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Abstract.

In this paper, we design an inexact primal-dual infeasible path-following algorithm for convex
quadratic programming over symmetric cones. Our algorithm and its polynomial iteration com-
plexity analysis give a unified treatment for a number of previous algorithms and their complexity
analysis. In particular, our algorithm and analysis includes the one designed for linear semidefinite
programming in “Math. Prog. 99 (2004), pp. 261-282”. Under a mild condition on the inexactness
of the search direction at each interior-point iteration, we show that the algorithm can find an e-
approximate solution in O(n?log(1/¢)) iterations, where n is the rank of the underlying Euclidean

Jordan algebra.
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1. INTRODUCTION

Our purpose in this paper is to propose (and establish
the polynomial iteration complexity for) an inexact primal-
dual path-following interior-point method (IPM) for a con-
vex quadratic programming (CQP) problem over the prod-
uct of cones of symmetric positive semidefinite matrices,
second-order cones, and nonnegative orthants. As these
cones are symmetric cones (which are cones of squares of
some Euclidean Jordan algebras), it is convenient to study
the problem in a unified manner under the framework of
Euclidean Jordan algebras, and this is the framework we
will adopt in this paper.

Recall that a Jordan algebra J is a finite dimensional
vector space (over the field of real or complex numbers)
endowed with a bilinear map o : J x J — J satisfying the
following properties for all z,y € J: (i) x oy = y oz, (ii)
xo (2?2 oy) = 2% o (z oy) where 22 = x o . Moreover,
(J,0) is called an Euclidean Jordan algebra if there exists
a symmetric positive definite bilinear form (-, -) on J which
is associative, i.e., (x oy, z) = (x, yoz) for all z,y,z € J.
In other words, J has an inner product which is associative.
In this paper, our presentation of the theory on Euclidean
Jordan algebras will follow the book by Faraut and Koranyi
[5].

Let J be the product of p Fuclidean Jordan algebras
(Ji, o) with the identity element e;, i.e., ¢;0e; = x; for all
x; € J;. Thus we have J = {z = (x;,)!_, : @, € Ji, i =
1,...,p} with zoy = (x; oy,;)t_; for all z,y € J, and
the identity element of 7 is given by e = (e;)?_,. The
associative inner product on J is induced naturally from

the associative inner products of the constituent Euclidean
Jordan algebras, ie, (x, y) = > b_ (@, y;) for all x,y €
J. We let K be the cone of squares of 7, i.e., K = {z? :
x € J}. Note that as we shall see in the next section,
K is a symmetric cone. That is, K is a closed, pointed
convex cone that is self-dual and its automorphism group
acts transitively on its interior.

We consider the following CQP problem over symmetric
cones:

(P) f(x) = 5z, H(z)) + (c, )

st. A(z) =19,

min
x ek,

where ¢ € J and b € R™ are given data, A : J — R™ is
a given linear map, and H is a given self-adjoint positive
semidefinite (with respect to (-, -)) linear operator on J.
Note that the inner product (-, -) will be defined explicitly
in (2). The dual problem of (P) is given by

(D) max —i(z, H(z))+b'y

st. Aly+z2=Vf(z)=H(x)+c, z€K
where A7 denotes the adjoint of A. Throughout the paper,
we made the following assumptions.

Assumption 1. The problems (P) and (D) are strictly
feasible, i.e., there exists (x,y, z) satisfying the linear con-
straints in (P) and (D) and @,z € int/C, where intXC de-
notes the interior of .

Assumption 2. The linear map A is surjective, which
implies that AA” is non-singular, and the pseudo inverse

of A is well defined as AT = AT (AAT)~1.
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The problem (P) includes the linear symmetric cone pro-
gramming problems considered in [21] as a special case
when H = 0. In particular, it includes linear semidef-
inite programming (SDP) problems when K is the cone
of symmetric positive semidefinite matrices, as well as the
following linearly constrained convex quadratic program-

