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ABELIAN ANALYTIC TORSION AND SYMPLECTIC VOLUME

B.D.K. MCcLELLAN

ABSTRACT. This article studies the abelian analytic torsion on a closed,
oriented, Sasakian three-manifold and identifies this quantity as a specific
multiple of the natural unit symplectic volume form on the moduli space of
flat abelian connections. This identification computes the analytic torsion
explicitly in terms of Seifert data.

1. INTRODUCTION

This article studies the abelian analytic torsion on Sasakian three-manifolds.
The analytic torsion is a topological invariant that was introduced by D.B. Ray
and LM. Singer [21] as an analytic analogue of the combinatorially defined Rei-
demeister torsion [22]. It is a well known fact that these two torsions agree, as
was independently shown by W. Miiller, [15], and J. Cheeger, [7], for unimodular
representations. More recently an elegant new proof of this equivalence has been
given by M. Braverman [6] using the Witten laplacian [27].

Our main objective in this article is to compute the (square-root of the) analytic
torsion explicitly as a natural symplectic volume form on the moduli space of flat
abelian connections. This identification is motivated by the work of C. Beasley and
E. Witten [3] involving Chern-Simons theory on contact three-manifolds. Recall
that A.S. Schwarz [25] has shown that the abelian Chern-Simons partition function
is proportional to the analytic torsion and our study is also natural in light of
this fact. Our main result, Theorem [J] shows that two mathematically a priori
different definitions of the abelian Chern-Simons partitition function derived from
[3] are rigorously equivalent. Our main strategy is to use the the work of M. Rumin
and N. Seshadri [24] which naturally connects the analytic torsion with contact
structures on three-manifolds.

Throughout, X will denote a closed, orientable three-manifold, and (X, ¢, &, k, G)
will denote X equipped with a Sasakian structure. See [5], [9] for standard back-
ground on Sasakian and contact geometry. For convenience we recall that a Sasakian
manifold is a normal contact metric manifold, (X, ¢, &, k, G), where
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o k€ QY(X) is a contact form, i.e. Kk Adk # 0, £ € [(TX) is the Reeb vector
field,

e ¢ c End(TX), ¢(Y)=:JY for Y e T'(H), ¢(§) = 0 where J € End(H) is an
almost complex structure on the contact distribution H := ker xk C T X, and,

e G=Kk®Kk+dro(I®¢).

Definition 1. A Seifert manifold is a closed orientable three-manifold that admits
a locally free U(1)-action.

Remark 2. See [I8] for a general definition and classification of Seifert manifolds.

Let ¥ denote the base of a Seifert manifold when viewed as the total space of a
U(1)-bundle,

U(l)(—> X
/

by

It is well known that the topological isomorphism class of a Seifert manifold X is
determined by its Seifert invariants [I8],

[gan7 (a17ﬁ1)77(aM7ﬁM)]7 ng(aj7/6]):17

where g is the genus of 3. Geometrically, the U(1) action on X is rotations of the
fibres over ¥ and the points in the U(1) fiber over each orbifold point p; on X
are fixed by the cyclic subgroup Z,, of U(1). The fundamental group 71(X) is
generated by the following elements [18],

(lp,bp, p:]-v"'vga
Cj, j:1,...,M,
h,

which satisfy the relations,
[apvh] = [bpvh] = [cja h] = la
c;“j =1,

g
H [ap, bp]
p=1 J

Geometrically, the generator h is associated to the generic U(1) fiber over X, the
generators ap, b, come from the 2¢g non-contractible cycles on 3, and the generators
¢; come from the small one cycles in 3 around each of the orbifold points p;.

