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ABSTRACT

Argonne National Laboratory has developed a process to 
immobilize waste salt containing fission products, uranium, and 
transuranic elements as chlorides in a glass-bonded ceramic 
waste form.  This salt was generated in the electrorefining 
operation used in the electrometallurical treatment of spent 
EBR-II fuel.  The ceramic waste process culminates with an 
elevated temperature operation.  The processing conditions used 
by the furnace, for demonstration scale and production scale 
operations, are to be developed at Argonne National Laboratory.  
To assist in selecting the processing conditions of the furnace 
and to reduce the number of costly experiments, a finite 
difference model was developed to predict the consolidation of 
the ceramic waste.  The model accurately predicted the heating 
as well as the bulk density of the ceramic waste form.  The 
methodology used to develop the computer model and a 
comparison of the analysis to experimental data is presented.

NOMENCLATURE
Bi Biot Number
C Concentration
Co Initial Concentration
Cp Heat Capacity
Cr Constant for Infinite Cylinder Exact Solution Equation
E Activation Energy/Universal Gas Constant
Fo Fourier Number
i Nodal Coordinate in Axial Direction
j Nodal Coordinate in Radial Direction
1
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J0 Bessel Function of Order 0
J1 Bessel Function of Order 1
k Thermal Conductivity
L Length
p Time Step Number
R Radius
r Dimensionless Radius
T Temperature
t Time
x Dimensionless Height
α Thermal Diffusivity
β Order of Temperature
∆r Distance Between Radial Nodes
∆z Thermal Diffusivity
θ Dimensionless Temperature
ρ Density
ζr Positive Roots of a Transcendental Equation for an Infinite 

Cylinder
ζx Positive Roots of a Transcendental Equation for a Plane 

Wall

INTRODUCTION

Argonne National Laboratory (ANL) developed a process to 
immobilize the waste salt stream from the electrometallurgical 
treatment of spent EBR-II fuel in a glass-bonded ceramic waste 
form [1]. The waste salt stream consisted of spent electrolyte 
(LiCl-KCl eutectic) containing alkali, alkali earth, lanthanide, 
and actinide fission products present as chloride salts. In making 
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the ceramic waste form, these halides were first occluded into 
the pores of zeolite-4A using an elevated temperature blending 
process. Salt loaded zeolite was then mixed with glass frit and 
loaded into cylindrical stainless steel canisters. Finally, they 
were subjected to elevated temperature in a furnace. The 
resulting ceramic waste form (CWF) was a glass-bonded 
sodalite suitable for long-term storage in a repository. 

The Chemical Engineering Division at ANL performed initial 
development tests for this process. Lab-scale experiments were 
performed using relatively small sample sizes of 20g. These 
experiments have shown that a process time of 8 to 24 hours at 
greater than 900°C results in a densification of 2:1. It has been 
recommended that a temperature of 915°C be used to optimize 
the procedure. The Engineering Technology Division (ENT) at 
ANL scaled-up the process to produce demonstration scale 
CWF (up to 150kg), and will eventually produce CWF’s at 
production scale (greater than 150kg). The demonstration-scale 
effort included processing of nonirradiated material in the 
Engineering Development Laboratory and continued with 
processing of irradiated material in the Hot Fuel Examination 
Facility (HFEF). Eventually, the production scale effort will 
follow a similar path. To assist in selecting the operating 
conditions of the furnace and to reduce the number of costly 
experiments, a finite difference model was developed to predict 
the consolidation of the ceramic waste. The details of this model 
and a comparison with experimental data will be the primary 
focus of this report.

EXPERIMENTAL DESCRIPTION

Each experiment consisted primarily of CWF material 
contained in a stainless steel can, that was processed (soaked) in 
a furnace at 915°C. A stainless steel plug rested on top of the 
waste material to level the surface of the material. The plug 
applied a load of approximately 1-psi. Thermocouples were 
placed in strategic locations within the waste material in order 
to measure temperature. To measure the vertical displacement a 
linear potentiometer was placed on top of the plug. Since the 
geometry of each experiment was cylindrical, and radius 
remains constant, vertical displacement measured by the 
potentiometer was directly related to the material’s volume and 
density.

