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1 Introduction

We consider the problem of approximating a given real-valued function f, defined on a topo-
logical measure space, by means of a sequence of integral operators (T, f),. Operators like
Mellin convolution, moment and sampling operators play an important role in several branches
of Mathematics, for instance in reconstruction of signals and images, in Fourier analysis and op-
erator theory (see, e.g., [1-7] and the references contained therein). In particular, the Urysohn-
type operators are generalizations of suitable convolution operators, like for example the Mellin
operators.

In this paper, we deal with nonlinear Urysohn operators, generated by kernels which satisfy
some singularity properties with respect to filter convergence introduced in [8], and we extend
some modular convergence theorems proved in [9-11].

More precisely, we introduce the notion of exhaustiveness of a function sequence at a point
with respect to a filter and we establish new filter convergence theorems under suitable condi-
tions on the filters.

As applications, we obtain modular convergence theorems for nonlinear Mellin-type oper-
ators with respect to the statistical convergence introduced by Steinhaus (see [12]) and we

consider also the moment kernels and the Mellin—Gauss—Weierstrass kernels (see [11]).
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Finally, we give some non-trivial examples which show that our results are proper exten-
sions of the corresponding classical ones, by constructing suitable kernels, satisfying singularity

conditions with respect to the filter involved, but not the classical ones.

2 Preliminaries
We recall some properties of the filters of N.

Definition 2.1 (a) A nonempty family F of subsets of N is called a filter of N if and only if
0 & F, ANB € F whenever A,B € F, and for each A € F and B D A, we get B € F.

(b) Let F be a filter of N. A collection of subsets H C F is called a base of F if and only
if for every A € F, there is an element B € H with B C A.

(c) A sequence (x,)n in R is said to be F-bounded if and only if there exists a positive real
constant M such that the set {n € N: |z,| < M} belongs to F.

(d) Let G be any nonempty set and f, : G — R, n € N, be a sequence of functions. We say
that (fn)n is F-dominated if and only if there exists a non-negative function h : G — R such
that

{neN:|ft) < h(t),Vte G} eF.

In this case, we also say that h F-dominates (fp)n-
(e) Let (X,d) be a metric space. A sequence (xy,), in X is said to be F-convergent to x € X

(and we write x = (F)lim, x,,) if and only if for every ¢ > 0, we get
{neN:d(z,,z) <e}eF.

We now introduce the following (see also [13]).

Definition 2.2 Let (X,d) be a metric space and for every x € X and § > 0, set B(x,d) :=
{z € X : d(z,2) < §}. A sequence of functions f, : X — R, n € N, is called F-exhaustive at
xo if and only if for every e > 0, there exist 6 > 0 and A € F such that |f(2) — fn(zo)| < e,
whenever n € A and z € B(xo, 9).

We recall some examples of filters (see also [14]).

Example 2.3 (a) The filter Feonpn of all subsets of N whose complement is finite is called the
Fréchet filter.

Note that a sequence f, : X — R, n € N, is exhaustive at o € X if and only if it is
Feofin-€xhaustive at x.

(b) A filter F of N is said to be free if and only if it contains the Fréchet filter.

(c) We say that a free filter F is a P-filter if and only if for any sequence (4;); in F, there
are sets B; C N, j € N, such that the symmetric difference A;AB; is finite for all j € N and
N;=, Bj € F.

An example of P-filter is the filter F, associated with statistical convergence, that is the set
of all subsets of N whose asymptotic density is 1. Here the asymptotic density of a set A C N

is defined as
card(AnA{l,...,n})

d(A) = 1i
(4) = lim "

(if this limit exists) and “card” denotes the cardinality of the set in brackets.
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We now recall the Egorov and Lebesgue filters, that is the filters with respect to which the
Egorov theorem and the Lebesgue dominated convergence theorem are always true respectively
(see also [14]).

(d) A filter F of N is said to be an FEgorov filter if and only if for every measure space
(G, B, 1), with p finite and positive, for each sequence f,, : G — R, n € N, pointwise F-
convergent to 0 and for every € > 0, there exists a subset B € B with u(B) < €, such that

(F)1im | sup [£u(0)]] = 0.
" LteG\B

(e) A filter F of N is said to be a Lebesgue filter if and only if for every measure space

(G, B, 1), with p finite and positive, we have

(F) 1i£n/andu =0 (2.1)

whenever f,, : G — R, n € N, is a sequence, pointwise F-convergent to 0 and with the property
that there exists a non-negative function h € L*(G, B, ), with |f,,(t)] < h(¢) for all t € G.

