
Applied Mathematics and Computation 260 (2015) 269–287

Contents lists available at ScienceDirect

Applied Mathematics and Computation

journal homepage: www.elsevier.com/locate/amc

A new compact finite difference scheme for solving the complex

Ginzburg–Landau equation

Yun Yan a, Frederick Ira Moxley III b, Weizhong Dai a,∗

a Mathematics & Statistics, College of Engineering & Science Louisiana Tech University, Ruston, LA 71272, USA
b Hearne Institute for Theoretical Physics, Department of Physics & Astronomy Louisiana State University, Baton Rouge, LA 70803, USA

a r t i c l e i n f o

Keywords:

Compact finite difference scheme

Complex Ginzburg–Landau equation

Stability

a b s t r a c t

The complex Ginzburg–Landau equation is often encountered in physics and engineering

applications, such as nonlinear transmission lines, solitons, and superconductivity. However,

it remains a challenge to develop simple, stable and accurate finite difference schemes for

solving the equation because of the nonlinear term. Most of the existing schemes are obtained

based on the Crank–Nicolson method, which is fully implicit and must be solved iteratively for

each time step. In this article, we present a fourth-order accurate iterative scheme, which leads

to a tri-diagonal linear system in 1D cases. We prove that the present scheme is unconditionally

stable. The scheme is then extended to 2D cases. Numerical errors and convergence rates of

the solutions are tested by several examples.

© 2015 Elsevier Inc. All rights reserved.
1. Introduction

The complex Ginzburg–Landau equation is often encountered in physics and engineering applications, such as nonlinear

transmission lines [1–5], solitons [6–10], and superconductivity [11–17]. However, it remains a challenge to develop a simple,

stable and accurate finite difference scheme for solving this equation due to the nonlinear term, particularly in multi-dimensional

cases. There are many numerical schemes have been proposed for solving this equation [11–29]. In particular, Tsertsvadze [27]

proposed a second-order Crank–Nicolson type of finite difference scheme for a one-dimensional (1D) Ginzburg–Landau equation,

and Sun and Zhu [28] proved its unconditional convergence in the l∞ norm. Recently, Hu [29] developed several fourth-order

compact finite difference schemes by coupling the Crank–Nicolson method with the fourth-order compact finite difference

method [30]. The unconditional convergence in the l∞ norm of these schemes was analyzed. However, these fourth-order

accurate finite difference schemes are implicit, particularly the implicit approximation for the nonlinear term in some schemes,

which must be solved iteratively for each time step. In this study, we present a fourth-order accurate iterative scheme which

is also obtained based on the compact finite difference method and Crank–Nicolson method, but leads to a tri-diagonal linear

system in 1D cases. We further prove the scheme to be unconditionally stable in the l2 norm by using the discrete energy

techniques [28,29,31–38]. The obtained scheme is then extended to 2D cases. Finally, the numerical errors and convergence rates

of the solutions are tested by several examples.
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2. Finite difference schemes

We first consider the 1D complex Ginzburg–Landau equation with initial and periodic boundary conditions as follows:

∂u

∂t
= (1 + iα)

∂2u

∂x2
+ Ru − (1 + iβ)|u|q−1 u, x ∈ (0, L), t ∈ (0, T]; (2.1a)

u(x, 0) = u0(x), x ∈ [0, L]; (2.1b)

u(x, t) = u(x + L, t), t ∈ [0, T]; (2.1c)

where α and β are real constants, q ≥ 3 is a positive integer, i = √−1, the functions u(x, t)and u0(x)are complex valued functions,

R is a positive constant, and L is the period of u(x, t) with respect to x.

To develop a finite difference scheme for solving the above Ginzburg–Landau problem, we first divide spatial interval [0, L]

into M subintervals where the grid size is h = L
M , and the time interval [0, T] is divided into N subintervals with a time step

τ = T
N . We denote un

j
to be the numerical approximation of u(xj, tn), where xj = jh, tn = nτ , 0 ≤ j ≤ M and 0 ≤ n ≤ N. It can be

seen from periodicity that un
M = un

0, un
M+1 = un

1 and so on. Furthermore, we use the following first-order and second-order finite

difference operators:

δtu
n
j =

un+1
j

− un
j

τ
, δtu

n+ 1
2

j
=

u
n+ 3

2

j
− u

n+ 1
2

j

τ
; (2.2a)

δxun
j =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

un
j+1

− un
j

h
, 0 ≤ j ≤ M − 1,

un
M+1 − un

M

h
≡ un

1 − un
M

h
, j = M;

(2.2b)

δ2
x un

j =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

un
−1 − 2un

0 + un
1

h2
≡ un

M−1 − 2un
0 + un

1

h2
, j = 0,

un
j−1

− 2un
j

+ un
j+1

h2
, 1 ≤ j ≤ M − 1,

un
M+1 − 2un

M + un
M−1

h2
≡ un

1 − 2un
M + un

M−1

h2
, j = M.

(2.2c)

For the discrete space, a fourth-order compact difference scheme [30] at all grid points, xj, 0 ≤ j ≤ M, can be written as:

1

12

[
∂2u(xj−1, t)

∂x2
+ 10

∂2u(xj, t)

∂x2
+ ∂2u(xj+1, t)

∂x2

]
= 1

h2
[u(xj−1, t)− 2u(xj, t)+ u(xj+1, t)] + O(h4), (2.3)

which can be denoted using the second-order finite difference operator δ2
x as

(
1 + h2

12
δ2

x

)
∂2u(xj, t)

∂x2
= δ2

x u(xj, t)+ O(h4). (2.4)

We now rewrite Eq. (2.1) as (1 + iα)∂2u
∂x2 = ∂u

∂t
− Ru + (1 + iβ)|u|q−1u at (xj, t), multiply it both sides by 1 + h2

12 δ2
x , and then

use Eq. (2.4). This gives

(1 + iα)δ2
x u(xj, t) =

(
1 + h2

12
δ2

x

)[
∂u(xj, t)

∂t
− Ru(xj, t)+ (1 + iβ)|u(xj, t)|q−1 u(xj, t)

]
+ O(h4). (2.5)

Using the Crank–Nicolson technique to Eq. (2.5) with respect to time t at t
n+ 1

2
, we obtain

(
1 + h2

12
δ2

x

)
u(xj, tn+1)− u(xj, tn)

τ
= (1 + iα)

δ2
x u(xj, tn+1)+ δ2

x u(xj, tn)

2
+ R

(
1 + h2

12
δ2

x

)
u
(

xj, tn+ 1
2

)

− (1 + iβ)

(
1 + h2

12
δ2

x

) ∣∣∣u (
xj, tn+ 1

2

)∣∣∣q−1

u
(

xj, tn+ 1
2

)
+ O(τ 2 + h4). (2.6a)
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Note that u(xj, t
n+ 1

2
) must be known in order to obtain u(xj, tn+1) in Eq. (2.6). We may use a similar argument in obtaining

Eq. (2.6) from Eq. (2.5) at tn+1 and obtain

(
1 + h2

12
δ2

x

) u(xj, tn+ 3
2
)− u(xj, tn+ 1

2
)

τ
= (1 + iα)

δ2
x u(xj, tn+ 3

2
)+ δ2

x u(xj, tn+ 1
2
)

2
+ R

(
1 + h2

12
δ2

x

)
u(xj, tn+1)

− (1 + iβ)

(
1 + h2

12
δ2

x

)
|u(xj, tn+1)|q−1 u(xj, tn+1)+ O(τ 2 + h4). (2.6b)

Thus, coupling Eq. (2.6) and then dropping the truncation error O(τ 2 + h4), we obtain an iterative fourth-order in space compact

finite difference scheme for solving Eq. (2.1) as follows:

