fraction approaches zero is
Rec ¼ q�wca=l, where w is streamwise velocity, the overbar
denotes a mean quantity, the subscript c denotes the composite
interface, and q and l are liquid density and viscosity, respec-
tively. More generally, Rec cannot exceed q�wcd=l. The corre-
sponding P�eclet number is Pec ¼ RecPr, where Pr is the Prandtl
number of the liquid. At pitches characterizing structured surfa-
ces, Rec and Pec approach zero in most applications. Thus, as we
assume here, viscous dissipation is negligible, transport is diffu-
sive, and the temperature field is governed by Laplace’s equation
for the “inner problem.”

There is a distinction between the true temperature profiles,
T x; y; zð Þ and T x; yð Þ for ridges oriented parallel and transverse to
the streamwise direction, respectively, and those averaged over
the width of the domain, d, �T y; zð Þ and �T yð Þ for parallel and trans-
verse ridges, respectively. However, the (maximum) length scale
for the distance normal to the composite interface to which it
applies is d. We assume that length scales characterizing the
“outer problem,” e.g., boundary layer thickness in an external
flow, are large compared to d. Then, heat flux is constant as
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y!1 in the inner problem, as it is within the linear region of the
temperature profile of the outer one. We further assume that
@2T=@x2�@2T=@y2 � @2T=@z2 in the inner problem such that it
is governed by the two-dimensional form of the Laplace equation.
This is precisely true for a fully developed internal flow over par-
allel ridges subjected to a constant heat flux at the solid–liquid
interface ðq00slÞ. However, our analysis assumes symmetry bound-
ary conditions in x; therefore, it only applies to flow over trans-
verse ridges when the linear component of the streamwise
temperature change may be ignored. The preceding discussion is
restricted to laminar flows due to the minute length scales associ-
ated with viscous sublayers in turbulent flows.

Apparent slip results from the interaction of liquid flow with
regions of solid–liquid contact and menisci. The no-slip boundary
condition applies at solid–liquid interfaces, but not along menisci;
therefore, lubrication may be realized in microfluidic conduits.
The apparent hydrodynamic slip length (b), subsequently referred
to as the slip length, relates the streamwise velocity averaged over
the width of the domain to its gradient at the composite interface
as per [4]

�wc ¼ b
@ �w

@y

����
c

(1)

Analogously, the apparent thermal slip length (bt), also referred to
as the temperature jump length and subsequently referred to as the
thermal slip length, relates the difference between the mean tem-
peratures of the solid–liquid and composite interfaces to the gradi-
ent of �T yð Þ at the composite interface as per

�Tsl � �Tc ¼ �bt

@ �T

@y

����
c

(2)

where the subscript sl denotes the solid–liquid interface, where a
constant heat flux is prescribed. (Thermal slip length may also be
based upon the maximum temperature of the solid–liquid inter-
face.) We note that as per the Leibniz Rule @ �T=@yjc equals the
mean heat flux at the composite interface scaled by the thermal
conductivity of the liquid which, in turn, as per an energy balance
on the domain equals dT=dyjy!1.

Slip lengths and thermal slip lengths often follow from the solu-
tion to the inner problems and capture perturbations to the veloc-
ity and temperature fields due to structured surfaces. Assuming a
flat and shear-free meniscus, expressions for slip length were
developed by Lauga and Stone [5] for parallel and transverse
ridges and by Davis and Lauga [6] and Enright et al. [7] for pil-
lars.3 More generally, Ybert et al. [8] developed scaling laws that

consider meniscus curvature and viscous dissipation in the gas
phase.