Note that every Egorov filter is a Lebesgue filter (see [14, Corollary 2.3]), but not vice
versa: indeed, the above defined F; is a Lebesgue filter, but not an Egorov filter (see [14,
Proposition 3.1]).

Remark 2.4 1t is easy to see that the definition of Lebesgue filter can be equivalently formu-
lated if we require that (2.1) holds whenever (f,), is a sequence pointwise F-convergent to 0
and F-dominated by a function h € L'(G, B, ).

3 Main Results
We now introduce some notations and structural hypotheses, following [9-11].

Notations and Assumptions 3.1 (a) Let G be a locally compact Hausdorff topological
space, B be the o-algebra of all Borel subsets of G, and p : B — R be a positive o-finite
measure. We denote by L°(G, B, 1) the space of all real-valued p-measurable functions with
identification up to sets of measure u zero, by C(G) the space of all real-valued continuous
bounded functions on G and by C.(G) the subspace of C(G) of all continuous functions with
compact support on G.

(b) Denote by L the set of all non-negative measurable functions L : G x G — R such that
the sections L(-,t) and L(s,-) belong to L'(G, B, u) for all ¢, s € G respectively.

(c) Let R§ be the set of all non-negative real numbers and ¥ be the class of all functions
¥ : Rf — Ry such that 1 is continuous, nondecreasing, ¥(0) = 0 and 9 (u) > 0 whenever
u >0, and let E = (¢,)n, C ¥ be a sequence of functions which are F-exhaustive at 0 and for
every u > 0, the sequence (¢, (u)), is F-bounded. Denote by Kz the class of all sequences of
functions K, : G x G xR — R, n € N, such that: K, (-,-,u) is measurable on G x G for all
u€Rand n €N; K,(s,t,0) =0 for every n € N and s, t € G; there are sequences (L), C L
and (¢,), C U, such that

|K7L(Sa tvu) - K,L(s, tvv)‘ < Ln(sa t)¢n(|u - UD (3-1)

foralln e N, s,t € G and u, v € R.
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(d) Let K = (K,), € Kz and consider a sequence T = (T,),, of Urysohn-type operators
defined as

(Tnf)(s) = /GKn(s,t,f(t))du(t) for all s € G, (3.2)

where f € DomT = (,—,DomT,,, where for each n € N,Dom7T, is the subset of L°(G, B, 11)

on which T}, f is well defined as a p-measurable function of s € G.

The following extension of the notion of singularity given in [9] will be fundamental in

proving our modular convergence theorems with respect to filter convergence.

Definition 3.2 Let K € Kz be as in 3.1. We say that K is F-singular if and only if

3.2.1) there exists a positive real number Dy with
A= {n eN: / L, (s,t)du(t) < Dy for all s € G} e F;
G
3.2.2) for every s € G and for each neighborhood Us C G of s, we get

(F)lim L (s, t)dp(t) = 0;
nJG\Us

3.2.3) for every s € G and u € R, we have
(F) lim/ K, (s, t,u)du(t) = u.
mJa

Let ® be the set of all continuous non-decreasing functions ¢ : Rf — R with ¢(0) = 0,
@(u) > 0 for all uw > 0 and lim,_, 4o ©(u) = 400 in the usual sense, and let ® the set of all
elements of ® which are convex functions. For all ¢ € ®, let us consider the functional p¥
defined as

p7(0) = [ A1 Dduts) tor al £ € LGB,
The subspace
L?(G) = {f € L°(G, B, n) : p*(\f) < +oo for some A > 0}
is the Orlicz space generated by ¢ (see also [3, 6]).

We now define the modular convergence in the context of filters and some related notions.
Definition 3.3 (a) A sequence (fn)n of functions in L¥(Q) is F-modularly convergent to
f € L?(G) if and only if there is a positive real number X\ > 0 with

(F) m g N(fu = )] = 0.
Note that the Feonn-modular convergence coincides with the usual modular convergence.
(b) The sequence (fn)n in L¥(G) is F-strongly convergent to f € L¥(G) if and only if
(F)lim p?[A(fn = f)] = 0
for every A > 0. Observe that the Feonn-strong convergence is equivalent to the usual strong
convergence.

(c) Given a subset A C L¥(G) and f € L¥(G), we say that f € A (that is, f is in the

modular closure of A) if and only if there is a sequence (fn)n in A such that (f)n is modularly

convergent to f in the usual sense.
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Finally, we introduce a technical concept, which relates the modular p¥ with the sequence
(¥n)n introduced in 3.1 (c), and which will have importance in proving our main results. Given
n € d, set

() = [ a1 Ddn(s) o every f € LGB o).