(
1 + h2

12
δ2

x

)
δtu

n
j = (1 + iα)δ2

x

(
un+1

j
+ un

j

2

)
+ R

(
1 + h2

12
δ2

x

)
u

n+ 1
2

j
− (1 + iβ)

(
1 + h2

12
δ2

x

)(∣∣∣un+ 1
2

j

∣∣∣q−1

u
n+ 1

2

j

)
, (2.7a)

(
1 + h2

12
δ2

x

)
δtu

n+ 1
2

j
= (1 + iα)δ2

x

⎛
⎝u

n+ 3
2

j
+ u

n+ 1
2

j

2

⎞
⎠ + R

(
1 + h2

12
δ2

x

)
un+1

j
− (1 + iβ)

(
1 + h2

12
δ2

x

)(∣∣∣un+1
j

∣∣∣q−1

un+1
j

)
,

(2.7b)

where u0
j

= u0(xj), and 0 ≤ j ≤ M, 0 ≤ n ≤ N − 1. To start the above iteration, u
1
2
j

, 0 ≤ j ≤ M, must be known. This can be obtained

using other methods, such as those proposed methods in [29] or the explicit pseudo-spectral methods [39] built in MATLAB. It

should be pointed out that for each time step, one needs only to solve a tri-diagonal linear system for un+1
j

from Eq. (2.7) once

un
j

and u
n+ 1

2
j

are known, and then substitute un+1
j

into Eq. (2.7) to obtain u
n+ 3

2
j

by solving another tri-diagonal linear system for

u
n+ 3

2
j

. Thus, the computation is simple and fast.

The above finite difference scheme can be extended to 2D cases. Indeed, we consider the 2D complex Ginzburg–Landau

equation as

∂u

∂t
= (1 + iα)

(
∂2u

∂x2
+ ∂2u

∂y2

)
+ Ru − (1 + iβ)|u|q−1 u, (x, y) ∈ (0, Lx)× (0, Ly), t ∈ (0, T], (2.8)

with initial and periodic boundary conditions, where Lx, Ly are periods of u(x, y, t) in the x and y directions, respectively. Again,

we divide [0, Lx] into Mx subintervals, [0, Ly] into My subintervals, and [0, T] into N subintervals with mesh sizes hx, hy and τ ,

respectively. We denote un
j,k

to be the numerical approximation of u(xj, yk, tn), where xj = jhx, yk = khy, tn = nτ , 0 ≤ j ≤ Mx,

0 ≤ k ≤ My, and 0 ≤ n ≤ N.

Instead using Eq. (2.3), we now employ a fourth-order compact finite difference scheme for Poisson equation ∂2u
∂x2 + ∂2u

∂y2 =
f (x, y) given in [40] as

[
D2

x

h2
x

+ D2
y

h2
y

+ D2
x D2

y

12h2
x

+ D2
x D2

y

12h2
y

]
u(xj, yk) =

(
1 + D2

x

12
+ D2

y

12

)
f (xj, yk)+ O

(
h4

x + h4
y

)
, (2.9)

where the finite difference operators D2
x , D2

y and D2
x D2

y are defined as follows:

D2
x uj,k =

⎧⎪⎨
⎪⎩

uMx−1,k − 2u0,k + u1,k, j = 0, 0 ≤ k ≤ My,

uj−1,k − 2uj,k + uj+1,k, 1 ≤ j ≤ Mx − 1, 0 ≤ k ≤ My,

u1,k − 2uMx,k + uMx−1,k, j = Mx, 0 ≤ k ≤ My;

(2.10a)

D2
yuj,k =

⎧⎪⎨
⎪⎩

uj,My−1 − 2uj,0 + uj,1, 0 ≤ j ≤ Mx, k = 0,

uj,k−1 − 2uj,k + uj,k+1, 0 ≤ j ≤ Mx, 1 ≤ k ≤ My − 1,

uj,1 − 2uj,My
+ uj,My−1, 0 ≤ j ≤ Mx, k = My;

(2.10b)
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D2
x D2

yuj,k =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(u1,1 + uMx−1,1 + uMx−1,My−1 + u1,My−1)

−2(u1,0 + u0,1 + uMx−1,0 + u0,My−1)+ 4u0,0, j = 0, k = 0,

(u1,k+1 + uMx−1,k+1 + uMx−1,k−1 + u1,k−1)

−2(u1,k + u0,k+1 + uMx−1,k + u0,k−1)+ 4u0,k, j = 0, 1 ≤ k ≤ My − 1,

(u1,1 + uMx−1,1 + uMx−1,My−1 + u1,My−1)

−2(u1,My
+ u0,1 + uMx−1,My

+ u0,My−1)+ 4u0,My
, j = 0, k = My,

(uj+1,1 + uj−1,1 + uj−1,My−1 + uj+1,My−1)

−2(uj+1,0 + uj,1 + uj−1,0 + uj,My−1)+ 4uj,0, 1 ≤ j ≤ Mx − 1, k = 0,

(uj+1,k+1 + uj−1,k+1 + uj−1,k−1 + uj+1,k−1)

−2(uj+1,k + uj,k+1 + uj−1,k + uj,k−1)+ 4uj,k, 1 ≤ j ≤ Mx − 1, 1 ≤ k ≤ My − 1,

(uj+1,1 + uj−1,1 + uj−1,My−1 + uj+1,My−1)

−2(uj+1,My
+ uj,1 + uj−1,My

+ uj,My−1)+ 4uj,My
, 1 ≤ j ≤ Mx − 1, k = My,

(u1,1 + uMx−1,1 + uMx−1,My−1 + u1,My−1)

−2(u1,0 + uMx,1 + uMx−1,0 + uMx,My−1)+ 4uMx,0, j = Mx, k = 0,

(u1,k+1 + uMx−1,k+1 + uMx−1,k−1 + u1,k−1)

−2(u1,k + uMx,k+1 + uMx−1,k + uMx,k−1)+ 4uMx,k, j = Mx, 1 ≤ k ≤ My − 1,

(u1,1 + uMx−1,1 + uMx−1,My−1 + u1,My−1)

−2(u1,My
+ uMx,1 + uMx−1,My

+ uMx,My−1)+ 4uMx,My
, j = Mx, k = My.

(2.10c)

We then rewrite Eq. (2.8) as (1 + iα)(∂2u
∂x2 + ∂2u

∂y2 ) = ∂u
∂t

− Ru + (1 + iβ)|u|q−1u at (xj, yk, t)and then apply Eq. (2.9) to it. This gives

(1 + iα)

[
D2

x

h2
x

+ D2
y

h2
y

+ D2
x D2

y

12h2
x

+ D2
x D2

y

12h2
y

]
u(xj, yk, t)

=
(

1 + D2
x

12
+ D2

y

12

)[
∂u(xj, yk, t)

∂t
− Ru(xj, yk, t)+ (1 + iβ)|u(xj, yk, t)|q−1 u(xj, yk, t)

]
+ O

(
h4

x + h4
y

)
. (2.11)

Finally, we then use the Crank–Nicolson method similarly and obtain the iterative fourth-order in space compact finite difference

iterative scheme for solving 2D complex Ginzburg–Landau equation in Eq. (2.8) as

(
1 + iα

) [
D2

x

h2
x

+ D2
y

h2
y

+ D2
x D2

y

12h2
x

+ D2
x D2

y

12h2
y

]
un+1

j,k
+ un

j,k

2

=
(

1 + D2
x

12
+ D2

y

12

)[
un+1

j,k
− un

j,k

τ
− Ru

n+ 1
2

j,k
+ (1 + iβ)

∣∣∣∣un+ 1
2

j,k

∣∣∣∣
q−1

u
n+ 1

2

j,k

]
, (2.12a)