(1) M
Cj =h".
1

Remark 3. Since the analytic torsion is defined with respect to a choice of metric,
we naturally work with Sasakian structures. Recall that X admits a Sasakian
structure (X, ¢,¢,k,G) <
e [5, Theorem 7.5.1, 7.5.2] X admits a Seifert structure that is the total space
of a non-trivial principal U(1) orbibundle over a Hodge orbifold surface, ¥.
For this article, Seifert structures on X are induced by Sasakian structures.
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Let T denote a compact, connected abelian Lie group of real dimension N, t
denote its Lie algebra and A C t the integral lattice. Let Tors H?(X,A) denote
the torsion subgroup of H2(X,A). For P a principal T-bundle over X, Ap is
the affine space of connections on P modeled on the vector space of T-invariant
horizontal one-forms on P, (Qf_.(P,t))T ~ Q'(X,t). The group of smooth gauge
transformations is the group of T equivariant smooth maps G := (Map™ (P, T))T ~
Map™ (X, T) and acts on Ap in the standard way. That is, for g € Map®™ (P, T), and
A€ Ap, A-g:= A+g*09, where ¥ € Q'(T, t) denotes the Maurer-Cartan form on T.
In order to define the Chern-Simons action, a negative definite symmetric bilinear
form on t needs to be chosen. Let BT denote the classifying space of principal
T-bundles. Valid choices for such forms (-,-) € Sym2(t*) are classified by elements
of H*(BT,Z) [8], []. Choosing a basis e® for H?(BT,Z), an element in H*(BT, Z)
may be written as M, g e® Uef, where M, g is an N x N integral symmetric matrix.
For the purposes of this article we choose (-,-) corresponding to My, 3 = —21, 3,
where I, 3 is the identity matrix. Let W be a compact oriented four-manifold
such that OW = X, which always exists [20]. Extend P to a T-bundle @ over W,
which is always possible in our case [4]. Given a form « € Q7(P,t), let & € 7 (Q, t)
denote the corresponding extension to Q. For a connection 4 € Q!(P,t), denote
the curvature form of the extension A € Q1(Q, ) by Fse Q2(W, ).

Definition 4. The Chern-Simons action of a T-connection A € Ap is defined by,

1
@) CSx,p(4) = /W<FZ/\ F;) mod (2r7).
We also define the following
e my = & (dim H'(X;R) — 2dim H°(X;R)),
e Ap denotes a flat connection on a principal T-bundle P over X,
e 1(X) = n—i—Zé‘il 5—; is the first orbifold Chern number of the Seifert manifold
X

s(a, B) == i Z?;ll cot (’Ta—]) cot (”i—ﬂ) € Q is the Rademacher-Dedekind sum,

=N (% -2 Zj\il s(ay, ﬁj)) is the adiabatic eta-invariant of the Sasa-
kian manifold (X, ¢,¢&, k, G) [I7],

Mx >~ ]_[[P]GTMS H2(X,A) T29 denotes the moduli space of flat abelian connec-
tions on a closed three-manifold. A particular component of M x corresponding
to a bundle class [P] € Tors H?(X, A) is denoted as, Mp ~ H*(X,t)/H'(X,A)
~ T?29. The number of components of M x is computed for Sasakian three-ma-
nifolds in the following theorem.

Theorem 5 ([I6, Theorem 8.1], [19]). Given a closed oriented Sasakian
three-manifold (X, ¢,&,k,G) (so that c1(X) # 0) then,

Mx ~ T? x Tors(H?*(X,A)) ~ Hom(m (X),T),
where, | Tors H2(X, A)| = |e1(X) - T[22, oy V.

=14

o Qp:=3 " icoi<jen @i A df; ; is the standard symplectic form on Mp,
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(3)

(6)
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wp = % € 029N (Mp,R), and w € Q29" (Mx,R) is the symplectic
form such that its restriction to the connected component Mp is wp.

— 1
Kx = |Cl(X)'Hiai|N/2’

VTx € Q29N (Mx,R) is the (square-root) of the analytic torsion (see Def.
and Remark [17). We also write /Tx € Q29" (Mp,R) when restricting v/Tx
to a connected component M p.

The eta-invariant for the odd signature operator, L°, acting on Q!(X,t) ®
Q3(X,t), is defined by analytic continuation,

AL =lm Y sen.
A€spec* (L°)

The eta-invariant is an analytic invariant introduced by Atiyah, Patodi and
Singer [1] defined for an elliptic and self-adjoint operator. We note that as in [I]
Prop. 4.20], we may remove some spectral symmetry and the eta-invariant of
L° coincides with the eta-invariant of the operator xd restricted to Q(X,t) N
Im(*d).