Definition 3.4 Given two functions ¢, n € ® and a family = = (¢Yp)n C ¥ as in (3.1),
we say that the triple (p%, vy, p") is F-properly directed if and only if there is a sequence
(cn)n in R with (F)lim, ¢, = 0, such that for all X € (0,1), there exists Cx € (0,1) with
p?(Cx (¥ 0 g)) < p"(\g) + ¢, whenever n € N and g € L°(G, B, 1), g > 0.

We now extend [9, Theorem 1] to the context of filters. From now on, we suppose that our
involved filter is a fixed free filter and we use the structural hypotheses and notations introduced

above.

Theorem 3.5 Let f € L®(G,B,u) and K = (K,,), € Kz be F-singular. Then for every
continuity point s € G of f, we get (F)lim, T, f(s) = f(s).

Proof Let s € G be a fixed continuity point of f. For every n € N, we have

(@D = F6) < [ 1Kl 10) = oot S dn()
. \ /G Ko (5.1, £())du(t) — £(s)

= + L.

By virtue of the condition 3.2.3) of F-singularity, we get (F)lim,, [ = 0. So, in order to prove
the theorem, it is enough to estimate the quantity I;.

Fix arbitrarily & > 0. By the F-exhaustiveness at 0 of (), there is a ¢ > 0 and a set
IT € F with ¢, (u) <& whenever |u| <o and n € II.

By continuity of f at the point s, there exists a neighborhood V; of s such that | f(t)— f(s)| <
o whenever ¢t € V,. From (3.1), 3.2.1) and the F-exhaustiveness at 0 of (¢,,),, there exists a
set A € F such that for all n € ANTI, we get

L < /G Lo(s, ) (8) — £(5)])dpa(2)
- / Lo(s, )0n(1£(1) — F(5))dpu(t) + / Lu(s, D0n (1£(t) — F(3))du(2)
Vs G

Vs

< (o) - Dy + (2] fllo) - /G Tl 00

s

<Dy 4 (2l ) - /G Lo (s, £)dpu(t).

s

By 3.2.2), there is a II; € F (depending on s) such that for every n € Il;, we get

/ L, (s,t)du(t) <e.
G\Vs
Thus Iy NII € F. Let A, =11, NIIN A. We have obtained

It < e D1+ e¢n(2] fllo)
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for all n € As. Since, by hypothesis, the sequence (1, (2| f|lcc))n is F-bounded, there exist a
positive real number D’ and a set @ € F, depending only on f, such that ¥, (2| f|le) < D’
whenever n € ). Hence (F)lim,, I; = 0. So (F)lim, T, f(s) = f(s), and thus we obtain the

assertion. [l

Theorem 3.6 Let F be a Lebesque filter of N, € EI:, E=n)n CY and K = (K,), € Kz
be F-singular. Then
(F)lim p? (T f — f)xs] =0
for every f € C(G), A >0 and S € B with u(S) < +oo.
Proof Choose arbitrarily f € C(G). By hypothesis, Theorem 3.5 and the continuity of ¢, we

have
(F) liingo()\|(Tnf)(s) —f(s)])=0 forallse Gand A > 0.

Indeed, it is enough to observe that a function ¢ : Ry — RJ is continuous if and only if
for any free filter 7 and for all sequences (z,), in Ry, F-converging to x € Ry, we have
(F)lim,, p(x,,) = ¢(x), taking into account that ©(0) = 0.

Let now D1 > 0 and A € F be according to F-singularity, and fix arbitrarily A > 0. For all
n € A and s € G, we have

2M(Tnf)(s)] < 2)\/GLn(Syt)wn(lf(t)\)du(t) < 2AD1¢n ([ fllo)- (3.3)

Let S € B, u(S) < +o0o. From (3.3), taking into account that ¢(0) = 0 and since ¢ maps
bounded sets into bounded sets, there exist M* > 0 and A* € F, without loss of generality, we
assume A* C A, such that for all n € A* and s € G, we get

AT f)(s)Ixs(s)) < @(2AD1 ([l flloc) x5(s)) < M*xs(s). (3.4)

By the convexity of ¢, for all s € G and n € N, we have

AT f)(s) = f(s)Ixs(s)) < @2A(Tnf)(s)[xs(s)) + L2 A (s)[xs(s))

< M*xs(s) + @Al flloo) x5 (5)- (3.5)
From (3.4) and (3.5), we obtain that the functions s — @(A\[(Tnf)(s) — f(s)|xs(s)), n € N, are
F-dominated by a suitable function h, which belongs to L(G, B, 11). From this, since

(F) lim o(A[(To f)(s) = f(s)[xs(s)) = 0
and F is a Lebesgue filter, we get
(F) lim p?[M(Tof = f)xs] = 0,

that is the assertion. 0

We now state the following technical lemma, analogous to [10, Theorem 5].