(
1 + iα

) [
D2

x

h2
x

+ D2
y

h2
y

+ D2
x D2

y

12h2
x

+ D2
x D2

y

12h2
y

]
u

n+ 3
2

j,k
+ u

n+ 1
2

j,k

2

=
(

1 + D2
x

12
+ D2

y

12

)⎡
⎣u

n+ 3
2

j,k
− u

n+ 1
2

j,k

τ
− Run+1

j,k
+ (1 + iβ)

∣∣∣un+1
j,k

∣∣∣q−1

un+1
j,k

⎤
⎦, (2.12b)

where u0
j,k

= u0(xj, yk), and 0 ≤ j ≤ Mx, 0 ≤ k ≤ My, 0 ≤ n ≤ N − 1. It should be noted that Eq. (2.12) can be written as linear

systems, which avoid any nonlinear iterations. Moreover, the scheme can be solved using an ADI method. For instance, Eq. (2.12)

can be solved using a Peaceman–Rachford ADI scheme [41,42] as follows:[
1 + D2

x

12
− (

1 + iα
) τ

2

D2
x

h2
x

]
u∗

j,k =
[

1 + D2
y

12
+ (

1 + iα
) τ

2

D2
y

h2
y

]
un

j,k + τ

2

(
1 + D2

y

12

)[
Ru

n+ 1
2

j,k
− (

1 + iβ
) ∣∣∣∣un+ 1

2

j,k

∣∣∣∣
q−1

u
n+ 1

2

j,k

]
,

(2.13a)

[
1 + D2

y

12
− (

1 + iα
) τ

2

D2
y

h2
y

]
un+1

j,k
=

[
1 + D2

x

12
+ (

1 + iα
) τ

2

D2
x

h2
x

]
u∗

j,k + τ

2

(
1 + D2

y

12

)[
Ru

n+ 1
2

j,k
− (

1 + iβ
) ∣∣∣∣un+ 1

2

j,k

∣∣∣∣
q−1

u
n+ 1

2

j,k

]
,

(2.13b)

where u∗
j,k

is an intermediate mesh function, which is equivalent to Eq. (2.12) if we ignore those terms whose truncation errors

are O(τ 2) and O(h2
x h2

y). Similarly, we can construct an ADI scheme for Eq. (2.12).
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3. Stability analysis

For stability, we would like to show that if solution A and solution B are different periodic solutions obtained by Eq. (2.7)

based on two different initial conditions, then the difference between these two solutions is controlled by their initial difference.

We will employ the discrete energy method [28,29,31–38] to analyze the stability of the present scheme in Eq. (2.7). To this end,

we will first introduce the vector and matrix notations, obtain some lemmas, show the numerical solution to be bounded (as

seen in Theorem 1), and finally use these properties and results to show the stability (as seen in Theorem 2).

We now introduce the vector and matrix notations as

un = (
un

0, un
1, . . . , un

M−1

)T
,

un+ 1
2 =

(
u

n+ 1
2

0 , u
n+ 1

2

1 , . . . , u
n+ 1

2

M−1

)T

,

|un|q−1un =
(
|un

0|q−1
un

0, . . . ,
∣∣un

M−1

∣∣q−1
un

M−1

)T

,

∣∣∣un+ 1
2

∣∣∣q−1

un+ 1
2 =

(∣∣∣∣un+ 1
2

0

∣∣∣∣
q−1

u
n+ 1

2

0 , . . . ,

∣∣∣∣un+ 1
2

M−1

∣∣∣∣
q−1

u
n+ 1

2

M−1

)T

,

where (...)T is the transpose of the vector (...), and

H = 1

12

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

10 1 0 · · · 1

1 10 1 · · · 0

...
. . .

. . .
. . .

...

... · · · 1 10 1

1 0 · · · 1 10

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

M×M

.

It should be pointed out that because of the periodic mesh function, un
0 = un

M, we do not include un
M in the vectors.

Thus, the present scheme in Eq. (2.7) can be written into vector form as

δtu
n = (1 + iα)H−1δ2

x

(
un+1 + un

2

)
+ Run+ 1

2 − (1 + iβ)
(∣∣∣un+ 1

2

∣∣∣q−1

un+ 1
2

)
, (3.1a)

δtu
n+ 1

2 = (1 + iα)H−1δ2
x

(
un+ 3

2 + un+ 1
2

2

)
+ Run+1 − (1 + iβ)(|un+1|q−1un+1). (3.1b)

It can be seen that if H = I, an identity matrix, then Eq. (3.1) will reduce to a second-order Crank–Nicolson scheme.

We define the inner product of two vectors and norms as

〈un, vn〉 =
M−1∑
j=0

un
j vn

j
= (un)T · vn, ‖un‖ ≡ ‖un‖2 =

⎡
⎣h

⎛
⎝M−1∑

j=0

∣∣∣un
j

∣∣∣2
⎞
⎠
⎤
⎦

1
2

= 〈un, hun〉 1
2 , (3.2a)

‖un‖∞ = max
0≤j≤M−1

∣∣∣un
j

∣∣∣ , ‖un‖p =
⎡
⎣h

⎛
⎝M−1∑

j=0

∣∣∣un
j

∣∣∣p
⎞
⎠
⎤
⎦

1
p

, p ≥ 1, (3.2b)

where vn
j

stands for the conjugate of complex vn
j
. To analyze the stability of the present scheme in Eq. (3.1), we need the following

six lemmas.

Lemma 1 ([36,37]). For any periodic mesh functions un, vn, it holds that〈
δ2

x un, vn
〉
= −〈δxun, δxvn〉. (3.3)

Lemma 2. For any periodic mesh function un, it holds that

Re
〈
H−1δ2

x un, hun
〉

=
〈
H−1δ2

x un, hun
〉
= −‖Qδxun‖2, (3.4a)

Re

〈
H−1δ2

x

un+1 + un

2
, δthun

〉
= − 1

2τ (‖Qδxun+1‖2 − ‖Qδxun‖2), (3.4b)

where Q = Chol(H−1), the Cholesky factorization, and Re denotes the real part of complex value.
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Proof. The proof is similar to that in [31]. Since H is a real, symmetric and positive definite matrix, H−1 is also a real, symmetric

and positive definite matrix. By the Cholesky factorization, there exists a real upper-triangular matrix Q such that H−1 = QT Q.

Hence, we obtain from Lemma 1 that〈
H−1δ2

x un, hun
〉

=
〈
δ2

x H−1un, hun
〉

= −〈δxH−1un, hδxun〉
= −〈H−1δxun, hδxun〉
= −〈QT Qδxun, hδxun〉
= −〈Qδxun, hQδxun〉
= −‖Qδxun‖2. (3.5)

Here, we have used two facts that (1)

H−1δxun = H−1

(
un

1, un
2, . . . , un

M

)T − (
un

0, un
1, . . . , un

M−1

)T

h

= H−1
(
un

1, un
2, . . . , un

M

)T − H−1
(
un

0, un
1, . . . , un

M−1

)T

h

= δxH−1un, (3.6)

and similarly, H−1δ2
x un = δ2

x H−1un; and (2) 〈Qun
, Qun〉 = (Qun)T · Qun = (un)T QT Q · un = (QT Qun)T · un = 〈QT Qun

, un〉. Thus, we

obtain from Eq. (3.5) that Re 〈H−1δ2
x un, hun〉 = 〈H−1δ2

x un, hun〉 = −‖Qδxun‖2 and hence Eq. (3.4) holds.

