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Abstract: In this article differential transform method (DTM) is considered to solve quadratic Riccati dif-
ferential equation. The results derived by differential transform method will be compared with the results of
homotopy analysis method and Adomian decomposition method. It would be shown that this method used for
quadratic Riccati differential equation is more effective and promising than homotopy analysis method and
Adomain decomposition method. An efficient recurrence relation for solving these equations will be obtained.
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1 Introduction

The concept of the differential transform was first proposed by Zhou [1], and its main applications therein are to solve
both linear and nonlinear initial value problems in electric circuit analysis. This method constructs a semi-analytical
numerical technique that uses Taylor series for the solution of differential equations in the form of a polynomial. It is
different from the high-order Taylor series method which requires symbolic computation of the necessary derivatives of
the data functions. The Taylor series method is computationally time-consuming especially for high order equation. The
differential transform is an iterative procedure for obtaining analytic Taylor series solutions of differential equations. It
can be said that Differential transform method is a universal one, and is able to solve various kinds of functional equations.
For example, it was applied to two point boundary value problems [10], to differential-algebraic equations [11], to the
KdV and mKdV equations [12], to the Schrdinger equations [13] and to fractional differential equations [14]. In this
paper, an analytical solution for the Riccati differential equation [2] will be discussed using differential transform method

𝑑𝑦

𝑑𝑡
= 𝑄(𝑡)𝑦 +𝑅(𝑡)𝑦2 + 𝑃 (𝑡), 𝑦(0) = 𝐺(𝑡), (1)

where 𝑄(𝑡), 𝑅(𝑡) , 𝑃 (𝑡), 𝐺(𝑡) are known scalar functions.
The Riccati differential equation is named after the Italian nobleman Count Jacopo Francesco Riccati (1676-1754).

The book of Reid [3] contains the fundamental theories of Riccati equation, with applications to random processes,
optimal control, and diffusion problems. Beside important engineering and science applications that today are known as
the classical proved, such as stochastic realization theory, optimal control, robust stabilization, and network synthesis,
the newer applications include such areas as financial mathematics [4, 5]. The solution of this equation can be reached
using classical numerical methods such as the forward Euler method and Runge-Kutta method. An unconditionally stable
scheme was presented by Dubois and Saidi [6]. El-Tawil et al. [7] presented the usage of Adomian decomposition method
(ADM) to solve the nonlinear Riccati in an analytic form. Very recently, Tan and Abbasbandy [8] employed the analytic
technique called Homotopy Analysis Method (HAM) to solve a quadratic Riccati equation. Abbasbandy [9] solved one
example of the quadratic Riccati differential equation (with constant coefficient) by He’s variational iteration method by
using Adomian’s polynomials. We think that, this paper can be used to convey to students the idea that the DTM is a
powerful tool for approximately solving linear and nonlinear problems.
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2 Basic idea of differential transform method
The basic definitions and fundamental operations of differential transform are given in [1, 10-14]. For convenience of
the reader, we will present a review of the differential transform method. The differential transform of the derivative of a
function is defined as follows

𝑈(𝑘) =
1

𝑘!

[
𝑑𝑘𝑢(𝑥)

𝑑𝑥𝑘

]
𝑥=𝑥0

, (2)

where 𝑢(𝑥) is the original function and 𝑈(𝑘) is the transformed function. The inverse differential transform of𝑈(𝑘) is
difined as

𝑢(𝑥) =

∞∑
𝑘=0

𝑈(𝑘)(𝑥− 𝑥0)
𝑘, (3)

in a real application, and when 𝑥0 is taken 0, then the function 𝑢(𝑥) is expressed by a finite series and Eq. (3) can be
written as

𝑢(𝑥) =

∞∑
𝑘=0

𝑈(𝑘)𝑥𝑘. (4)

The fundamental mathematical operations performed by one-dimensional differential transform method can be readily
obtained and are listed in Table 1.

Table 1: The fundamental mathematical operations
Original function Transformed function
𝑢(𝑥) = 𝑓(𝑥)± 𝑔(𝑥) 𝑈(𝑘) = 𝐺(𝑘)±𝐻(𝑘)
𝑢(𝑥) = 𝜆𝑔(𝑥) 𝑈(𝑘) = 𝜆𝐺(𝑘)
𝑢(𝑥) = ∂𝑔(𝑥)/∂𝑥 𝑈(𝑘) = (𝑘 + 1)𝐺(𝑘 + 1)
𝑢(𝑥) = ∂𝑚𝑔(𝑥)/∂𝑥𝑚 𝑈(𝑘) = (𝑘 + 1) . . . (𝑘 +𝑚)𝐺(𝑘 +𝑚)

𝑢(𝑥) = 𝑥𝑚
𝑈(𝑘) = 𝛿(𝑘 −𝑚) =

{
1 𝑘 = 𝑚
𝑜 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

𝑢(𝑥) = 𝑓(𝑥)𝑔(𝑥)
𝑈(𝑘) =

∑𝑘
𝑟=0 𝐹 (𝑟)𝐺(𝑘 − 𝑟)

𝑢(𝑥) = 𝑓1(𝑥)𝑓2(𝑥) . . . 𝑓𝑚(𝑥)
𝑈(𝑘) =

∑𝑘
𝑘𝑚−1=0 . . .