ming (LCCQP): min {%xTHx +cTx: Az =bx € ]R’_f_},
where H is a given symmetric positive semidefinite ma-
trix. The design and iteration complexity analysis of (ex-
act) primal-dual IPMs for linear SDP problems have been
studied intensively in the last two decades, and the develop-
ment has been described in detail in the papers [19, 15, 21]
and the references therein. The word “exact” here means
that at each interior-point iteration, the search direction
Aw = (Az, Ay, Az) is computed exactly from the defin-
ing Newton-type linear system of equations BAw = h.
In contrast, in inexact IPMs, the search direction is com-
puted only approximately and the required accuracy in the
residual vector h — BAw is typically dependent on the cur-
rent complementarity gap, and primal and dual infeasi-
bilities. The main motivation for studying inexact IPMs
comes from solving large problems, where the linear sys-
tem of equations at each iteration is too large to be solved
by a direct solver based on matrix factorizations but must
be solved by an iterative linear solver such as the conju-
gate gradient method. The main advantage of an iterative
solver is that only matrix-vector products are needed and
it does not require computing and storing the entire coef-
ficient matrix of the linear system. But for computational
efficiency, the search direction is generally inexact in that
it is not computed to high accuracy (an exact solution is
deemed to be of machine accuracy). In order to guaran-
tee the global polynomial convergence of an inexact IPM,
the inexactness in the search direction must be controlled
appropriately. That is, it must be accurate enough for the
polynomial convergence to hold but at the same time the
accuracy required must not be too stringent so that the
iterative solver does not take unnecessarily large number
of steps to compute the direction.

The application of Euclidean Jordan algebras as the ba-
sic toolbox for analyzing complexity proofs of (exact) IPMs
for linear symmetric cone programming was started by Fay-
busovich [6] who extended earlier work of Nesterov and
Todd, and Kojima et al. Tsuchiya [28] latter also used
Jordan algebraic techniques to analyze primal-dual IPMs
based on those of [17] for linear second-order cone program-
ming. In [18], Muramatsu extended polynomial-time feasi-
ble TPMs for SDP to symmetric cone programming. Sub-
sequently, Alizadeh et al. [1, 20, 21] studied primal-dual
IPMs for linear symmetric cone programming extensively
under the framework of Fuclidean Jordan algebras.

The study of inexact IPMs was started in the 1980’s
when attempts were made to solve large linear program-
ming (LP) problems. For LP and monotone linear comple-
mentarity problems, numerous papers have been devoted
to the design and analysis of inexact IPMs; see for exam-
ple [7, 11, 14] and the references therein. We should note
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that some of the inexact methods proposed earlier on may
not be practically efficient as they require high accuracy on
the computed search direction. For example in [14], since
the iterates are required to maintain feasibility once it is
achieved, this implies that the linear system must be solved
to machine accuracy and the cost of solving the linear sys-
tem turns out to be as expensive as in an exact algorithm.
There are relatively fewer papers on the convergence anal-
ysis of inexact IPMs for LCCQP, the most recent ones we
are aware of are [13, 3]. For the computational aspects of
inexact IPMs for LP and LLCQP, we refer the readers to
[2, 4] and the references therein.

For linear SDP, the first theoretical complexity analy-
sis paper on inexact IPMs was published by Kojima et al.
[9], wherein the algorithms only allow inexactness in the
component corresponding to the complementarity equation
(the third equation in (10)). Later, Zhou and Toh [30] de-
veloped an inexact IPM allowing inexactness not only in
the complementarity equation but also in the primal and
dual feasibilities. Furthermore, primal and dual feasibilities
need not be maintained even if some iterates happen to be
feasible. The latter property implies that the linear system
at that particular iteration need not be solved to machine
accuracy. The work in [30] was subsequently extended to
convex quadratic SDP [12]. On the computational front,
the readers are referred to [26, 24] for the design and imple-
mentation of efficient inexact IPMs for linear SDP, and to
[25, 27] for the design of efficient inexact IPMs for convex
quadratic SDP. We should mention that for efficient com-
putation of the inexact directions, the design of efficient
preconditioners for the increasingly ill-conditioned linear
system at each iteration is the main challenge one must
overcome in an inexact IPM.

In this paper, we design an inexact primal-dual infea-
sible path-following algorithm for convex quadratic sym-
metric cone programming problems. Our algorithm and
its polynomial iteration complexity analysis give a unified
treatment of a number of previous algorithms and their
complexity analysis. In particular, for the case of linear
SDP, our algorithm includes an analogous algorithm de-
signed for linear SDP in [30]. It also extends the inexact
IPM for convex quadratic SDP in [12] to convex quadratic
symmetric programming, and hence it also includes the
LCCQP problem studied in [13]. Under a mild condition
on the inexactness of the search direction at each interior-
point iteration, we show that our algorithm can find an
e-approximate solution in O(n?log(1/e)) iterations, where
n is the rank of the underlying Euclidean Jordan algebra.

The paper is organized as follows. In section 2, we pro-
vide some basic information on Euclidean Jordan algebras.
In section 3, we define the infeasible central path and its
corresponding neighborhood. In addition, we also estab-
lish some key lemmas that are needed for subsequent com-
plexity analysis. In section 4, we discuss the computation
of inexact search directions by an iterative linear solver.
We also present our inexact primal-dual infeasible path-
following algorithm and establish a polynomial complexity
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result for this algorithm. In section 5, we give detailed
proofs on the polynomial complexity result.