Since〈
H−1δ2

x

un+1 + un

2
, δthun

〉

= 1

2τ

〈
δ2

x H−1(un+1 + un), h(un+1 − un)
〉

= − 1

2τ
〈δxH−1(un+1 + un), hδx(u

n+1 − un)〉

= − 1

2τ
〈H−1δx(u

n+1 + un), hδx(u
n+1 − un)〉

= − 1

2τ
〈QT Qδx(u

n+1 + un), hδx(u
n+1 − un)〉

= − 1

2τ
〈Qδx(u

n+1 + un), hQδx(u
n+1 − un)〉

= − 1

2τ
〈Qδxun+1 + Qδxun, hQδxun+1 − hQδxun〉

= − 1

2τ
[〈Qδxun+1, hQδxun+1〉 − 〈Qδxun, hQδxun〉] − 1

2τ
[〈Qδxun, hQδxun+1〉 − 〈Qδxun+1, hQδxun〉]

= − 1

2τ
[‖Qδxun+1‖2 − ‖Qδxun‖2] − 1

2τ
[〈Qδxun, hQδxun+1〉 − 〈Qδxun+1, hQδxun〉] (3.7)

and the fact that Re(〈u, v〉 − 〈v, u〉) = 0 for any vectors u and v, we obtain

Re

〈
H−1δ2

x

un+1 + un

2
, δthun

〉

= − 1

2τ
[‖Qδxun+1‖2 − ‖Qδxun‖2] − 1

2τ
[Re(〈Qδxun, hQδxun+1〉 − 〈Qδxun+1, hQδxun〉)]

= − 1

2τ
(‖Qδxun+1‖2 − ‖Qδxun‖2), (3.8)

and hence Eq. (3.4) holds. �

Lemma 3. The following inequalities hold

Re

(
z1

z2

)
≤ | z1

z2
| = |z1|

|z2| , Re(z1 · z2) ≤ |z1 · z2| = |z1||z2|; (3.9a)

||z1| − |z2|| ≤ |z1 − z2| ≤ |z1| + |z2|; (3.9b)
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||z1|nz1 − |z2|nz2| ≤ (|z1| + |z2|)n |z1 − z2|, n ≥ 0; (3.9c)

|〈un, hvn〉| ≤ ‖un‖‖vn‖ ≤ ‖un‖2

2
+ ‖vn‖2

2
; (3.9d)

∥∥∥∥un + vn

2

∥∥∥∥
2

≤ ‖un‖2

2
+ ‖vn‖2

2
, (3.9e)

where z1 and z2 are complex numbers.

Proof. We prove only for Eq. (3.9) and omit the detailed proofs for others since they are straightforward. It can be seen that

Eq. (3.9) holds if |z1| = |z2|. For the case |z1| > |z2| , we obtain∣∣∣∣ |z1|n z1 − |z2|n z2

z1 − z2

∣∣∣∣ =
∣∣∣∣∣ |z1|n (z1 − z2)+ (|z1|n − |z2|n) z2

z1 − z2

∣∣∣∣∣
≤

∣∣∣∣ |z1|n (z1 − z2)

z1 − z2

∣∣∣∣ +
∣∣∣∣∣
(|z1|n − |z2|n) z2

z1 − z2

∣∣∣∣∣
= |z1|n |z1 − z2|

|z1 − z2| +
∣∣|z1|n − |z2|n

∣∣ |z2|
|z1 − z2|

≤ |z1|n +
(|z1|n − |z2|n) |z2|

|z1| − |z2|
= |z1|n + |z2|

(
n−1∑
k=0

|z1|k |z2|n−k−1

)

=
(

n∑
k=0

|z1|k |z2|n−k

)

≤ (|z1| + |z2|)n, (3.10)

and hence Eq. (3.9) holds. Similarly, we can prove that Eq. (3.9) holds for the case |z1| < |z2|. �

Lemma 4 ([42,43]). For any un and integer p ≥ 2, it holds that

‖un‖p ≤ ε(‖un‖1−α ‖δxun‖α + ‖un‖) (3.11)

with α = 1
2 − 1

p , where ε is a constant independent of p and h.

Lemma 5. For any x ≥ 0, y ≥ 0 and integer n ≥ 1, it holds that

(x + y)n ≤ 2n−1(xn + yn). (3.12)

Proof. We use the mathematical induction to prove it. It is obviously that Eq. (3.12) is true for n = 1. Assume that Eq. (3.12)

holds for n up to k. Then, we have (x + y)k (x + y) ≤ 2k−1
(

xk + yk
)
(x + y). Moreover, it can be seen that

2k−1(xk + yk)(x + y)− 2k(xk+1 + yk+1)

= 2k−1(xk+1 + yk+1 + xky + xyk)− 2k(xk+1 + yk+1)

= 2k−1[(xky + xyk)− (xk+1 + yk+1)]

= 2k−1[xk(y − x)+ yk(x − y)]

= 2k−1[(y − x)(xk − yk)]

= 2k−1

⎡
⎣(y − x)(x − y)

k−1∑
l=0

xlyk−l−1

⎤
⎦

= 2k−1

⎡
⎣−(x − y)2

k−1∑
l=0

xlyk−l−1

⎤
⎦

≤ 0, (3.13)

implying that (x + y)k+1 ≤ 2k−1(xk + yk)(x + y) ≤ 2k(xk+1 + yk+1). By the induction, we conclude that Eq. (3.12) holds for any

integer n ≥ 1. �
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Lemma 6. For H−1 = QT Q, where Q is a real upper-triangular matrix, then there exists two positive constants Ca and Cb such that

Ca ‖un‖ ≤ ∥∥Qun
∥∥ ≤ Cb ‖un‖ (3.14)

Proof. Note that H−1 is a real, symmetric and positive definite matrix. By Schur’s Lemma [44], there exists a unitary matrix U

(i.e., U−1 = ŪT) such that U−1H−1U = D , where D is a real diagonal matrix and the diagonal elements are the eigenvalues of H−1.

Thus, we have H−1 = UDU−1 and

‖Qun‖2 = h〈Qun
, Qun〉

= h〈QT Qun
, un〉

= h〈H−1un, un〉
= h〈UDU−1un, un〉
= h〈DU−1un, U−1un〉
= h〈Dwn

, wn〉 = h

M−1∑
j=0

dj|wj|2, (3.15)

implying that dmin‖wn‖2 ≤ ‖Qun‖2 ≤ dmax‖wn‖2, where wn = U−1un, dj is the eigenvalue of H−1. Since U is a unitary matrix,

we have ‖wn‖2 = ‖Uun‖2 = ‖un‖2, and hence dmin‖un‖2 ≤ ‖Qun‖2 ≤ dmax‖un‖2. By the definition of matrix H, we obtain that

the eigenvalues of H are λj = 1
12 (10 + 2 cos jπ

M ), j = 0, . . . , M − 1, indicating that 2
3 ≤ λj ≤ 1. Since the eigenvalues of H and H−1

are reciprocal, we obtain that dmin ≥ 1 and dmax ≤ 3
2 . Hence, we may choose Ca = 1 and Cb = 3

2 . �

Theorem 1. For the scheme in Eq. (3.1), its solution satisfies these priori estimates as follows:

‖un‖ ≤ Cα,

∥∥∥un+ 1
2

∥∥∥ ≤ Cα; (3.16a)

‖δxun‖ ≤ Cβ,

∥∥∥δxun+ 1
2

∥∥∥ ≤ Cβ ; (3.16b)

‖un‖∞ ≤ Cγ ,

∥∥∥un+ 1
2

∥∥∥
∞

≤ Cγ . (3.16c)

where 0 ≤ n ≤ T
τ , Cα, Cβ, Cγ are constants which are independent on both h and τ .

Proof. We use the mathematical induction method to prove it. For n = 0, from the initial condition we should have ‖u0‖ ≤ Cα ,

‖δxu0‖ ≤ Cβ, and ‖u0‖∞ ≤ Cγ . Since u
1
2 must be obtained using another method, we may choose a stable numerical method to

obtain the solution at t 1
2

. Thus, we should have ‖u
1
2 ‖ ≤ Cα, ‖δxu

1
2 ‖ ≤ Cβ , ‖u

1
2 ‖∞ ≤ Cγ . Assume that Eq. (3.16) holds for n up to

m − 1 ≤ T
τ − 1. We would like to show Eq. (3.16) to be true for n = m.