Nerav(G) denotes the eta-invariant for the operator xd acting on Q' (X, R), so
that,

n(xd) = N - ngraV(G) )

where the eta-invariant on the left hand side of is defined on Q'(X,t) and
N =dimT,

S, (A%) = i/ S Te(AS A dAC + 2A% A AC A ACY,
i Jx 3

is the gravitational Chern-Simons term, where A% is the Levi-Civita connection
and s a trivializing section of twice the tangent bundle of X. More explicitly, let
H = Spin(6), Q@ = TX T X viewed as a principal Spin(6)-bundle over X, G €
I'(S*(T*X)) a Riemannian metric on X, ¢ : Q@ — SO(X) a principal bundle
morphism, and AXC € Ago(x) := {4 € (2 (SO(X)) ® 50(3))50®) | A(¢) =
€, V& € 50(3)} the Levi-Civita connection. Then A% = ¢*ALC € Ay :=
{A€(QUQ) @ )" | A(&) =€, VE € b.

An Atiyah-Patodi-Singer theorem, [2, Prop. 4.19], says that the combination,

1C5(49)

Ngrav (G) + 3 o s

is a topological invariant depending only on a two-framing of X. Recall that a
two-framing is a choice of a homotopy equivalence class II of trivializations of
TX & TX, twice the tangent bundle of X. Note that II is represented by the
trivializing section s: X — @ above. The possible two-framings correspond to Z.
The identification with Z is given by the signature defect defined by,

1
§(X, 1) = sign(W) — épl(ZTVV, 1),
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where W is a 4-manifold with boundary X and p; (2T'W, 1) is the relative Pontrjagin
number associated to the framing IT of the bundle TX & TX. The canonical
two-framing TI¢ corresponds to §(X,II¢) = 0.

Remark 6. Before we present the main quantities of interest in Definitions [7}
we note that both definitions implicitly require a choice of base h? for H°(X,R) to
be well defined. We elaborate on this point in

Definition 7. [14] Let k € Z and X a closed, oriented three-manifold. The abelian
Chern-Simons partition function, Zr(X, k), is the quantity,

(7) Zp(X. k)= > Zn(X,Pk),
PeTors H2(X,A)

Neray 2 AG
m‘N( g a4(G)+ﬁCS(A )

Definition 8 ([14]). Let k € Z, and let (X, ¢, €, k, G) be a closed oriented Sasakian
three-manifold. Define the symplectic abelian Chern-Simons partition function,

(9) 7T(Xak) = Z ZT(X’P7 k)7
[P]€Tors H2(X,A)

(8) Zr(X, Pk) == X otk CSx,p(AP),

where

N_ 1
1 2770) Kx -wp.
Mp

(10) ZT(X, P7 k) _ kmxeik CSX,P(AP)eiTr(

The main motivation for this work is the conjectural equivalence of the rigorous
topological invariants Zr(X, k) and Z7(X, k). Note that this conjecture arises
simply due to the fact that the rigorous definitions of Z1(X, k) and Zt(X, k) are
derived from the same heuristic Chern-Simons partition function in physics. We
note that part of this conjectural equivalence is motivated by [II] which argues
that /Tx is proportional to a specific scalar multiple of the natural unit symplectic
volume form w € 929V (M x,R) by using the group structure on the moduli space

MXa

1

() VIx=C (\/| Tors H2(X, A)| @)

where 0 # C' € R. Note that [II] works with the case where X is endowed with
a regular Sasakian structure, which corresponds to a principle U(1) bundle over
a surface without orbifold points. This article studies the more general case of a
three-manifold X that admits a Sasakian structure. We are able to calculate the
square-root of T'x explicitly as a specific scalar multiple of a natural symplectic
volume form on the moduli space M x using a theorem of M. Rumin and N. Seshadri
[24, Theorem 5.4]. We obtain the following
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Theorem 9 (Main Theorem). Let (X, ¢,&, k, G) be a closed Sasakian three-manifold.
Then,

1
(12) VI = L T

We note that Theorem [J] combined with Theorem [f] leads to an explicit compu-
tation of the symplectic volume of the moduli space. Thus, we have the following,