(1)

Where:

V = Volume (m3)
H = Height (m)
R = Radius (m)

And 

(2)

Where:

V H π R2⋅ ⋅=

ρ M V⁄=
2
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ρ = Density of material (kg/m3)
M = Mass of material (kg)

After various small-scale experiments were conducted to 
obtain initial thermophysical data, a 25kg experiment was 
conducted to test the computer model, specifically thermal 
conductivity (k), density (ρ), and heat capacity (Cp). A stainless 
steel can with an inner radius of 12.4cm and a height of 61cm 
was filled with 25kg of salt-loaded zeolite/glass mixture. The 
can was tapped for five minutes resulting in a green geometric 
density of 0.9g/cm3. Three 1.6mm thermocouples were 
inserted through thermal wells located in the bottom of the can 
to heights of 15.25cm, 22.8cm, and 15.25cm respectively. The 
first two were located in the center of the can radially, whereas 
the third was located 8.9 cm from the radial center, (Fig. 1a). A 
fourth thermocouple was spot welded onto the outside surface 
of the can and was used as the furnace control thermocouple. A 
3.175mm thick stainless steel plate was placed on top of the 
material. To keep the top surface level, four additional weights, 
totaling 24.75kg, were placed on top of the top plate (Fig. 1b). 
The can and material were placed in a furnace with internal 
working dimensions of 61cm x 61cm x 76cm. A linear 
potentiometer with a measuring range of 60cm was mounted 
above the furnace with an attached 6.35mm stainless steel rod 
protruding through a hole centered in the ceiling of the furnace 
and resting on the top plate of the can, (Fig. 1b). The furnace 
was ramped from room temperature to 500°C at 5°C/min. The 
furnace was held at 500°C for 30 hours and then ramped to 
915°C at 1°C/min. The furnace held at 915°C for 48 hours and 
then was shut off. 

COMPUTER MODEL DESCRIPTION

Two separate computer models were developed to predict 
densification rates for given CWF mass and soak times. The 
first model used exact solution equations and constant 
properties in order to bound soak times between best and worst 

 

TC1

TC2 

(a) 

TC3

(b) 

Linear Potentiometer Rod 

4 Cylindrical Weights 

Top Plate 

Figure 1.   (a) Geometry of 25 kg experimental 
canister, (b) Top plate.
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case scenarios. The second model used transient, finite 
difference equations to incorporate changing thermophysical 
properties during processing. Both models were created using 
the software package MathCad 2001 [2].

The first model was based on the following equations. First, 
assuming a planar wall is [3]:

(3)

Where:

θ = Dimensionless Temperature
x = Dimensionless Height
ζ = Positive Root
Fo = Fourier Number = αt/L2  
t = Time (s)
L = Length (m)

α = Thermal diffusivity, defined as k/ρ·Cp (m2/s)
k = Thermal Conductivity (W/m· K)
Cp = Heat Capacity (J/kg· K)
Cxn, a constant for the plane wall exact solution, is:

(4)

And the discrete values (eigenvalues) of ζxn are positive roots 
of the transcendental equation:

(5)

Secondly, assuming an infinite cylinder, [3]

(6)

where Fo=α· t/R2 and Crn is:

(7)

and the discrete values of ζrn are positive roots of the 
transcendental equation:

(8)

θx

∞

Σ
n 1=

Cxn
ζx n

( )2 Fo ] ζxn
x⋅( )cos⋅ ⋅–[exp⋅=

Cx n

4 ζxn
( )sin

2ζx n
2 ζxn

⋅( )sin+
--------------------------------------------=

ζxn
ζx n

( )tan Bi=⋅

θr

∞

Σ
n 1=

Crn
ζrn

( )2 Fo ] J0 ζ rn
r⋅( )⋅ ⋅–[exp⋅=

Crn

2
ζ rn

------
J1 ζrn

( )

J 0 ζrn
( )2 J1 ζrn

( )2+
-----------------------------------------------⋅=

ζ rn

J1 ζrn
( )

J0 ζrn
( )------------------⋅ Bi=
3
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where the quantities J1 and J0 are Bessel functions of the first 
kind and θ is a dimensionless temperature parameter which is 
equal to the product of θx and θr [3].