To estimate ‖um‖ and ‖um+ 1
2 ‖, we first take an inner product of Eq. (3.1) at n = m − 1 with h um+um−1

2 . This gives〈
δtu

m−1, h
um + um−1

2

〉
= (1 + iα)

〈
H−1δ2

x

(
um + um−1

2

)
, h

um + um−1

2

〉
+ R

〈
um− 1

2 , h
um + um−1

2

〉

− (1 + iβ)

〈
|um− 1

2 |q−1um− 1
2 , h

um + um−1

2

〉
. (3.17)

Taking the real part of the above equation and using Lemmas 2 and 3, one may obtain

1

2τ
(‖um‖2 − ‖um−1‖2) = Re

〈
δtu

m−1, h
um + um−1

2

〉

= Re

(
(1 + iα)

〈
H−1δ2

x

(
um + um−1

2

)
, h

um + um−1

2

〉)
+ RRe

〈
um− 1

2 , h
um + um−1

2

〉

+ Re

(
−(1 + iβ)

〈∣∣∣um− 1
2

∣∣∣q−1

um− 1
2 , h

um + um−1

2

〉)

≤ −Re

(
(1 + iα)

∥∥∥∥Qδx

(
um + um−1

2

)∥∥∥∥
2
)

+ R

∣∣∣∣
〈
um− 1

2 , h
um + um−1

2

〉∣∣∣∣
+|(1 + iβ)|

∣∣∣∣
〈∣∣∣um− 1

2

∣∣∣q−1

um− 1
2 , h

um + um−1

2

〉∣∣∣∣
≤ R

∥∥∥um− 1
2

∥∥∥ ∥∥∥∥um + um−1

2

∥∥∥∥ +
√

1 + β2

∥∥∥∥∣∣∣um− 1
2

∣∣∣q−1

um− 1
2

∥∥∥∥
∥∥∥∥um + um−1

2

∥∥∥∥
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= R
∥∥∥um− 1

2

∥∥∥ ∥∥∥∥um + um−1

2

∥∥∥∥ +
√

1 + β2

⎛
⎝h

M−1∑
j=0

∣∣∣∣∣
∣∣∣∣um− 1

2

j

∣∣∣∣
q−1

u
m− 1

2

j

∣∣∣∣∣
2
⎞
⎠

1
2 ∥∥∥∥um + um−1

2

∥∥∥∥

= R
∥∥∥um− 1

2

∥∥∥ ∥∥∥∥um + um−1

2

∥∥∥∥ +
√

1 + β2

⎛
⎝h

M−1∑
j=0

∣∣∣∣um− 1
2

j

∣∣∣∣
2q
⎞
⎠

1
2 ∥∥∥∥um + um−1

2

∥∥∥∥

= R
∥∥∥um− 1

2

∥∥∥ ∥∥∥∥um + um−1

2

∥∥∥∥ +
√

1 + β2

⎛
⎝h

M−1∑
j=0

∣∣∣∣um− 1
2

j

∣∣∣∣
2q
⎞
⎠

1
2q ·q ∥∥∥∥um + um−1

2

∥∥∥∥
= R

∥∥∥um− 1
2

∥∥∥ ∥∥∥∥um + um−1

2

∥∥∥∥ +
√

1 + β2
∥∥∥um− 1

2

∥∥∥q

2q

∥∥∥∥um + um−1

2

∥∥∥∥
≤ R

2

(∥∥∥um− 1
2

∥∥∥2

+
∥∥∥∥um + um−1

2

∥∥∥∥
2
)

+
√

1 + β2

2

(∥∥∥um− 1
2

∥∥∥2q

2q
+

∥∥∥∥um + um−1

2

∥∥∥∥
2
)

≤ R

2

(∥∥∥um− 1
2

∥∥∥2

+ 1

2
‖um‖2 + 1

2
‖um−1‖2

)
+

√
1 + β2

2

(∥∥∥um− 1
2

∥∥∥2q

2q
+ 1

2
‖um‖2 + 1

2
‖um−1‖2

)

≤ c1

2

(∥∥∥um− 1
2

∥∥∥2q

2q
+

∥∥∥um− 1
2

∥∥∥2

+ ‖um‖2 + ‖um−1‖2

)
, (3.18)

where c1 = max{R,
√

1 + β2}. Here, we have used the fact that −Re((1 + iα)‖Qδx(
um+um−1

2 )‖2) = −‖Qδx(
um+um−1

2 )‖2 ≤ 0. By

Lemma 4 with p = 2q and Lemma 5 as well as the assumption ‖um− 1
2 ‖ ≤ Cα ,‖δxum− 1

2 ‖ ≤ Cβ , we have

∥∥∥um− 1
2

∥∥∥2q

2q
≤

[
ε

(∥∥∥um− 1
2

∥∥∥ 1
2 + 1

2q
∥∥∥δxum− 1

2

∥∥∥ 1
2 − 1

2q +
∥∥∥um− 1

2

∥∥∥)]2q

≤ ε2q22q−1

(∥∥∥um− 1
2

∥∥∥q+1 ∥∥∥δxum− 1
2

∥∥∥q−1

+
∥∥∥um− 1

2

∥∥∥2q
)

≤ ε2q22q−1
(
C

q+1
α C

q−1

β
+ C

2q
α

) ≡ c2. (3.19)

Substituting Eq. (3.19) into Eq. (3.18) and then using the assumption ‖um−1‖ ≤ Cα,‖um− 1
2 ‖ ≤ Cα, we obtain

1

τ
(‖um‖2 − ‖um−1‖2) ≤ c1

(∥∥∥um− 1
2

∥∥∥2q

2q
+

∥∥∥um− 1
2

∥∥∥2

+ ‖um‖2 + ‖um−1‖2

)

≤ c1

(
c2 + C2

α + C2
α + ‖um‖2

)
= c3 + c1‖um‖2, (3.20)

where c3 = c1c2 + 2c1C2
α. Thus, we obtain

‖um‖2 ≤ 1

1 − c1τ
[c3τ + ‖um−1‖2]

≤ 2[c3 + C2
α], (3.21)

if τ is small enough such that 1 − c1τ ≥ 1
2 and τ ≤ 1, implying that ‖um‖ is bounded independently on h and τ . Once ‖um‖ is

bounded, we can obtain from Eq. (3.1) that ‖um+ 1
2 ‖ is also bounded using a similar argument.

To estimate ‖δxum‖2
and ‖δxum+ 1

2 ‖2, we first take the inner product of Eq. (3.1) at n = m − 1 with hδtu
m−1/(1 + iα). This

gives

1

(1 + iα)
〈δtu

m−1, hδtu
m−1〉 =

〈
H−1δ2

x

(
um + um−1

2

)
, hδtu

m−1

〉

+ R

(1 + iα)

〈
um− 1

2 , hδtu
m−1

〉
− (1 + iβ)

(1 + iα)

〈∣∣∣um− 1
2

∣∣∣q−1

um− 1
2 , hδtu

m−1

〉
. (3.22)
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Taking the real part of the above equation and then using Lemmas 2 and 4, we obtain

1

(1 + α2)
‖δtu

m−1‖2

= 1

(1 + α2)
〈δtu

m−1, hδtu
m−1〉

= Re

(
1

(1 + iα)
〈δtu

m−1, hδtu
m−1〉

)

= Re

(〈
H−1δ2

x

(
um + um−1

2

)
, hδtu

m−1

〉)
+ Re

(
R

(1 + iα)

〈
um− 1

2 , hδtu
m−1

〉)

+ Re

(
− (1 + iβ)

(1 + iα)

〈∣∣∣um− 1
2

∣∣∣q−1

um− 1
2 , hδtu

m−1

〉)

≤ − 1

2τ
(‖Qδxum‖2 − ‖Qδxum−1‖2)+

∣∣∣∣ R

(1 + iα)