Analytical results for thermal slip length for isoflux and isother-
mal solid–liquid interfaces and adiabatic menisci were developed
by Enright et al. [7] for ridge- and pillar-type structures based
upon expressions for thermal spreading resistances [9]. Ng and
Wang [10] semi-analytically computed thermal slip lengths for
isothermal, ridge-type structures as a function of vapor phase to
liquid-phase thermal conductivity and ridge depth when isother-
mal surfaces bounded the vapor phase. When the cavity depth is
shallow compared to structure spacing, conduction through the
vapor phase can reduce the thermal slip length relative to the case
of an adiabatic meniscus. For cavity depths on the order of the
spacing of the structures and larger, conduction through the gas
has negligible impact on slip length. No effort is made to account
for this effect here. Ng and Wang [10] also semi-analytically com-
puted slip lengths for an isothermal surface with adiabatic circular
or square holes. The preceding results are based on pure diffusion
in the aforementioned inner problem. Maynes and Crockett [11]
analytically studied Poiseuille flow in a parallel plate channel
lined with parallel ridges subjected to a constant heat flux by solv-
ing the thermal energy equation rather than the Laplace equation,
thereby accounting for advection. They developed a closed form
solution for the local Nusselt number in agreement with Enright
et al. [7] and provided an expression for thermal slip length based
on it. Finally, Cowley et al. [12] account for the effects of axial
conduction in a numerical study of Poiseuille flow in a parallel
plate channel lined with transverse ridges. Their results elucidate
when axial conduction is important and when diffusion-based
analyses apply as a function of the relevant dimensionless
parameters.

We capture the effects of evaporation and condensation along
the meniscus on thermal slip length, when the tips of ridge-type
structures are isoflux. Significantly, when heat is transferred from
the solid–liquid interface into the liquid, evaporation occurs along
the relatively hot portion of the meniscus adjacent to the triple
contact line and condensation elsewhere. Therefore, a fraction of
the heat entering the domain conducts through the liquid to the
relatively hot portion of the meniscus, drives evaporation, con-
vects through the vapor phase and is transported back into the liq-
uid by condensation. This decreases thermal slip length relative to
the limiting case of an adiabatic meniscus, except in the case of a
nonvolatile liquid, e.g., galinstan. This has ramifications on the
efficacy of using structured surfaces to reduce the thermal resist-
ance of microchannel cooling of microelectronics [2].

In the general case, we prescribe solid fraction and the dimen-
sionless interfacial heat transfer coefficient at the meniscus, ~h.
Then, the limiting case of an isothermal meniscus ð~h!1Þ is

Fig. 2 Liquid domain and ridge and vapor region beneath it

Fig. 1 Liquid in Cassie state on ridge-type structures

3For pillar-geometry structures, the velocity and temperature fields in the inner
problems are three-dimensional; therefore, velocities and temperatures are averaged
over areas rather than line segments to compute slip lengths.
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addressed. We note that thermal slip lengths are geometric param-
eters only in the limits of an adiabatic or isothermal meniscus.

Macroscopic parameters, e.g., Poiseuille and Nusselt numbers,
follow by imposing the boundary conditions given by Eqs. (1) and
(2) on the convective transfer equations governing the outer prob-
lem. These govern the velocity and temperature fields averaged
over the appropriate length (e.g., ridge pitch) or area (e.g., that
bounded by symmetry lines surrounding a pillar); see, e.g., Stei-
gerwalt Lam et al. [13]. By implication, the Nusselt number is a
function of the thermal slip length, and its value computed from
the analysis herein rather than that for an adiabatic meniscus
should be utilized. Subsequently, a microchannel heat sink
exploiting the favorable effects of liquid flowing over textured
surfaces may be optimized as per the analysis of Steigerwalt
Lam et al. [13].

We note that when the Knudsen number characterizing an inter-
nal gas flow is between about 0.001 and 0.01 the continuum forms
of the convective transfer equations apply, but the wall boundary
conditions which account for molecular slip are of the same form
as Eqs. (1) and (2) [14]. Therefore, expressions in the rarefied gas
and microflow literature for Poiseuille number (see, e.g., Duan
and Muzychka [15]) and Nusselt number (see, e.g., Colin [16])
apply to liquid flows exhibiting apparent slip. In both classes of
problems, the effects of slip vanish as the ratio of the slip length
to the length scale for the outer problem approaches zero. Hence,
since apparent slip lengths scale with structure pitch [8], itself on
the order of microns, apparent slip is relevant in laminar micro-
channel flows and turbulent flows [17].