(9)

Where:

T = Temperature (K)

The x and r represent dimensionless positions as x = height/
total height and r = radius/total radius.  The model was based on 
the assumption that the Biot number (Bi) was infinite or, in 
other words, the surface temperature was equal to the furnace 
temperature.

The equations used in model 1 represent exact solutions for 
constant property analysis [3]. However, to successfully model 
a transient process with varying properties, a different approach 
was needed. Model 2 utilized a finite difference approximation 
in order to incorporate varying properties, i.e. thermal 
conductivity, density, and heat capacity, into the model. This 
model was created to predict processing conditions necessary to 
achieve the desired consolidation of the CWF and utilized 
fundamental heat transfer equations [4]. The first equation, Eq. 
(10), Fourier’s law states that: 

(10)

Where:

q = The heat flux (W)
A = Area (m2)
T = Temperature (K)
∇= Del operator (For cylindrical coordinates ∇ = i d/dr + j 

1/r d/dθ + k d/dz)

The second equation utilized is the conservation of energy Eq. 
(11) shown below.

(11)

Where:

Ein = Entering Energy (W)
Eg = Generated Energy (W)
Eout = Exiting Energy (W)
Est = Stored Energy (W)

The entering and exiting energy terms are represented by 
Fourier’s law, Eq. (10). The generation and storage terms are 
represented by Eq. (12) and Eq. (13), respectively.

θ θx θr T( T ∞ ) Ti T ∞–( )⁄–=×=

q A k ∇⋅– T=⁄

Ein Eg Eo u t Est=–+
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(12)

(13)

Where:

qg = Generated heat (W/m3)

The generation heat term (qg) can be further reduced into 
separate heat generating terms as shown by Eq. (14).

(14)

Where:

qrad = Generation due to radioactivity (W/m3)

qHr = Generation due to heat of reaction (W/m3)

qPV = Generation due to pressure-volume work (W/m3)

Combining Eq. (10) through Eq. (14), the general form of the 
heat equation in cylindrical coordinates is

(15)

Making the assumptions that thermal conductivity (k) varies 
with time and not with position, and that there are no gradients 
in the θ direction, Eq. (15) can be simplified to Eq. (16).

(16)

Defining the parameter p as the time step number

(17)

then utilizing the definition of p, dT/dt becomes

(18)

then Eq. (16) becomes Eq. (19).

Eg qgdV=

Est ρ CpdT dt dV⁄⋅=

qg qrad qH r qPV+ +=

1
r
---

∂
∂ r
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∂ r
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oaded From: https://proceedings.asmedigitalcollection.asme.org on 07/01/2019 Terms of U
(19)

Where:

p = Time step number ranging from 0 to the defined 
number of time steps

i = Node number in the z direction
j = Node number in the r direction
∆t = Length of time step p (s)
∆z = Distance between nodes in z direction (m)
∆r = Distance between nodes in the r direction (m)

The parameters ∆z and ∆r are the distances between axial and 
radial nodes, respectively, as shown in Fig. 2. They are 
calculated by the user-input number of nodes in each direction. 
The greater the number of nodes, the smaller ∆z and ∆r become. 
Larger values of nodes served to increase accuracy, but also 
greatly increased computation time.

Tp 1+( )
i j,

Tp( )
i j,
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+
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Tp( )
i 1 j,+

Tp( )
i( 1 ) j,–

2 Tp( )
i j,

⋅–+
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i j 1–,
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⋅–+
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Tp( )
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Tp( )
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Figure 2.   (a) Geometry of CWF, (b) Mesh of plane A.
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Equation 19 defines the temperature at an interior node of 
coordinates i and j. Each intersection, as shown in Fig. 2, 
represents a node of coordinates i, j; i represents the number of 
nodes from the top and j represents the number nodes from the 
cylinder surface. As shown in Eq. (19), the temperature at time 
step p+1 is determined primarily by the temperatures of the 
previous time step (p). Once initial conditions and boundary 
conditions are applied, Eq. (19) can be used to calculate the 
temperature at each node. The initial conditions that need to be 
specified are: (a) the dimensions of the processing can, (b) the 
mass of ceramic waste to be processed, (c) the number of nodes 
the model should use to accurately represent the process, and (d) 
the initial temperature. The boundary conditions, that need to be 
specified, are: (a) ramp up rates, (b) hold temperatures, (c) soak 
times, and (d) run time of model. 