∣∣∣∣ ∣∣∣〈um− 1
2 , hδtu

m−1
〉∣∣∣ +

∣∣∣∣ (1 + iβ)

(1 + iα)

∣∣∣∣
∣∣∣∣
〈∣∣∣um− 1

2

∣∣∣q−1

um− 1
2 , hδtu

m−1

〉∣∣∣∣
≤ − 1

2τ
(‖Qδxum‖2 − ‖Qδxum−1‖2)+ R√

1 + α2

∥∥∥um− 1
2

∥∥∥‖δtu
m−1‖ +

√
1 + β2

√
1 + α2

∥∥∥∥∣∣∣um− 1
2

∣∣∣q−1

um− 1
2

∥∥∥∥‖δtu
m−1‖

≤ − 1

2τ
(‖Qδxum‖2 − ‖Qδxum−1‖2)+ R√

1 + α2

∥∥∥um− 1
2

∥∥∥‖δtu
m−1‖ +

√
1 + β2

√
1 + α2

(∥∥∥um− 1
2

∥∥∥2q

2q

) 1
2 ‖δtu

m−1‖

≤ − 1

2τ
(‖Qδxum‖2 − ‖Qδxum−1‖2)+ R2

2

∥∥∥um− 1
2

∥∥∥2

+ 1

2
(
1 + α2

)‖δtu
m−1‖2

+
(
1 + β2

)
2

∥∥∥um− 1
2

∥∥∥2q

2q
+ 1

2
(
1 + α2

)‖δtu
m−1‖2. (3.23)

Thus, moving the term 1
2τ (‖Qδxum‖2 − ‖Qδxum−1‖2) to the left-hand-side in Eq. (3.23) and dropping the term 1

(1+α2)
‖δtu

m−1‖2,

we simplify Eq. (3.23) to

1

τ
(‖Qδxum‖2 − ‖Qδxum−1‖2) ≤ R2

∥∥∥um− 1
2

∥∥∥2

+ (1 + β2)
∥∥∥um− 1

2

∥∥∥2q

2q

≤ R2Cα + (1 + β2)c2, (3.24)

implying that ‖Qδxum‖2 ≤ ‖Qδxum−1‖2 + R2Cα + (1 + β2)c2 if τ ≤ 1. By Lemma 6, we obtain

‖δxum‖2 ≤ 1

Ca
‖Qδxum‖2

≤ 1

Ca
(‖Qδxum−1‖2 + R2Cα + (1 + β2)c2)

≤ 1

Ca

(
C2

b‖δxum−1‖2 + R2Cα + (1 + β2)c2

)
≤ 1

Ca

(
C2

b C2
β + R2Cα + (1 + β2)c2

) ≡ c5. (3.25)

Using a similar argument, we may obtain from Eq. (3.1) that
∥∥∥δxum+ 1

2

∥∥∥2
≤ c5.

Finally, we have by Lemmas 4 and 5 that

‖um‖2
∞ ≤

[
ε
(
‖um‖ 1

2 ‖δxum‖ 1
2 + ‖um‖

)]2

≤ 2ε2(‖um‖‖δxum‖ + ‖um‖2)

≤ 2ε2

(‖um‖2 + ‖δxum‖2

2
+ ‖um‖2

)
≤ 2ε2

(
C2

α + C2
β

2
+ C2

α

)
≡ c6. (3.26)

Using a similar argument, we also obtain ‖um+ 1
2 ‖∞ ≤ c6, Thus, by the mathematical induction, Eq. (3.16) holds for any n, and

hence we have completed the proof. �

Theorem 2. Assume that ua and ub are two different periodic solutions obtained by Eq. (3.1) based on two different initial conditions.

Letting en = (ua)
n − (ub)

n and en+ 1
2 = (ua)

n+ 1
2 − (ub)

n+ 1
2 , then en and en+ 1

2 satisfy∥∥∥en+ 3
2

∥∥∥2

+ ‖en+1‖2 ≤ Cζ

(∥∥∥e
1
2

∥∥∥2

+ ‖e0‖2
)
, (3.27)

for any n and small τ , where Cζ is a constant, implying that the scheme is unconditionally stable.
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Proof. It can be seen from Eq. (3.1) that for any n > 0, en and en+ 1
2 satisfy

δte
n = (1 + iα)H−1δ2

x

(
en+1 + en

2

)
+ Ren+ 1

2 − (1 + iβ)

(∣∣∣(ua)
n+ 1

2

∣∣∣q−1

(ua)
n+ 1

2 −
∣∣∣(ub)

n+ 1
2

∣∣∣q−1

(ub)
n+ 1

2

)
, (3.28a)

δte
n+ 1

2 = (1 + iα)H−1δ2
x

(
en+ 3

2 + en+ 1
2

2

)
+ Ren+1 − (1 + iβ)

(|(ua
n+1)|q−1(ua)

n+1 − |(ub)
n+1|q−1(ub)

n+1
)
, (3.28b)

where e0 = (ua)
0 − (ub)

0 and e
1
2 = (ua)

1
2 − (ub)

1
2 . Taking the inner products of Eq. (3.28) with h en+1+en

2 and h e
n+ 3

2 +e
n+ 1

2

2 , respec-

tively, we obtain〈
δte

n, h
en+1 + en

2

〉
= (1 + iα)

〈
H−1δ2

x

(
en+1 + en

2

)
, h

en+1 + en

2

〉
+ R

〈
en+ 1

2 , h
en+1 + en

2

〉

− (1 + iβ)

〈∣∣∣(ua)
n+ 1

2

∣∣∣q−1

(ua)
n+ 1

2 −
∣∣∣(ub)

n+ 1
2

∣∣∣q−1

(ub)
n+ 1

2 , h
en+1 + en

2

〉
, (3.29a)

〈
δte

n+ 1
2 , h

en+ 3
2 + en+ 1

2

2

〉
= (1 + iα)

〈
H−1δ2

x

(
en+ 3

2 + en+ 1
2

2

)
, h

en+ 3
2 + en+ 1

2

2

〉
+ R

〈
en+1, h

en+ 3
2 + en+ 1

2

2

〉

− (1 + iβ)

〈∣∣∣(ua)
n+1

∣∣∣q−1

(ua)
n+1 −

∣∣∣(ub)
n+1

∣∣∣q−1

(ub)
n+1, h

en+ 3
2 + en+ 1

2

2

〉
. (3.29b)

Since ‖(ua)
n+ 1

2 ‖∞ ≤ Cγ ,‖(ub)
n+ 1

2 ‖∞ ≤ Cγ by Theorem 1, we may simplify the jth component of the nonlinear vector in

Eq. (3.29) based on Eq. (3.9) as∣∣∣∣∣
(∣∣∣(ua)

n+ 1
2

∣∣∣q−1

(ua)
n+ 1

2

)
j

−
(∣∣∣(ub)

n+ 1
2

∣∣∣q−1

(ub)
n+ 1

2

)
j

∣∣∣∣∣
≤

(∣∣∣∣(ua)
n+ 1

2

j

∣∣∣∣ +
∣∣∣∣(ub)

n+ 1
2

j

∣∣∣∣
)q−1 ∣∣∣∣(ua)

n+ 1
2

j
− (ub)

n+ 1
2

j

∣∣∣∣
≤ (

2Cγ

)q−1
∣∣∣∣(en+ 1

2

)
j

∣∣∣∣
= c7

∣∣∣∣(en+ 1
2

)
j

∣∣∣∣ , (3.30)

where c7 = (
2Cγ

)q−1
. Similarly, we have∣∣∣∣∣

(∣∣∣(ua)
n+1

∣∣∣q−1

(ua)
n+1

)
j

−
(∣∣∣(ub)

n+1
∣∣∣q−1

(ub)
n+1

)
j

∣∣∣∣∣ ≤ c7

∣∣∣∣(en+1
)

j

∣∣∣∣ . (3.31)