Corollary 10. Given a closed oriented Sasakian three-manifold (X, ¢,&, k, G), the
symplectic volume of the moduli space M x with respect to the symplectic volume
form /Tx € Q29N (Mx,R) is given by,

(13) [ VIS = TR D = fa (%) T o

N/2

As a consequence of Theorem [J] we obtain the following verification of the above
conjecture,

Corollary 11. Let k € Z, and let (X,$,&,k,G) be a closed oriented Sasakian
three-manifold. Then the magnitudes of Zt(X,k) and Z1(X,k) agree identically,

(14) | Zp(X, k)| = | Zp(X, k)

)

and

| Z[P]ETors H2(X,A) eik CSX,P(AP)’

| Tors H2(X, A)|

(15) |Zo (X, )| = K™ -

2. PROOF OF THE MAIN THEOREM

In this section we prove Theorem [J] and compute the square root of the analytic
torsion /Tx as a symplectic volume form on the moduli space of flat abelian
connections M x in the case that X admits a Sasakian structure. For simplicity,
we will assume T = U(1) in this section and set N = 1.

Remark 12. The natural quantity that shows up in the symplectic abelian
Chern-Simons path integral is w multiplied by 1/| Vol(I)|, where

I::{gegp|Ap-g:Ap}2U(1)<g,

is the isotropy subgroup of the gauge group of a given abelian connection Ap € Ap.
The volume of the isotropy group, Vol(I), requires a choice of measure on I ~ U(1),
which boils down to a choice of base h" for H?(X,R). We recall some of the details
presently.

In our study of abelian Chern-Simons theory [14], the natural invariant metric
Hg on the group G is defined in terms of the Hodge star * for the given Sasakian
metric G on X,

(16) Hg(91,92) = /X<t91 /\*92> R
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where 61, 05 € Lie G ~ Q°(X,R). Observe that Hg restricted to constant functions
01, 03 € R C Lie G is given as follows,

Hg(91702) - /}\(<91 /\*92>

= (/X*l) - (61,02) .

We may therefore write vHg = (fx *1)1/2. Now we choose the measure /Hg do
on I ~ U(1) such that do = df/2m setting [;;,)do = 1. Let HO(X,R) denote

the harmonic O-forms on X. Note that by definition of the de Rham map 63y :
HO(X,R) — H°(X,R), this choice of measure may be viewed as a choice of base
hY for H°(X,R) ~ Lie U(1) such that 6Jz (27) = h®. We have,

Vol(I) := v/Hgdo,
u()

= /Hg, since fU(l) do =1,

(17) - [/}(*1}1/2.

Since the Hodge star x is defined in terms of the given Sasakian metric, we have,
1/2
Vol(I) = [/ /@/\dn‘]
X

A proof of Theorem |§| follows from [24] Theorem 5.4], where the analytic torsion
is computed on a closed Sasakian three-manifold twisted by a unitary representation
p: m1(X) — U(r). Combining this with a substitution of some known special values
of the Riemann-Hurwitz zeta function completes the proof.

= [ (O]2.

Let (M, G) be a closed oriented Riemannian manifold of dimension m and let
p: m(M) — U(1) be a representation of the fundamental group of M. Recall
that p corresponds to a flat principal U(1) bundle P over M equipped with a flat
connection A, € Ap. Given a representation x: U(1) — AutF, where F =R or C,
we obtain an associated line bundle &, := P x, F. Let,
4y 2 QUM Ey) — QM E,),
denote the covariant derivative associated to A, and let,
AX(p) = (d,)dS, +d (d5,)": Q1ML E) — QUMLE,),

denote the corresponding Laplacian. Define the determinant line,

3
det H*(M, d ) == @ det HI (M, d} )",
=0
where a superscript —1 denotes the dual space. Let |-[12(qe(x)) denote the L2-metric
on det H*(M, d}; ) induced by the identification of H*(M,d ) with the harmonic
forms H*(M, d}; ) via the de Rham map d3g : HY(M, d ) — H?(M,d} ).
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Definition 13. [21] Let M be a closed oriented Riemannian manifold of dimension
m and let p: m (M) — U(1) be a representation of the fundamental group of M
and let x: U(1) — AutF be a representation of U(1) (where F = R or C). Let
AX(p): QUM &) — QU(M, &) denote the Laplacian in the representation x. Let
Cq(s) be the zeta-function for AX(p) defined for Re(s) > 0 by,