During the sintering process of the CWF all of the 
thermophysical properties (k, Cp, and ρ), which define thermal 
diffusivity (α), vary with temperature and with time at 
temperature. To obtain relationships to approximate waste form 
density, experimental data was analyzed. The symbols in Fig. 3 
show the densification data for different temperatures versus 
soak time. 

Unfortunately, the thermal conductivity (k) and the heat 
capacity (Cp) could not be measured during processing. 
However, the density (ρ) could be continuously measured using 
an experimental apparatus utilizing a linear potentiometer, see 
Fig. 4. By observing how density changed during the sintering 
process, the behavior of k and Cp could be estimated. To match 
this data, a chemical reaction equation was used. A single 
species, sixth order reaction converting “species 1” (salt loaded 
zeolite/glass powder) to “species 2” (consolidated sodalite/glass 
solid) was fit to the experimental 20g sample densities, as is 
shown by the symbols in Fig. 3. The equations used to generate 
the model data, shown as solid lines in Fig. 3, are based on a 
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Figure 3.   Bulk density versus soak time for 
ceramic waste form.
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temperature dependent Arrhenius equation as given by Eq. (20) 
[5].

(20)

Where

ρi = Initial density (kg/m3)

ρth = Theoretical density (kg/m3)
X0 = Initial weight percent of unconsolidated material
A0 = Rate Constant (1/s)
T = Temperature (K)
β = Order of Temperature
Ea = Activation Energy (K)
t = Time (s)
n = Reaction Order

Using the data that best fit the experimental data, the value of 
rate constant (Ao) was 1x10-5 Hz, order of temperature  (β) was 

5.159,  and activation energy (E) was 3.9 x 104  K.

Using Eq. (20), the density (ρ) can be calculated for each 
temperature given by Eq. (19). The bulk density can then be 
calculated by weighting the density at each node by its radial 

Figure 4.   Experiment setup of linear potentiometer.

ρ ρi 1
ρt h

ρi
------- 1– 
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T
K
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  β Ea–
T
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position in the cylinder. The height of the cylinder is then 
calculated using the average density. Since the height changes, 
the parameter ∆z must also be recalculated at each time step.

Heat capacity of solids generally follows the convention of 
varying only with temperature. The sample densities data, the 
symbols in Fig. 3, suggests that the heat capacity for the CWF is 
consistent with the general rules[6]. The temperature 
dependence was found to fit the form shown by Eq. (21).

(21)

Where a, b, and c are constants found by fitting experimental 
data. The values of a, b, and c were found to be: 772.318, 0.535, 
and -9.494 x 106, respectively.

The thermal conductivity (k) was assumed to vary with 
temperature and density. The temperature and density 
dependence are shown by Eq. (22).

(22)

Where:

kref  = Post processing measured thermal conductivity value 
(W/m·K)

ki = Initial thermal conductivity value (W/m·K)
ρref = Post processing density, corresponding to k ref (kg/

m3)
Kint = Estimated thermal conductivity value at Tref (W/

m·K)
Tref = Softening point of the glass in ceramic (K)
Ti = Initial Temperature (K)

The initial value of thermal conductivity of 0.135 W/m/K was 
obtained from experiments performed by Purdue University[6]. 
The softening point, or transition point, of the glass is the 
temperature were the glass begins to soften.  For the glass used 
in these experiments, this value was 567°C.  Up to the 
transition point, the value for thermal conductivity was set in the 
model to increase linearly to 1.5 times the initial value. After the 
transition point was reached the value was set to increase 
proportionally with the calculated density. The value continued 
to increase until the thermal conductivity reached a maximum 
of 1.4W/m/K, corresponding with a calculated density of 2g/

cm3 .  Setting the boundary temperature and then solving for 
time at temperature related properties, the model solved Eq. 
(19) to predict material temperature as a function of location, 
and Eq. (20) was used to predict densification. 