2 Analysis

We organize this section according to the type of boundary con-
dition imposed at the meniscus. First, we consider it adiabatic.
Then, we prescribe a finite heat transfer coefficient. Finally, we
consider it isothermal. The solid–liquid interface is isoflux.

2.1 Adiabatic Meniscus. As per the result of Enright et al.
[7], for an adiabatic meniscus, dimensionless thermal slip length,
~bt ¼ bt= 2dð Þ, is

~bt ¼
1

p3/2

X1
n¼1

sin2 np/ð Þ
n3

(3)

2.2 Finite Heat Transfer Coefficient at Meniscus. The two-
dimensional temperature field is governed by Laplace’s equation

r2T ¼ 0 (4)

subjected to

@T

@y
¼ � q00sl

k
for 0 < x < a; y ¼ 0 (5)

dT

dy
¼ � a

d

q00sl

k
for 0 < x < d; y!1 (6)

@T

@y
¼ h

k
T � �Tlvð Þ for a < x < d; y ¼ 0 (7)

@T

@x
¼ 0 for x ¼ 0; y > 0 (8)

@T

@x
¼ 0 for x ¼ d; y > 0 (9)

where �Tlv is the mean temperature of the meniscus and k is the
thermal conductivity of the liquid. Implicit in the assignment of
Eq. (7) to the meniscus is the assumption of a uniform pressure on
the vapor side of it that corresponds to the saturation pressure
associated with �Tlv. While local evaporation and condensation

occur, the net heat and mass flows across the meniscus are zero.
Hence, all the heat entering the domain at the solid–liquid inter-
face is removed by the sensible temperature rise of the liquid, and
the rate of heat leaving the domain as y !1 equals that through
the solid–liquid interface as per Eq. (6). Therefore, we develop
the dimensionless parameter that must be small compared to unity
to justify ignoring the heat advected out of the domain. Accord-
ingly, we consider the domain shown in Fig. 2, with the exception
that it is finite rather than semi-infinite. Its height is d, the maxi-
mum length scale required for the temperature field to become
uniform in x in the inner problem, and it is of depth dz. For fully
developed flow, the rate of heat advected out of the domain is

qadv ¼ _minnercp

dTm

dz
dz (10)

where _minner is the mass flow rate of liquid through the aforemen-
tioned (finite) inner domain, cp is the specific heat of the liquid at
constant pressure and Tm is the bulk temperature of the liquid.
The characteristic velocity in the inner problem is that at y¼ 0,
which equals wc as per Eq. (1) and is readily computed from avail-

able expressions for b. Hence, _minner is of order qwcd2. Moreover,
because the boundary condition at y¼ 0 is one of constant heat
input, a macroscopic energy balance on a domain that extends
across a parallel plate channel yields dTm=dz ¼ 2q00sla=ð _mcpÞ,
where the factor of two implies that the channel is symmetrically
heated and _m is the total mass flow rate of liquid through the chan-
nel, which may be computed based upon available friction factors
which account for hydrodynamic slip. It follows that

qadv ¼
2q�wcd2q00sla

_m
dz (11)

The rate of heat conducted into the domain is q00sladz such that the
criterion for negligible advection out of the domain becomes

2q�wcd2

_m
� 0:1 (12)

Physically, this implies that the mass flow rate of liquid through
the inner portion of the domain is small compared to the total
mass flow rate. We assume that Eq. (12) holds and proceed by
neglecting the effects of heat advected out of the domain.