Lemma 3.7 Let ¢ € P, neE P and E = (Yn)n C U be such that (p?,1n, p") is F-properly
directed, and assume that K = (K,,), is F-singular.
Then there is a sequence (cp)n in R with (F)lim, ¢, = 0 and such that for every A > 0,

there exists a constant a = ay > 0 (depending only on \) with

p?la(Tof — Tag)] < p"IA(f — 9)] + ca,
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for alln €N and f, g € L°(G,B,u) NDomT.

Proof Let A > 0 be fixed, and let (cy),, Cx be according to the property of F-properly
directed triple. Let a > 0 be such that a D; < C), where D; is as in 3.2.1). Proceeding
analogously as in [10, Theorem 5] and using the Jensen inequality and the Fubini theorem, for
each n € N and f, g € L°(G, B, 1) N Dom T, we have

p?la(Tnf — Thg)] < /GW(/\\f(t) = 9@))du(t) + cn = p"[Af = 9)] + cn,

and (F)lim,, ¢, = 0. Thus we get the assertion. 0
We now prove the following
Theorem 3.8 Let F be a Lebesgue filter of N, o € ®, n € ® and = = (¥n)n C U be such that
(p?,n, p") is F-properly directed. Let K = (K,,), be F-singular.
Then for every f € L¥T1(G) NDom T, there exists a positive real number a such that
(F) lim p?[a(Tn f = f)xs] = 0
whenever S € B with u(S) < 4oc.

Proof Let f € L¥*"(G) NDomT. By [15, Proposition 1], L?*"(G) is the modular closure
of C.(G) with respect to the modular topology in L¥™" associated with the usual modular
convergence. So there exist a constant A’ € (0,1) and a sequence (fi) of elements of C.(G)
such that for every S € B with u(S) < 400, and for any & > 0, there is k = k(¢) € N with

PN (i = F)xs) < (3.6)

for every k > k.

In correspondence with X', let ays > 0 be a constant according to Lemma 3.7. Applying
Theorem 3.6 to A’ and f,, k € N, for all ¢ > 0, S € B with u(S) < +o0o and k > k, we have

Ay = {n € N: PN (T — fi)xs] < g} e F.

Let a > 0 be such that 3a < min(X,ay/). By the convexity of ¢, for all n € N, we get
[ ottt () = Fe) s () auts)
< / e(BalT f(s) — Tnfr(s)Ixs(s))du(s) + / ©(3a| Ty fr(s) — fr(s)xs(s))du(s)
G G

4 / o(3alfi(s) — F(s)xs(s))dp(s)
G
= p?[Ba(T f — Tnfz)xs] + p? Ba(Th f5; — fr)xs] + p?Ba(fz — f)xs]
L4+ L+ I

Observe that, by Lemma 3.7, for all n € N, we get I, < p"[N(f — fz)xs] + cn, where

F)lim, ¢, = 0; moreover, by Theorem 3.6, we have I, < £ for every n € A;. We obtain
3 k

I+ I3 < p"IN(f = fr)xs] + en + p? [N (f — fr)xs]
= pPHIN(F = f)xs] +en € 5 + e
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for all n € N. Thus, for all n € Az, we get
[ alT(5) = F(9)xs(s)dn(s) < T+ Bt I < 22 e (37)
Since (F)lim,, ¢, = 0, for every € > 0, the set
Fez{neN:|cn|§§}€}T (3.8)

Let k be as above, and set E = F. N Az. Note that E € F. From (3.7) and (3.8), for every

n € FE, we have
0 < p?la(Tnf — f)xs] < e.
This means

(F)lim p?[a(T f = f)xs] =0,

that is the assertion. O

4 Applications
As an application, we consider nonlinear Mellin operators and in particular moment operators
and Mellin-Gauss—Weierstrass-type operators (see also [11]). We recall the following structural
assumptions according to [11].