Cp
a

T2
----- b T c+⋅+=

k
ρi kref ki–( )⋅

ρre f ρi–---------------------------------
ρ ρ i–

ρi
-------------- T

ki n t ki–
Tre f Ti–-------------------- ki Ti

ki n t ki–
Tre f Ti–--------------------⋅–+⋅+⋅=
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MODEL 1 RESULTS

The results of Model 1 may primarily be used to address 
criteria with the overall design. The criteria addressed include 
optimal production scale processing size, the affect processing 
size has on heat up and soak times, and optimal can dimensions 
for production scale processing. The optimal radius of the CWF 
storage can is approximately 10.2 inches (25.9cm).  Using the 
fixed radius and setting the bulk density equal to the initial and 
the final bulk densities, the model can solve for the bounding 
heights of a CWF canister, Fig. 5.  The graph depicts the fact 
that the when the final density value was used, a shorter cylinder 
height will be needed to contain the CWF. The graph also 
illustrates the range of possible can heights needed for 
production scale processing. 

Fig. 6 shows the core temperature (using all initial 
thermophysical properties) versus mass of the CWF for 
different soak times at 915°C. The graph represented in Fig. 6 
indicates that for masses greater than 200kg, the core 
temperature is independent of mass. Since radius is held 
constant, once a certain mass/height is attained, the core is 
heated almost entirely from the sides; i.e. radially.  For masses 
greater than 200kg, the temperature cycle required is 
independent of mass.

0 50 100 150 200 250 300 350 400 450 5000

3

6

9

Mass (kg)

Initial Density

Final Density

Cylinder
Height (ft)

Figure 5.   Height of production canister versus 
ceramic waste form mass.
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Fig. 7 shows the difference in core heating profiles using final 
values of k, ρ, and Cp.  Similar data is presented using initial 
values of k, ρ, and Cp. As illustrated in Fig. 7, the temperature 
cycle required to allow the core to reach 800°C ranges from 
12hours to 70 hours. The actual core heat up time will be 
between these two extremes, depending on how and when the 
thermophysical properties change. 

MODEL 2 RESULTS

Model 2 was developed to provide temperature profiles and 
densification data to correlate with experimental data. Fig. 8 and 
Fig. 9 illustrate the temperature profiles and densification 
predictions for a 25kg CWF, respectively.
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Figure 6.   Ceramic waste form temperature 
versus mass.
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Figure 7.   Production size ceramic waste form 
core temperature versus time.
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Fig. 8 shows the predictions for temperatures at the 
thermocouple (TC) locations used in the 25kg experiment. As 
shown in Fig. 1a, T1 represents the temperature 15.25cm up 
from the can bottom in the radial center of the can. T3 
represents the temperature 15.25cm up from the can bottom 
and 8.9cm from the radial center of the can.  The surface 
temperature was the set-point temperature use by the furnace 
controller.  The core temperature was a prediction of the 
temperature of the core of the material, and moved during 
consolidation.  There was no thermocouple in the experiment to 
track this temperature.  This data indicates that the “true” 
moving core temperature, which would be difficult to track 
during an experiment, could be represented with a fixed  center 
thermocouple during the experiment.  The model also depicts 
the gradient that exist radially and also shows an exothermic 
reactions in all locations.

Fig. 9 shows the bulk density versus time predicted by the 
model. It is important to note that the density represented is an 
average density, not a point density. An average density is 
desired as it can be compared to experimental results obtained 

Figure 8.   Temperature versus time for 25 kg 
ceramic waste form model.
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Figure 9.   Bulk density versus time for the 25 kg 
ceramic waste form model.
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from the linear potentiometer.  During the first 35 hours no 
increase in density was observed.  Initial densification occurred 
rapidly, then asymptotically approached the maximum density.  
As can be seen at around 80 hours, cooling also produced a 
density increase due to the thermal contraction of the material.