In dimensionless form, Laplace’s equation becomes

@2h
@~x2
þ @

2h
@~y2
¼ 0 (13)

where h ¼ T � �Tlvð Þk= q00sld
� �

. Throughout this paper, variables
with units of length are nondimensionalized by half of the pitch of
the ridges (d) when a tilde symbol is placed over them. The excep-
tion is bt, which is nondimensionalized by structure pitch (2d) to
be consistent with most of the previous literature. The boundary
conditions become

@h
@~y
¼ �1 for 0 < ~x < /; ~y ¼ 0 (14)

@h
@~y
¼ ~hh for / < ~x < 1; ~y ¼ 0 (15)

dh
d~y
¼ �/ for 0 < ~x < 1; ~y!1 (16)

@h
@~x
¼ 0 for ~x ¼ 0; ~y > 0 (17)

@h
@~x
¼ 0 for ~x ¼ 1; ~y > 0 (18)

where ~h ¼ hd=k. The symmetry boundary conditions in Eqs. (17)
and (18) always apply, but are only explicitly stated here.
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We homogenize the boundary condition given by Eq. (14) by
defining ~u ~x; ~yð Þ ¼ ~h ~x; ~yð Þ þ ~y. Then, we conformally map the
problem to the complex plane according to [18]

~v ¼ 2

p
cos�1 cos p~z=2ð Þ

cos p/=2ð Þ

� �
(19)

where ~v ¼ ~r ~x; ~yð Þ þ i~s ~x; ~yð Þ and ~z ¼ ~xþ i~y. Equation (13) is pre-
served, but the independent variables become ~r and ~s. The map
sends the points (0,1), (0,0), (/, 0), (1,0), and (1,1) in the real
ð~x; ~yÞ plane to (0,1), ð0; ~DÞ, (0,0), (1,0), and (1,1), respectively,
in the complex ð~r; ~sÞ plane, where

~D ¼ 2

p
ln

cos p/=2ð Þ
1� sin p/=2ð Þ

� �
(20)

Because ~D is a finite, positive constant, the problem in the com-
plex plane has a homogeneous Neumann boundary condition
along ~r ¼ 0 for ~s > 0. Also, the homogeneous Neumann boundary
condition along ~x ¼ 1 for ~y > 0 becomes one of the same type
along ~r ¼ 1 for ~s > 0. The nonhomogeneous Robin boundary con-
dition along ~y ¼ 0 for ~a < ~x < 1 is stretched to one of the same
type along ~s ¼ 0 for 0 < ~r < 1. Finally, the nonhomogeneous
Neumann boundary condition as ~y!1 for 0 < ~x < 1 corre-
sponds to one of the same type as ~s!1 for 0 < ~r < 1. When ~u
is expressed in terms of ð~r; ~sÞ rather than ð~x; ~yÞ, we denote it by
~U ~r; ~sð Þ.

The effect of the conformal map on the derivatives within the
nonhomogeneous boundary conditions may be evaluated from
@~u=@~y ¼ @ ~U=@~r � @~r=@~yþ @ ~U=@~s� @~s=@~y. After manipulation
it follows that, along ~s ¼ 0 for 0 < ~r < 1; @ ~U=@~s ¼ @~u=@~y� f ~rð Þ,
where

f ~rð Þ ¼
cos

p/
2

� �
sin

p~r

2

� �

1� cos2
p/
2

� �
cos2

p~r

2

� �� �1=2
for 0 < ~r < 1 (21)

and, as ~s!1; @ ~U=@~s ¼ @~u=@~y. Eliminating a mixed boundary
condition from the problem is of net benefit, but causes f ~rð Þ to
appear in the Robin boundary condition. Finally, defining
~w ~r; ~sð Þ ¼ ~U ~r; ~sð Þ þ /� 1ð Þ~s renders the Neumann boundary con-
dition as ~s!1 homogeneous such that r2 ~w ¼ 0 is subjected to

@ ~w

@~r
¼ 0 for ~r ¼ 0; ~s > 0 (22)

@ ~w

@~r
¼ 0 for ~r ¼ 1; ~s > 0 (23)

@ ~w

@~s
þ 1� / ¼ ~h ~wþ 1

~h

� �
f ~rð Þ (24)

for 0 < ~r < 1; ~s ¼ 0

@ ~w

@~s
¼ 0 for 0 < ~r < 1; ~s!1 (25)

Solving Eq. (13) by the method of separation of variables and
applying the three homogeneous boundary conditions yields

~w ¼
X1
j¼0

dj cos jp~rð Þe�jp~s (26)

Inserting this result into the nonhomogeneous boundary condition
(Eq. (24)), multiplying by the jth eigenfunction and integrating
across the homogeneous direction, does not yield a direct expres-
sion for dj. However, by expressing the left- and right-hand sides

of Eq. (24) in terms of this Fourier series, we can utilize orthogon-
ality to numerically compute dj.