Assumptions 4.1 (a) Let G = R*, and for any measurable set S C R, put pu(S) = [ 2.

t
Let £ be the set of all sequences of measurable functions L, : Rt — Rg , n € N, such that

Ly € L'().
(b) Let 2 = (tu)n C W be as in 3.1 (c), and denote by K=z the set of all sequences of
functions K, : R x R — R, n € N, such that
i) .f(vn(~,u) is measurable for all v € R and n € N, and I’{Vn(t, 0) = 0 for every n € N and
teRT;
ii) there are sequences (i;)n C £ and (¢p), C ¥, such that

Ko (t 1) = Ko (t,0)] < Lo () (Ju = v]) (4.1)

foralln € N, t € RT and u, v € R.
(c) Let K = (K,), € Kz and let us consider a sequence T = (T},), of nonlinear Mellin

operators defined as
~ oo/t dt
(Tnf)(s) = / K, (, f(t)) n for all s € RT, (4.2)
0 S

where f € DomT = ﬂf:’:lDomi’vn is the subset of LO(R™, B, y) on which T}, f is well defined.
Observe that, if we put

Lo(s,t) = Z;(z) Kon(s, t,u) = E(éu)

for all s, t € R and u € R, then it is not difficult to check that, if I?:L, E:L, n € N, satisfy
Assumptions 4.1, then K,,, L,,, n € N, fulfil Assumptions 3.1.

We now introduce (filter) singularity in the context of Mellin operators.
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Definition 4.2 We say that K = (IN{n)n is F-singular if and only if
4.2.1) there exists a Dy > 0 with

teo o dt
II= nEN:/ Ln(t)?ng eF;
0

4.2.2) for all 6 > 1, setting Us = [%,5], we get

~ dt
(F) lim L,(t) — =0;
nJRH\Us 3
4.2.3) for every u € R, we have
oo dt
(F) lim K (t,u) — = u.

Remark 4.3 Observe that
+o00 +oo +o0
~ (t\ dt ~ | sdz ~ . dz
L,[-)—= Ly(z) — = Ly(z) —,
o mE)T mesE el
+oo +o00 400
~ ([t dt ~ sdz ~ dz
0 s t 0 Sz 0 z
foralln € N, s ¢ R* and u € R.
It is possible to adapt to the context of Mellin operators the convergence theorems proved
in the previous section, and we can obtain, as particular cases, convergence theorems for these

kinds of operators with respect to statistical convergence, since the filter F; is a Lebesgue filter.

We get the following consequence of Theorem 3.8.
Corollary 4.4 Let F be a Lebesgue filter of N, ¢ € <T>, neE D and E = (Yn)n C U be such
that (p%,¢n, p") is F-properly directed. Let K = ([f(vn)n be F-singular.
Then for every f € L¥T1(G) NDom T, there exists a positive real number a such that
(F)lim p?[a(T,.f — f)xs] =0
for any S € B with u(S) < +oo.

In the linear frame, a particular case of Mellin-type kernels is the moment kernel, defined
as
M, (t) =nt"xon(t), teR". (4.3)
For every n € N, t € RT and u € R, set

Ln(t) = Mp(t), Kn(t,u)=Lyn(t)-u. (4.4)

Observe that, for any 6 > 1 and n € N, we get

+OO~ dt 1
/ L (t) = :n/ t"ldt =1,
0 t 0

N 1/6 n
/ L, (1) a_ n/ t"ldt = (1> : (4.5)
R+\Us 3 0 0

From (4.3)—(4.5), it follows that all F-singularity conditions in Definition 4.2 are satisfied for
every free filter F.
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Another example of Mellin-type kernels is the Mellin-Gauss—Weierstrass kernel, defined by
putting

n2 —_—
e TS K (tu) = Lo(t)-u, neNteRt ueR. (4.6)

- n

Ln(t) = N

teo— dt n /+°° n2 2 [t
L,t) — = —— e TV dw:—/ e dv=1. 4.7
.A W% =3 ). V) 7

Moreover, for any fixed 6 > 1 and for n large enough (depending on §), we get

We have

5 0o
[ Lot /” Ly e
rUs Ot 2T Jo t 27 Js t
—logé 2 “+00 2
n n 2 n n?, 2
= — e TV dw+ —— e” Y dw
2\/E [oo Zﬁ log é
+oo +oo
n _ﬁwQ _ 2 —?
_ﬁ o5 e 4 dw—ﬁ nl;gse dv
2 +oo 2 nlogs
_ﬁﬁwev e (48)
Hence, for all § > 1, we have
~ dt
n JRA\Us t

for every free filter F of N. From (4.7) and (4.9), it follows that all conditions of F-singularity
are fulfilled, even in the classical case, that is when F = F ogp-
In a similar way, we consider nonlinear moment kernels or nonlinear Mellin—Gauss—Weiers-

trass kernels, by setting

Kn(t,u) = Ly(t) Gu(u), neN,teRT ueR,
where (G,)n is a sequence of functions satisfying a Lipschitz condition of the type
|Gr(u) — Gr(v)| < ¢Yp(Ju—wv|) foralln €N and u,v € R,
where (¢,), C ¥ and ¥ is as in Assumptions 4.1 (b), and (F)lim,, G, (u) = u (see also [11]).