The temperature and density data obtained from a 25kg CWF 
experiment is illustrated in Fig. 10.  The two temperature 
readings refer to thermocouples placed on the wall of the 
canister and in the  radial center (TC1) of the canister. The 
density plot was obtained by using the linear potentiometer 
readings to calculate height and bulk density.  The data from the 
experiment can be   plotted with the model data and the 
accuracy of Model 2 can be observed. This overlay of data is 
shown in Fig. 11 and Fig. 12. Fig. 11 shows the temperature 
overlays, while Fig. 12 shows the density overlays. As is shown 
in Fig. 11 the model accurately predicts the initial heat up to 
500°C. During this part of the experiment, any remaining 
moisture was driven off as the material is heated. The model 
assumption of 150% increase in the thermal conductivity seems 
to be validated. During the 500°C soak, the temperature of 
material equalized; this is accurately reflected by the model. 
After the soak, the prediction by the model correlates as 
temperature increases, however, using the current parameters, 
the model was unable to predict the rapid heating associated 
with the exothermic reaction. The overall modelled trend, 
however, is representative of the experimental results.
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Figure 10.   Experimental data from 25 kg ceramic 
waste form experiment.
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Fig. 12 shows comparisons between the model’s predictions 
of bulk density and the actual experimental data. As the material 
was heated, both the modelled and the experimental data 
remained at constant density. The model accurately tracked the 
rapid densification as the bulk temperature approached 567°C. 
The model continues to track the experiment during the long 
915°C hold. The model also appeared to predict the thermal 
contraction of the material as it cooled at around 80 hours. The 
model predicted a final density of 1.85g/cm3, whereas the 

experiment yielded a final density of 1.87 +/- 0.02g/cm3. 

An experimental setup similar to the 25kg sample was used 
to produce a 140kg sample. The results of the model are 
compared to the experimental data in Fig. 13 and Fig. 14. The 
temperature plot, Fig. 13, shows data from a center 
thermocouple, located 6.2inches from the bottom of the 
canister. As is shown, the model again looks very similar to the 
experimental data. At around 150 hours, an exothermic reaction 
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Figure 11.   Comparison of model 2 versus 25 kg 
experimental temperature data.
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experimental bulk density data.
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Down
created a spike in temperature. The model and the experiment 
exhibited similar behavior. 

Fig. 14 shows that the model accurately predicted the general 
trends observed in the experimental density data. There appears 
to be a slight offset between the two sets of data. This deviation 
is most obvious in the data during the material heated up. The 
model shows that there was no increase in density, however, the 
experiment records a slight increase. This increase can be 
attributed to the thermal expansion of the 200kg of steel that 
was used to maintain an inert environment. The model predicted 
the final bulk density to be 2.0g/cm3 . The measured bulk 

density was 1.98 +/- 0.02g/cm3.
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Time, hr

0 24 48 72 96 120 144 168 192 216 240 264 288 312 336 360 384

D
en

si
ty

, g
/c

c

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0

2.2

Model

Experiment

Figure 14.   Comparison of model 2 versus 140 kg 
experimental bulk density data.
loaded From: https://proceedings.asmedigitalcollection.asme.org on 07/01/2019 Terms of U
CONCLUSIONS

The results of the comparison between the experiments and 
model are very promising. The results from the first model 
bounded the canister height for a 200kg CWF between 0.5m to 
1.0m and bounded the hold time for the same mass between 12 
and 70hours.  The require hold time at maximum temperature 
for masses above 200kg was shown to remain constant.  The 
second model included variables that varied with temperature 
and time at temperature. The data from this model was found to 
accurately represent temperature trends observed within 
experimental CWF’s.  Additionally, the data was within 1% of 
the data for the bulk density of experimental CWF’s up to 
140kg.  The models were useful in determining processing 
conditions of CWF’s and will continue to be a valuable tool 
during the scale-up CWF’s.
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