The function f ~rð Þ is odd and has a dimensionless period of 4.
However, since only its value for 0 < ~r < 1 is relevant, we choose
to express it in a Fourier cosine series as

f ~rð Þ ¼
X1
k¼0

ek cos kp~rð Þ (27)

where standard orthogonality relations yield

e0 ¼
ð1

0

cos
p/
2

� �
sin

p~r

2

� �

1� cos2
p/
2

� �
cos2

p~r

2

� �� �1=2
d~r (28)

ek ¼ 2

ð1

0

cos
p/
2

� �
sin

p~r

2

� �

1� cos2
p/
2

� �
cos2

p~r

2

� �� �1=2
cos kp~rð Þd~r

for k > 0

(29)

Analytical results for the preceding integrals are cumbersome.
Hence, we compute them numerically.

Utilizing the expression for ~w (Eq. (26)), the left-hand side of
the nonhomogeneous boundary condition (Eq. (24)) may be
expressed as

@ ~w

@~s

����
~s¼0

þ1� / ¼
X1
l¼0

fl cos lp~rð Þ (30)

where

f0 ¼ 1� / (31)

fl ¼ �lpdl for k > 0 (32)

Moreover, excluding the scaling factor, the right-hand side of this
boundary condition may be expressed as

~h ~w ~r; 0ð Þ þ 1

~h

� �
¼
X1
m¼0

gm cos mp~rð Þ (33)

where

g0 ¼ ~h d0 þ
1

~h

� �
(34)

gm ¼ dm
~h for k > 0 (35)

The product of this Fourier series and that representing the scaling
factor (Eq. (21)) equals the Fourier series representation of the
left-hand side of the nonhomogeneous boundary condition as per

X1
l¼0

fl cos lp~rð Þ ¼
X1
m¼0

gm cos mp~rð Þ
X1
k¼0

ek cos kp~rð Þ (36)

Multiplying this expression by cos pp~rð Þ, where p is an integer
between 0 and 1, and integrating across the homogeneous direc-
tion yields

X1
l¼0

fl

ð1

0

cos lp~rð Þ cos pp~rð Þd~r ¼
X1
m¼0

X1
k¼0

gmek�
ð1

0

cos mp~rð Þ cos kp~rð Þ cos pp~rð Þd~r (37)
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Performing the integration yields a linear system of equations
valid between p¼ 0 and p¼1 as per

X1
l¼0

flt l; pð Þ ¼
X1
m¼0

X1
k¼0

gmek a m; k; pð Þ þ b m; k; pð Þ½

þ c m; k; pð Þ þ d m; k; pð Þ� (38)

where

t l; pð Þ ¼
1 if l ¼ p ¼ 0

1=2 if l ¼ p > 0

0 otherwise

8<
: (39)

a m; k; pð Þ ¼ 1=4 if m ¼ k ¼ p ¼ 0

0 otherwise

	
(40)

b m; k; pð Þ ¼ 1=4 if k � m ¼ p
0 otherwise

	
(41)

c m; k; pð Þ ¼ 1=4 if mþ k ¼ p
0 otherwise

	
(42)

d m; k; pð Þ ¼ 1=4 if m� k ¼ p
0 otherwise

	
(43)

Upon removal of the terms equal to zero in the sum and double
sum in Eq. (38), it becomes

f0 ¼ e0g0 þ
1

2

X1
m¼1

emgm p ¼ 0ð Þ (44)

2fp ¼
Xp

m¼0

ep�mgm þ
X1
m¼0

emgmþp þ emþpgm p � 1ð Þ (45)