We now give some examples in which our results hold for filter convergence with respect
to any fixed Lebesgue filter F # Fionn, in particular for the statistical convergence (that is
in the case F = F,), but not for ordinary convergence, showing that our results are proper
extensions of the corresponding classical ones (see also [16], where a similar argument is used

for Korovkin-type theorems).

Example 4.5 Let F # Fcoan be any Lebesgue filter, and H be an infinite set, such that
N\H € F: since F # Feofin, then H does exist. We consider both moment-type and Mellin—
Gauss—Weierstrass-type kernels. For every ¢ > 0 and n € N, set

L (b), if n e N\H,

Li(t) = o
S Lo(t), ifneH,

(4.10)

where E;L(t) is as in (4.4) or as in (4.6).
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By (4.5), (4.7) and (4.8), it follows that the F-singularity conditions are satisfied. Set
¢(u) = n(u) = uP, where u € R} and p > 1 is arbitrarily chosen. For each n € N, define
Py, : RE — R by putting v, (u) = u, u € R . Tt is easy to see that the triple (p%, 1, p") is F-
properly directed with ¢, = 0 for all n € N. Thus, in this case, the hypotheses of Corollary 4.4
are fulfilled. Therefore, the kernels L}

convergence.

n € N, satisfy our main results with respect to F-

n’

We now prove that the kernels L*, n € N, do not fulfil the classical versions of theorems

n’
analogous to Theorems 3.6 and 3.8.
First of all, observe that in the case of the moment kernel, for every compact interval

[a,b] C RT, for all n € H and s € RT, we get

b b n b "
L[t dt w2 [0t dt w2 [0t dt
[ ()T =me [ () xon ()5 =m0 [ (2) om0

b e3"2%, if s >0,
ne3n n—1 3 2 s —a™ .
= t" " X(0,5)(t) dt = &3 =0, ifa<s<b, (4.11)
a
0, if0<s<a.

In the case of the Mellin—Gauss—Weierstrass kernel, for every [a,b] C R, n e H and s > 0, we

b 3n2  pb/s 9 .
t\ dt n a
/ L:;<> == ”2@7 o (510ee)"dt / e dw. (4.12)
a s ﬁ a/s t \/_ log

Let now S = [e~ /4 e!/4], f € C.(R), f > 0 be such that f(t) =1 for all ¢ € [e=3,e72] and

the support of f is contained in [e™*,e~!]. For every n € N and s > 0, set

T = | o L<t) o,

For all A > 0 and n € H, we get

have

1/4

¢ ds ¢ ds
PINTES = P0xsl =% [ TED@ = 5P S =3 [ e
We now claim that
7111€r%(T f)(s)=+cc forallseS. (4.13)

As a consequence, we will obtain that lim,e g p?[A(T f — f)xs] = +00, and hence the sequence
(p?IMTEf — f)xs])n does not converge in the usual sense, though it is F-convergent to 0. In
the case of the moment-type kernel, from (4.11), it follows that

=[Sl [ () e[
n - 0 n S t - o—3 n S n - o
for cach n € H and s € 5. Since § = [e_l/4ael/4]7 then Sin > e~ /4 and therefore,

(T;f)(s) > e3n2 (67271 o ef?m)efn/él S eSn(672n o ef?m)efn/él — o3n/4 _ /4

for all n € H and s € S. Thus, we get (4.13).
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For the Mellin-Gauss—Weierstrass-type kernel, from (4.12), for all n € H and s € S, we

have

aine= [ n(t)wts [

Q.2 n e—2 2 _9
esn 2 log( s ) _w? e3n 8" —w?
= e dw > —— e dw
\/E 5 log(—) ™ 7%71
2
n e3” 121 .2 n 71,2
64 = e 64

So we obtain (4.13) even in this case. Thus we proved that our results are proper extensions of

the corresponding classical ones.
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