Taking the real part of Eq. (3.29), using Lemmas 2 and 3, and then using Eq. (3.30), we obtain

1

2τ
(‖en+1‖2 − ‖en‖2)

≤ −
∥∥∥∥Qδx

(
en+1 + en

2

)∥∥∥∥
2

+ R
∥∥∥en+ 1

2

∥∥∥ ∥∥∥∥en+1 + en

2

∥∥∥∥ + c7

√
1 + β2

∥∥∥en+ 1
2

∥∥∥ ∥∥∥∥en+1 + en

2

∥∥∥∥
≤

(
c7

√
1 + β2 + R

)∥∥∥en+ 1
2

∥∥∥ ∥∥∥∥en+1 + en

2

∥∥∥∥
≤ c7

√
1 + β2 + R

2

[∥∥∥en+ 1
2

∥∥∥2

+
∥∥∥∥en+1 + en

2

∥∥∥∥
2
]

≤ c7

√
1 + β2 + R

2

[∥∥∥en+ 1
2

∥∥∥2

+ 1

2

(
‖en+1‖2 + ‖en‖2

)]

≤ c7

√
1 + β2 + R

2

[∥∥∥en+ 1
2

∥∥∥2

+ ‖en+1‖2 + ‖en‖2

]
. (3.32)
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which can be simplified to

1

τ
(‖en+1‖2 − ‖en‖2) ≤ c8

[∥∥∥en+ 1
2

∥∥∥2

+
∥∥∥en+1

∥∥∥2

+ ‖en‖2

]
, (3.33)

where c8 =
(√

1 + β2c7 + R
)

. Using a similar argument for Eq. (3.29), we obtain

1

τ

(∥∥∥en+ 3
2

∥∥∥2

−
∥∥∥en+ 1

2

∥∥∥2
)

≤ c8

[∥∥∥en+ 3
2

∥∥∥2

+
∥∥∥en+ 1

2

∥∥∥2

+ ‖en+1‖2

]
. (3.34)

Summing Eqs. (3.33) and (3.34) together gives

1

τ

(∥∥∥en+ 3
2

∥∥∥2

+ ∥∥en+1
∥∥2 −

∥∥∥en+ 1
2

∥∥∥2

− ‖en‖2

)

≤ c8

(∥∥∥en+ 3
2

∥∥∥2

+ 2
∥∥en+1

∥∥2 + 2
∥∥∥en+ 1

2

∥∥∥2

+ ‖en‖2

)

≤ c9

(∥∥∥en+ 3
2

∥∥∥2

+ ∥∥en+1
∥∥2 +

∥∥∥en+ 1
2

∥∥∥2

+ ‖en‖2

)
, (3.35)

where c9 = 2c8, implying that

1

τ
(En+1 − En) ≤ c9(E

n+1 + En), (3.36)

where En = ‖en+ 1
2 ‖2 + ‖en‖2. Thus, we obtain from Eq. (3.36) that

En+1 ≤
(

1 + τ c9

1 − τ c9

)
En

≤ · · ·

≤
(

1 + τ c9

1 − τ c9

)n+1

E0

≤ e2τ(n+1)c9 E0

≤ c10E0, (3.37)

where c10 = e2Tc9 and (n + 1)τ ≤ T if τ is sufficiently small such that 1 − τ c9 ≥ 1
2 . Hence, Eq. (3.27) has been obtained and the

proof of Theorem 2 is completed. �

Furthermore, the stability analysis for the 2D scheme is similar to the above analysis, but much more complicated. We omit

the detailed derivations here because of the limitation of pages.

4. Numerical examples

To test the accuracy of our numerical schemes, we first considered a 1D complex Ginzburg–Landau equation with initial and

periodic boundary conditions as follows:

∂u

∂t
= (1 + iα)

∂2u

∂x2
+ Ru − (1 + iβ)|u|2 u, x ∈

(
0,

2
√

2π√
R

)
, t ∈ (0, 1]; (4.1a)

u(x, 0) =
√

2R

2
ei(

√
2R
2 x), x ∈

[
0,

2
√

2π√
R

]
; (4.1b)

u(0, t) = u

(
2
√

2π√
R

, t

)
=

√
2R

2
ei(− (α+β)R

2 t), (4.1c)

where the exact solution is u (x, t) =
√

2R
2 ei(

√
2R
2

x− (α+β)R
2

t).

We employed our present scheme in Eq. (2.7) to solve the above problem, in which the Thomas algorithm [45] was used for

solving the obtained tri-diagonal linear systems. The maximum of l∞-norm errors of the numerical solutions, as compared with

the analytical solution, were computed for 0 ≤ t ≤ 1 based on the formula

e∞
(
τ , h

) = max
0≤nτ≤1

(
max
0≤j≤M

∣∣∣un
j − u(xj, tn)

∣∣∣) . (4.2)

To obtain the convergence rate with respect to the spatial variable, we may assume that e∞(τ , h) = O(τ p + hq). Thus, e∞(2q/pτ , 2h)
= O[(2q/pτ)p + (2h)q] = 2qO

(
τ p + hq

)
. Consequently, e∞(2q/pτ , 2h)/e∞(τ , h) = 2q and hence q = log2[e∞(2q/pτ , 2h)/e∞(τ , h)]
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Table 1

Maximum error and convergence rate in the first example (R = 1, α = β = 1, and u
1
2 was obtained

using Eq. (4.3)).

(h, τ ) e∞(h, τ ) Rate

(2
√

2π/5, 1/5) 0.00485726115701 –

(2
√

2π/10, 1/20) 2.946157986007180e-004 4.0432

(2
√

2π/20, 1/80) 1.820597872425982e-005 4.0164

(2
√

2π/40, 1/320) 1.139391147327777e-006 3.9981

Table 2

Maximum error and convergence rate in the first example (R = 2, α = β = 1, and u
1
2 was obtained

using Eq. (4.3)).

(h, τ ) e∞(h, τ ) Rate

(2π/5, 1/5) 0.01610696193415 –

(2π/10, 1/20) 0.00106759559593 3.9152

(2π/20, 1/80) 6.710783491111773e-005 3.9917

(2π/40, 1/320) 4.230900881952949e-006 3.9874

Table 3

Maximum error and convergence rate in the first example (R = 1, α = β = 1, and u
1
2 was obtained

using the analytical solution).

(h, τ ) e∞(h, τ ) Rate

(2
√

2π/5, 1/5) 0.00489551131950 –

(2
√

2π/10, 1/20) 2.943305960467438e-004 4.0560

(2
√

2π/20, 1/80) 1.819984324406890e-005 4.0154

(2
√

2π/40, 1/320) 1.139197836597871e-006 3.9980

Table 4

Maximum error and convergence rate in the first example (R = 2, α = β = 1, and u
1
2 was obtained

using the analytical solution).

(h, τ ) e∞(h, τ ) Rate

(2π/5, 1/5) 0.01550766547724 –

(2π/10, 1/20) 0.00105786656594 3.8738

(2π/20, 1/80) 6.696133491033216e-005 3.9817

(2π/40, 1/320) 4.228439981965586e-006 3.9851
is the convergence rate with respect to the spatial variable. For our present scheme, we expect to have p = 2 and

q = 4.