(18) Cqls) == ﬁ /000 5 (et — 11, dt,

analytically continued to C and I, : Q9(M, p) — H?(M, p) orthogonal projection.
The analytic torsion is defined as,

> -1700)

q=0

(19) Tv = T35 (p) == exp (

N |

The Ray-Singer metric || - || rs is defined as

(20) - llrs = Taal - L2 (e (x)) -

Note that [24] defines and studies a new type of analytic torsion on contact
manifolds called the contact analytic torsion, denoted by Tg , and they also introduce
a corresponding contact Ray-Singer metric, denoted || - ||c. These quantities are
defined in terms of the contact complex (€, Dyr), originally introduced by M. Rumin
[23], on a contact manifold (X, k). Given the Reeb vector field £ € T'(X) for the
contact form k € Q! (X,R), let dg: (X)) — QT(X) be defined as dy =
d — Kk A tg, and L¢ be the Lie derivative. Define Q' (H) := {a € QY(X) | e = 0}
and Q2(V) := {8 € Q*(X)|B =k Aq, fora € Q'(X)}. Given a contact metric
manifold (X, ¢, &, k, G), and * the usual Hodge star for the metric G, the horizontal
Hodge star is defined as xg := x o (kA). The contact complex (£, Dy ) is defined as

(1) O%(X) P QNH) S 03(V) 2S5 00(X),

with middle operator Dy = D = k A (L¢ + dp g di). Note that this complex
may be defined using only the choice of a contact 2-plane field [24], and we have
introduced a contact metric structure in order to be more explicit. Also note that
one can twist the contact complex with a flat bundle and define the twisted contact
complex, contact analytic torsion and contact Ray-Singer metric as well [24]. Given
a contact metric manifold (X, ¢, &, k, G), the contact analytic torsion and metric
are defined using the contact Laplacian on (€, Dg),

(d;ldH—i-de;I)z if ¢=0,3,
(22) A =S D*D + (dudy)? if q=1,
DD* 4 (ddy)?  if q=2.

This operator is maximally hypoelliptic and invertible in the Heisenberg symbolic
calculus [24]; a key property that allows one to make sense of the zeta function for



ABELIAN ANALYTIC TORSION AND SYMPLECTIC VOLUME 183

the contact Laplacian ((AC)(S). [24] introduce the contact torsion function

(23) K() 1= 5 S (-1 w(a)C(A)(s),

q=0

where for ¢ =0,1,2,3

q, q=1,
(24) w(q) =

qg+1, g>1.
Note that our definition of K(s) is the negative of the one that occurs in [24]. The
contact analytic torsion is then defined to be

(25) TS == exp <%K'(0)) .

It is shown in [24] that the analytic torsion and Ray-Singer metric agree with their
contact geometric counterparts on Sasakian manifolds. Note that our definition of
T¢ is the inverse of the definition used in [24].

Theorem 14 ([24, Theorem 4.2]). Let (X, ¢,&, k, G) be a closed Sasakian (CR-Sei-
fert) three-manifold, p: m(X) — U(N) a unitary representation, and xo: U(N) —
Aut((CN) the standard representation. Let Tx and Tg denote the analytic torsion
and the contact analytic torsion, respectively, in the standard representation; e.g.

Tx := TX°. Then the analytic torsion Tx and the contact analytic torsion Tg
agree,

(26) Tx(p) = TX (p) -

Also, the Ray-Singer metric || - |rs and the contact Ray-Singer metric || - ||c agree,
(27) I-llrs =1l -llc-

For a € (0,1], let ((s,a) = Y oneN ﬁ denote the Riemann-Hurwitz zeta

function, and let ((s) := ((s, 1) denote the Riemann zeta function. The main result
that we need is given as follows.