∑𝑘2

𝑘1=0 𝐹1(𝑘1)𝐹2(𝑘2 − 𝑘1) . . . 𝐹𝑚(𝑘 − 𝑘𝑚−1)

3 Numerical examples
To illustrate the ability and reliability of the method for the quadratic Riccati differential equation some examples are
provided. The results reveal that the method is very effective and simple.
Example 1. Consider the following equation [7]

𝑑𝑦

𝑑𝑡
= −𝑦2(𝑡) + 1, (5)

subject to the initial condition
𝑦(0) = 0. (6)

With the exact solution

𝑦(𝑡) =
𝑒2𝑡 − 1

𝑒2𝑡 + 1
.

The Taylor expansion of 𝑦(𝑡) about 𝑡 = 0 gives

𝑦(𝑡) = 𝑡− 1

3
𝑡3 +

2

15
𝑡5 − 17

315
𝑡7 +

62

2835
𝑡9 − ⋅ ⋅ ⋅ .
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Taking the differential transform of (5), leads to

(𝑘 + 1)𝑌 (𝑘 + 1) = −
𝑘∑

𝑟=0

𝑌 (𝑟)𝑌 (𝑘 − 𝑟) + 𝛿(𝑘). (7)

From the initial condition given by Eq. (6) we have

𝑌 (0) = 0. (8)

Substituting Eq. (7) into Eq. (8) and by recursive method, the results are listed as follows

𝑌 (1) = 1,

𝑌 (2) = 0,

𝑌 (3) = −1

3
,

𝑌 (4) = 0,

𝑌 (5) =
2

15
,

...

Therefore, the closed form of the solution can be easily written as

𝑦(𝑡) =

∞∑
𝑘=0

𝑌 (𝑘)𝑡𝑘 = 𝑡− 1

3
𝑡3 +

2

15
𝑡5 − 17

315
𝑡7 +

62

2835
𝑡9 − . . . =

𝑒2𝑡 − 1

𝑒2𝑡 + 1
.

Which is the exact solution.
Example 2. Consider the following quadratic Riccati differential equation

𝑑𝑦

𝑑𝑡
= 2𝑦(𝑡)− 𝑦2(𝑡) + 1, (9)

subject to the initial condition
𝑦(0) = 0. (10)

The exact solution was found to be [7]

𝑦(𝑡) = 1 +
√
2 tanh

(√
2𝑡+

1

2
log(

√
2− 1√
2 + 1

)

)
.

The Taylor expansion of 𝑦(𝑡) about 𝑡 = 0 gives 𝑦(𝑡) = 𝑡 + 𝑡2 + 1
3 𝑡

3 − 1
3 𝑡

4 − 7
15 𝑡

5 − 7
45 𝑡

6 + 53
315 𝑡

7 + ⋅ ⋅ ⋅ . Taking the
differential transform of (9), we have

(𝑘 + 1)𝑌 (𝑘 + 1) = 2𝑌 (𝑘)−
𝑘∑

𝑟=0

𝑌 (𝑟)𝑌 (𝑘 − 𝑟) + 𝛿(𝑘). (11)

From initial condition given by Eq. (10)
𝑌 (0) = 0. (12)

Substituting Eq. (12) into Eq. (11), and by recursive method, the results are listed as follows

𝑌 (1) = 1,

𝑌 (2) = 1,

𝑌 (3) =
1

3
,
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𝑌 (4) =
−1

3
,

𝑌 (5) =
−7

15
,

...

Therefore, the form of the solution can be easily written as

𝑦(𝑡) =
∞∑
𝑘=0

𝑌 (𝑘)𝑡𝑘 = 𝑡+ 𝑡2 +
1

3
𝑡3 − 1

3
𝑡4 − 7

15
𝑡5 − 7

45
𝑡6 +

53

315
𝑡7 + . . . = 1 +

√
2 tanh

(√
2𝑡+

1

2
log(

√
2− 1√
2 + 1

)

)
.

Which is the exact solution.

4 Conclusion
In this paper, differential transform method is proposed for solving quadratic Riccati differential equation. The small size
of computation in comparison with the computational size required in numerical methods [7-9], and the rapid convergence
show that the method is reliable and introduces a significant improvement in solving differential equations over existing
method. In comparison with A.D.M the main advantage of the DTM is that this method provides the solution of the
problem without the need to calculate Adomian’s polynomials [7]. This method is apt to be utilized as an alternative
approach to current techniques being employed to a wide variety of physical problems. Computations in this paper are
performed using Maple 12.
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