Since the present scheme needs those values at time levels n = 0 and n = 1
2 , the values at the time level n = 1

2 must be

obtained using other methods. Here, we used the fully implicit method developed in [29] as

(
1 + h2

12
δ2

x

) u
1
2

j
− u0

j

τ/2
= (1 + iα)δ2

x

⎛
⎝u

1
2

j
+ u0

j

2

⎞
⎠ + R

(
1 + h2

12
δ2

x

)⎛
⎝u

1
2

j
+ u0

j

2

⎞
⎠

−(1 + iβ)(1 + h2

12
δ2

x )
|u 1

2

j
|q−1 + |u0

j
|q−1

2

u
1
2

j
+ u0

j

2
. (4.3)

Note that the analytical solution is known in this example, we also used the exact values at the time level n = 1
2 to check if our

scheme is fourth-order. In our computation, we chose two different values of R. Results are shown in Tables 1–4. It can be seen

from these tables that the convergence rate of the scheme is approximately fourth-order with respect to the spatial variable,

which coincides with the theoretical analysis. Fig. 1 shows the solution profiles obtained based on three different meshes as

compared with the analytical solutions. Results do not show much of a difference between the analytical solution and the

numerical solution.
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Fig. 1. Profiles of the real part of the numerical solution at t = 1 obtained using three different meshes and corresponding τ = 1/20, 1/80, 1/320, respectively,

as compared with the analytical solution in the first example.

Table 5

Maximum error and convergence rate in the second example (R = 1, α = β = 1, and u
1
2 was ob-

tained using the analytical solution).(
hx, hy, τ

)
e∞

(
hx, hy, τ

)
Rate

(
2
√

2π/5, 2
√

2π/5, 1/5
)

0.00110542709763 –(
2
√

2π/10, 2
√

2π/10, 1/20
)

6.406423411185432e-005 4.1089(
2
√

2π/20, 2
√

2π/20, 1/80
)

3.996877803767565e-006 4.0026(
2
√

2π/40, 2
√

2π/40, 1/320
)

2.482725014645710e-007 4.0089
We then considered a 2D complex Ginzburg–Landau equation with initial and periodic boundary conditions as

∂u

∂t
= (1 + iα)

(
∂2u

∂x2
+ ∂2u

∂y2

)
+ Ru − (1 + iβ)|u|2 u, x, y ∈

(
0,

2
√

2π√
R

)
, t ∈ (0, 1]; (4.4a)

u(x, y, 0) =
√

2R

2
ei(

√
R

2 x+
√

R
2 y), x, y ∈

[
0,

2
√

2π√
R

]
; (4.4b)
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Table 6

Maximum error and convergence rate in the second example (R = 2, α = β = 1, and u
1
2 was ob-

tained using the analytical solution).(
hx, hy, τ

)
e∞

(
hx, hy, τ

)
Rate

(
2π/5, 2π/5, 1/5

)
0.01239497829524 —(

2π/10, 2π/10, 1/20
)

8.097105045953942e-004 3.9362(
2π/20, 2π/20, 1/80

)
4.978160430930223e-005 4.0237(

2π/40, 2π/40, 1/320
)

3.117868510497469e-006 3.9970
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Fig. 2. Solution distributions at various times at (a) t = 1, (b) t = 3, (c) t = 5, and (d) t = 7 obtained based on the mesh 40 × 40 and τ = 0.1 in the third example.
u(x, 0, t) = u(x, Ly, t) =
√

2R

2
ei(

√
R

2 x− (α+β)R

2 t), t ∈ [0, 1] (4.4c)

u(0, y, t) = u(Lx, y, t) =
√

2R

2
ei(

√
R

2 y− (α+β)R

2 t), t ∈ [0, 1], (4.4d)

where the analytical solution is u(x, y, t) =
√

2R
2 ei(

√
R

2
x+

√
R

2
y− (α+β)R

2
t). For simplicity, we used the exact solution for u

1
2 in the

computation. Results are shown in Tables 5 and 6. Again, as expected, it can be seen from these two tables that the convergence

rate of the scheme is approximately fourth-order.
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Fig. 3. Solution profiles along the y-axis at various times obtained based on four meshes of (a) 20 × 20, (b) 30 × 30, (c) 40 × 40, (d) 50 × 50, and τ = 0.1 in the

third example.
Finally, we considered a more complex example with no periodic boundary condition, which we could not find the exact

solution, as follows:

∂u

∂t
= (1 + i)

(
∂2u

∂x2
+ ∂2u

∂y2

)
+ u − (1 + i)|u|2 u, x, y ∈ (−∞,+∞), t > 0; (4.5a)

u(x, y, 0) = 2√
π

(x + iy)e−(x2+y2), x, y ∈ (−∞,+∞). (4.5b)

The example is related to the non-equilibrium condensate. For the coefficient of the diffusion term ∂2u
∂x2 + ∂2u

∂y2 is 1 + i, we expect

to have some diffusions in the solution. In our computation, the domain was taken to be −20 ≤ x, y ≤ 20, where the boundary

condition was set to be zero. The number of grid points in both x and y was chosen to be 40 × 40 with the time step τ = 0.1.

For this case, u
1
2 was computed using the fourth-order accurate and explicit pseudo-spectral method [39] built in the software

MATLAB. Fig. 2 shows the simulation of the solution at various times in 0 ≤ t ≤ 7. As expected, we see from Fig. 2 that the vortex

grows and diffuses toward the boundary.

We then chose four different meshes of 20 × 20, 30 × 30, 40 × 40, and 50 × 50 with the time step τ = 0.1 and compared

with the fourth-order accurate and explicit pseudo-spectral method, as shown in Figs. 3 and 4. It can be seen from these two

figures that the solutions obtained based on these two methods are not significantly different for the meshes of 20 × 20, 30 × 30,

and 40 × 40, as shown in Figs. 3(a)–(c) and 4(a)–(c). However, for the mesh of 50 × 50, the pseudo-spectral method produces a

divergent solution in which the maximum value of u(x, y) = 4.670916294752263e180 + i8.621058722691569e180 at t = 0.8 and

u(x, y) = NaN at t = 0.9. On the other hand, our method still produces a stable solution, as shown in Figs. 3(d) and 4(d). This

indicates that our method has a better stability condition.
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Fig. 4. Solution profiles along the x-axis at various times obtained based on four meshes of (a) 20 × 20, (b) 30 × 30, (c) 40 × 40, (d) 50 × 50, and τ = 0.1 in the

third example.
5. Conclusion

In this study, we have developed a new, simple, and accurate finite difference iterative scheme for solving the 1D and 2D

complex Ginzburg–Landau equations with initial and periodic boundary conditions, respectively. Coupled with the Crank–

Nicolson finite difference technique and the fourth-order compact finite difference method for spatial variables, the new

scheme is proved to be unconditionally stable and provides fourth-order accurate numerical solutions with respect to the

spatial variables. Numerical errors and convergence rates of the solutions have been tested by several examples. Results

show that the maximal l∞-norm errors are small as expected, and the convergence rates of the numerical solutions are

fourth-order with respect to the spatial variables. Further research will be focused on the applications of the new method

to practical physics and engineering problems, such as the phenomenological Ginzburg–Landau complex superconductivity

model [22]:
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η
∂ψ

∂t
+ iηkφψ +

(
i

k
∇ + A

)2

ψ − ψ + |ψ |2 ψ = 0, in � × (0, T); (5.1a)

∂A

∂t
+ ∇φ + curl curlA+R

[(
i

k
∇ψ + Aψ

)
ψ̄

]
= 0, in � × (0, T); (5.1b)

with the initial and boundary conditions(
i

k
∇ψ + Aψ

)
· n= 0, curlA =H, on ∂� × (0, T); (5.1c)

ψ
(
x,0

) = ψ0 (x), A
(
x,0

) = A0 (x), in �; (5.1d)

where Eq. (5.1) may be solved using the present method. Here, ψ is a complex valued function and is referred to as the

order parameter so that |ψ |2
gives the relative density of the superconducting electron pairs, and the normal and the pure

superconducting states are characterized accordingly by |ψ |2 = 0 and |ψ |2 = 1. ψ̄ stands for the complex conjugate of ψ . A is a

real vector potential for the total magnetic field and φ is a real scalar function called electric potential. H is the applied magnetic

field that points out of the (x1, x2)-plane. η, k are positive constants which are related to the known physical quantities.
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