The unknown column vector in the linear system, dj, appears in fl
(for l� 1) and gm (for all m). We impose Pþ 1 unknowns (d0

through dP) on a truncated form of the linear system with Pþ 1
equations (those for p¼ 0 through p¼P) by truncating the sums
therein according to

f0 ¼ g0e0 þ
1

2

XP

m¼1

emgm p ¼ 0ð Þ (46)

2fp ¼
Xp

m¼0

ep�mgm þ
XP�p

m¼0

emgmþp þ
XP

m¼0

emþpgm p � 1ð Þ (47)

The linear systems were solved using the built-in lower upper fac-
torization from MATLAB to find the coefficients, dj, although we
note that an indirect method, using a few steps of Gauss–Seidel
iteration, gave effectively the same results. Evaluation of the ther-
mal slip length requires an expression for h ~x; 0ð Þ along ~y ¼ 0.
Upon transforming from ~w back to h, it follows that

h ~x; 0ð Þ ¼
XP

j¼0

dj cos jp~r ~x; 0ð Þ½ �e�jp~s ~x;0ð Þ þ 1� /ð Þ~s ~x; 0ð Þ (48)

where it follows from Eq. (19) and the requirement that
~s ~x; 0ð Þ � 0 that for 0 	 ~x 	 1:

~r ~x; 0ð Þ ¼ 2

p
cos�1

cos
p
2

~x

 �

cos
p
2

/

 �

2
64

3
75H ~x� /ð Þ (49)

~s ~x; 0ð Þ ¼ � 2

p
ln

cos
p
2

~x

 �

cos
p
2

/

 ��

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2

p
2

~x

 �

cos2
p
2

/

 �� 1

vuuut
�������

�������
2
64

3
75

H /� ~xð Þ (50)

where H is the Heaviside step function, which equals 0 and 1
when its argument is < 0 and � 0, respectively. Noting that

/ ¼ � @
�h

@~y

����
c

(51)

the definition of thermal slip length implies that

~bt ¼
1� /

2/2

ð/

0

h ~x; 0ð Þd~x� 1

2/

ð1

/
h ~x; 0ð Þd~x (52)

We compute ~bt for prescribed values of / and ~h by setting
P¼ 200 and increasing it by 200 until no change is observed in
the result to six digits.

2.3 Isothermal Meniscus. The boundary conditions for an
isoflux solid–liquid interface and isothermal meniscus are those
given by Eqs. (14)–(18), except that Eq. (15) is replaced by h¼ 0
for / < ~x < 1 and ~y ¼ 0. The solution is the superposition of
those to a one-dimensional background problem and a two-
dimensional perturbation problem. The former is governed by
d2h1D=d~y2 ¼ 0 subjected to h1D ¼ 0 at ~y ¼ 0 and dh1D=d~y ¼ �/
as ~y!1 such that h1D ¼ �/~y. The latter is governed by
r2hp ¼ 0 subjected to the symmetry boundary conditions and

@hp

@~y
¼ /� 1 for 0 < ~x < ~a; ~y ¼ 0 (53)

hp ¼ 0 for ~a < ~x < 1; ~y ¼ 0 (54)

dhp

d~y
¼ 0; for 0 < ~x < 1; ~y!1 (55)

We note that �hsl � h~y!1 ¼ h1D;~y¼0 � h1D;~y!1
� �

þ �hp;sl

�
�hp;~y!1Þ and that h1D;~y¼0 � h1D;~y!1 ¼ �hc � h~y!1. Then, it fol-
lows from Eq. (2) that the thermal slip length is

~bt ¼
�hp;sl � hp;~y!1
2 @h=@~yð Þjc

(56)

Philip [18] solved a mathematically equivalent perturbation prob-
lem in the context of shear flow over a plate with a regular array
of shear-free slots parallel to the flow direction. Utilizing his
results in Eq. (56), the thermal slip length becomes

~bt ¼
1� /ð Þ
p/

1

/

ð/

0

cosh�1 sec
p/
2

� �
cos

p~x

2

� �� �
d~x

	