Theorem 15 ([24] Theorem 5.4]). Let (X, ¢,&, k, G) be a closed Sasakian three-ma-
nifold. Split £, into irreducibles Sﬁ. Then the contact torsion function spectrally
decomposes as,

(28) K(s) = 3 Ko(s)
&

such that,
o On &Y with 6 € (0,1), i.e. x o p(h) = €™ 2 1, we have,

Ko(s) = — dim(g") (2)(C(25,0) + ((25,1 — 6))
(29) - Z 28 C(25,0:5) + (25,1 —0; ;) -
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o Let 52’i = ker(1 — x o p(¢;)). Then we have,
Ko(s) = = K(X, p)(2((2s) +1) - 2((2) Zdlm (E99) (a7 = 1)

- > ! —5=(C(25,60,.5) +C(25,1 — 6,5)) .

(Garomsro) O
where K (X, p) := 2dim H°(X,t) — dim H!(X, t).

Remark 16. We note that the proof of this theorem follows by application of the
Riemann-Roch-Kawasaki formula [12], [10].

The case of interest for us is the trivial representation pg: 71 (X) — U(1). Since
this is already scalar we have,

(30) K(s) = Ko(s),
where, by Theorem we have
(31) Ko(s) = —K(X, p)(2¢(25) + 1) — 2¢(25) > (a2 — 1).

Now we use the identification of the analytic torsion and the contact analytic torsion
given in Theorem 4] to write T (po) = exp(K((0)/2). We compute K((0) using
Theorem [15] Using the special Valueb of the Riemann-zeta function, ¢(0) = —1/2
and ¢’(0) = —In(27)/2 [26], and K(X,p) = 2dim H°(X,t) — dlmHl(X,t) [24
Eq. 42], we obtain,

(32) K}(0)/2 = (2 — 29)In(27) Zln o).
Thus,
() (o) = E

I ci
It is easy to see that T94(p) = TX(po) when py =1 is the trivial representation,
X is the standard representation, and p : w1 (X) — U(1) is arbitrary. This follows
because the spectra of the corresponding Laplacians are identical. That is, for the
standard representation y, the Laplacian at the trivial representation pg is given
by,

A;-‘(po) =d*d+dd*: Y (X,C) - Y (X,C),
where dﬁpo = d is just the ordinary de Rham derivative. Also, for the adjoint
representation,

AR (p) :=d*d + dd*: (X,R) — Q(X,R),
since dj}‘j = d for any representation p. Clearly, these operators have identical
spectra. By Poincaré duality H?(X,d)™! is canonically isomorphic to H°(X,d),
and H'(X,d)™! is canonically isomorphic to H?(X,d). Thus,

|- llrs € |det HO(X,da,)|®* (R) |det H' (X, da,)""[*?,
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and we may define the square-root of || - || rs,

V- llgs € [det HO(X,da,)| @) | det H' (X, da,) "]

Note that since the adjoint representation is trivial on R, we have

V- llgs € [det HO(X,R)|X) | det H' (X, R) ™"
Remark 17. Observe that if ©¥ is an orthonormal base for H°(X,R) = R, then it

may be identified as a scalar ° € R such that,

L=,

:/ uo/\*yo,

X

:|1/0|2/ kA dk,
X

=02 e (X).

Thus, |[1°] = 1/|c1(X)[*/2. In order to view the analytic torsion as a volume form
on Mx, we must choose a base h? for H?(X,R) and evaluate \/Tx at hg. If we
identify H(X,R) ~ R via the de Rham map §Jg, then we make the same choice
as in Remark [12| and choose 83y (27) = h°.

Choosing h° € H°(X,R) as in Remark [17/ and denoting the Ray-Singer metric
evaluated at h° by || - || rs|no, we define,

(34) VTx i = I Tnsho € |det H(X,R)7].

We therefore have

(3) VI = o e A i)

where |Adig (WY)|": AT HY(X, t) — IR{+ is the volume form associated to the
basis given by 03 (v!). Writing the above results concisely, if (X, ¢, &, k, G) is a
closed Sasakian three-manifold, then,

1
%) VI = e T

)

where
QoN
37 O G
and
(38) Q:= > db; Adb;.

1<i<gN

Note that the generalization to the case of an arbitrary torus T is straightforward.
We also point out that the extra factor of (27)9" that occurs in Eq. is due to
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the corresponding factor of /27 in the norm of each orthonormal basis element for
the first cohomology.
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