� ln sec
p/
2

� �� �

(57)

3 Model Verification

To verify the analytical results, STAR-CCMþVR

version 7.04
(double precision) was used to solve the problem for an adiabatic
meniscus, an isothermal meniscus, and three finite nondimen-
sional heat transfer coefficient values at the meniscus, i.e.,
~h ¼ 1100, and 1000, all at solid fractions of 0.01 and 0.1. The
height of the computational domain was set to 25 times the struc-
ture pitch to well approximate a semi-infinite domain. A finite vol-
ume approach with an algebraic multigrid iterative solver was
employed. The meshes utilized featured increasing levels of
refinement near the solid–liquid interface, where steep
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temperature gradients were present. Meshes were generated for
both solid fractions and were subsequently refined until the ther-
mal slip length for the isothermal meniscus case was within 1% of
the analytical value given by Eq. (57). To further confirm the va-
lidity of the meshes, the meniscus was also subjected to the adia-
batic condition and the resulting thermal slip lengths agreed with
the analytical predictions (Eq. (3)) to within 0.04%. The meshes
used for /¼ 0.1 and 0.01 contained nominally 200 k and 370 k
cells, respectively. Further refinement to the smaller solid fraction
mesh for the adiabatic meniscus case yielded a change in thermal
slip length of less than 0.02%. The solutions were deemed con-
verged, when the norm of the residual of the discretized Laplace
equations approached its asymptotic value of nominally 10�13

and, within numerical precision, the thermal slip length ceased to
change.

4 Results

The semi-analytically computed thermal slip length is plotted
versus solid fraction for an adiabatic meniscus, selected finite val-
ues of dimensionless heat transfer coefficient, and an isothermal
meniscus in Fig. 3. The corresponding numerical results for the
aforementioned discrete values of / and ~h are shown by the solid
triangles. The mean of the absolute value of the discrepancy
between the analytical and numerical results is 1.61%.

As discussed by Carey [19], Schrage [20] derived an expression
for the interfacial heat transfer coefficient as per

h ¼ 2r̂
2� r̂

h2
lv

�Tlvvlv

M

2pR �Tlv

� �1=2

1� pvvlv

2hlv

� �
(58)

where properties are evaluated at �Tlv and r̂ is the accommodation
coefficient, hlv is the latent heat of evaporation, vlv is the differ-
ence between saturated vapor and saturated liquid specific vol-
umes, M is the molecular weight of the liquid, R is the universal
gas constant and pv is saturation pressure. Equation (58) is valid
when

q00lv
qvhlv

2R �Tlv

M

� �1=2

	 0:01 (59)

where qv is the vapor density. When the right-hand side of this
equation equals 0.01, the corresponding interfacial heat flux is

denoted by q00lv;max. Equation (58) imposes a linear relationship
between the (local) heat flow and the (local) temperature differ-
ence between the phases. This implies that conditions are suffi-
ciently close to equilibrium such that the Boltzmann distribution
describes the velocity distribution of vapor molecules leaving and
approaching the meniscus. In the case of water, assuming an
accommodation coefficient of unity, the extremely high interfacial
heat transfer coefficient and corresponding q00lv;max are plotted ver-
sus temperature in Fig. 4 based upon the properties of water in
Ref. [21]. When Eq. (59) is invalid, Schrage [20] provides a more
cumbersome relation to compute the interfacial heat transfer
coefficient.

Thermal slip length is computed by prescribing / and �Tlv using
Fig. 4 to determine the corresponding value of ~h and finding ~bt

from Fig. 3. For example, for /¼ 0.01 and �Tlv ¼ 100 
C, in the
case of water, h ¼ 7:55� 106W=ðm2 � KÞ and q00lv;max

¼ 792W=cm
2
. Assuming a ridge pitch of 2 lm (d¼ 1 lm),

~h ¼ 11:12 and ~bt ¼ 0:94, which is a 30% reduction relative to the
case of an adiabatic meniscus and 2.44 times the limiting value
for an isothermal meniscus. Macroscopically, the Nusselt number
is a function of the thermal slip length [7] and its value computed
from the analysis herein rather than that for an adiabatic meniscus
should be utilized.

5 Conclusions

We developed expressions for the dimensionless (apparent)
thermal slip length for liquid flow in the Cassie state over ridge-
type structured surfaces in the presence of local evaporation and
condensation along the meniscus subject to the constraint that the
net rate of phase change is zero. An isoflux boundary condition
was imposed at the solid–liquid interface. In the limiting case of
an isothermal meniscus, analytical results provide thermal slip
length as a function of solid fraction. In the case of a finite heat
transfer coefficient along the meniscus, semi-analytical results
provide thermal slip length as a function of solid fraction and
dimensionless interfacial heat transfer coefficient. Evaporation
and condensation substantially reduce thermal slip lengths at con-
ditions relevant to water-based thermal management of electron-
ics. The reduction in thermal resistance of a microchannel heat
sink may be quantified by using apparent thermal slip lengths
computed from the present analysis in relevant Nusselt number
expressions. Future work should consider the effect of evaporation
and condensation on the hydrodynamic slip length as they induce
a nonzero velocity normal to the meniscus. More rigorous expres-
sions for both slip lengths in diabatic flows must simultaneously
account for the effects of curvature, thermocapillary stress, and
evaporation and condensation along the meniscus and, as per the

Fig. 3 Dimensionless thermal slip length versus solid fraction
for adiabatic meniscus, finite dimensionless heat transfer coef-
ficient at meniscus and isothermal meniscus when the bound-
ary condition at the solid–liquid interface is constant heat flux.
Triangles correspond to numerical verification of semi-
analytical solution method.

Fig. 4 Interfacial heat transfer coefficient and maximum inter-
facial heat flux to which it applies as a function of temperature
for water
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study by Ng and Wang [10], relax the assumption that heat is sup-
plied to the fluids exclusively at the solid–liquid interface.
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Nomenclature

a ¼ half width of ridge (m)
b ¼ apparent hydrodynamic slip length (m)
bt ¼ apparent thermal slip length (m)
cp ¼ specific heat at constant pressure (J/(kg K))
d ¼ half pitch of ridges (m)
~D ¼ mapped distance along ridge
h ¼ interfacial heat transfer coefficient (W/(m2 K))
~h ¼ dimensionless interfacial heat transfer coefficient

hlv ¼ latent heat of evaporation
H ¼ Heaviside step function
k ¼ thermal conductivity (W/(m K)), index

m ¼ index
_m ¼ mass flow rate (kg/s)

M ¼ molecular weight
p ¼ index
P ¼ maximum index value

pv ¼ saturation pressure (N/m2)
Pec ¼ P�eclet number based on the length scale of the composite

interface
q00 ¼ heat flux (W/m2)

~r ¼ imaginary coordinate
R ¼ universal gas constant (8.3144 kJ/(kg mol K))

Rec ¼ Reynolds number based on the length scale of the compos-
ite interface

~s ¼ imaginary coordinate
T ¼ temperature (K)
U ¼ mapped temperature (K)
~u ¼ temperature (K)
~v ¼ conformal map

vlv ¼ difference between saturated vapor and saturated liquid
specific volumes (m3/kg)

w ¼ streamwise velocity (m/s)
~w ¼ mapped temperature (K)
x ¼ lateral coordinate parallel to composite interface
y ¼ spanwise coordinate normal to composite interface
z ¼ streamwise coordinate
~z ¼ complex coordinate

Greek Symbols

/ ¼ solid fraction
l ¼ viscosity (kg/s m)

q ¼ density (kg/m3)
r̂ ¼ accommodation coefficient

Symbols

� ¼ mean quantitye¼ dimensionless quantity

Subscripts

c ¼ composite interface
lv ¼ liquid–vapor
m ¼ bulk or mean quantity
sl ¼ solid–liquid
v ¼ vapor
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