2. EUCLIDEAN JORDAN ALGEBRAS

In this section, we present some basic results on Euclidean
Jordan algebras that are needed in the subsequent sections.
Our presentation is mainly adapted from [1, 5, 20, 21].
Let (J,0) be an Euclidean Jordan algebra (assumed to
have a unique unit element e). Recall that an idempotent
c is a nonzero element of J such that ¢ = ¢. An idempo-
tent is said to be primitive if it is not the sum of two other
idempotents. A complete system of orthogonal idempo-
tents is a set of idempotents {c1,...,c,} where ¢;oc; =0
for any distinct 7, j, and ¢; + - - - + ¢ = e. For an element
x € J, the degree of x is the smallest integer such that
{e7 x,..., mk} is linearly dependent. The rank of 7 is the
largest degree of x € J. Let the rank of 7 be r, we can see
that the maximum possible number of primitive idempo-
tents in 7 is r. A complete system of orthogonal primitive
idempotents {cy,...c;} is called a Jordan frame.

Theorem 1. [5, Theorem III.1.2] Let J be an Eu-
clidean Jordan algebra with rank r and unit element e.
Then for any « € 7, there exists a Jordan frame {cy, ..., ¢}
and real numbers A1, ..., A, such that x = A\je1+- - -+ )\c,.
The numbers \;, i = 1,...,r (counting multiplicities) are
uniquely determined by x, and they are called the eigen-
values of x.

For each x € J, we will order its eigenvalues in a non-
increasing order, i.e., A\;y > --- > .. We said that x € J
is positive semidefinite (definite) if all its eigenvalues are
nonnegative (positive), and write « = 0 (x > 0) if @ is
positive semidefinite (definite).

From the result in Theorem 1, we can define the following
quantities for any « € J:

(1) tr(x):=A1+...+ A det(x) :=A ... A
By [5, Proposition I1.2.2], det(z oy) = det(x) det(y) for all
xz,y € J, and tr(e) =r, det(e) = 1.

In general, for a given © € J, we can define f(x) for
any real valued continuous function f(-) which is defined
on an open set containing the set of eigenvalues A(x) :=

{A1,..., A} as follows:

f(@) = f(AM)er + -+ f(A)e,

It is easy to see that the following identities are well-defined:

x = Nler+-+ M le, it A0V
o2 = A4+ A2, i N >0V
lzll2 == max{|Ai],..., [\ [}

logdet(x) := log(A1)+---+1log(A), if \; > 0Vi.

In [5, Proposition II1.4.2], it is shown that Vlogdet(x) =
z~! and V?logdet(z) = Q(z~'). Note that (x'/?)? =z
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and 7 'ox =e. If 2! is well defined, we said that x is
invertible.

By [5, Proposition I11.1.5], we may define the following
inner product on 7 :

(2)

From the associativity of tr(-) [5, Proposition 11.4.3], we
know that (-, -} is also associative, i.e., (xoy, z) = (x, yoz)
for all ,y,z € J. The norm || - || induced by the inner
product (-, -} is given by

3) el = Vie, @) = A2+ + )2

For any linear operator B defined on 7, we let ||B||2 be the
operator norm induced by || - ||.

As “0” is a bilinear map, for any * € J, one can de-
fine the linear map L(x) : J — J such that L(z)y =
x oy, and from the property of “o”, one can verify that
L(@)L(@?) = L(?)L(x) and (L(x)2, y) = (z, L(@)y). In
addition to L(x), there is another linear map Q(x) (called
the quadratic representation) associated with @ which is
defined by

(x, y) =tr(xzoy) Vx,yeJ.

Q(x) := 2L%*(x) — L(x?).

From the definition of Q(x), it is clear that (Q(x)y, z) =
(y, Q(x)z). Thus we can see that both L(x) and Q(x) are
self-adjoint linear operators in J. Moreover, they satisfy
the properties stated in the following lemma.

Lemma 1. [21, Lemma 12] Given the spectral decom-
position € = A\j¢1+...+ Ar¢, in a rank r Euclidean Jordan
algebra, we have that:

1. The operators L(x) and Q(x) commute and share a
common system of eigenvectors.

2. The eigenvalues of L(x) are given by {(A; + A;)/2 :
1 <i,7 <r}. Hence | L(z)||2 = ||z|2. Also, x = 0
(> 0) iff L(x) is positive semidefinite (positive defi-

nite).

3. The eigenvalues of Q(x) are given by {\A; : 1 <
i,j < r}. Hence [|Q()|]2 = [|=|[3.

4 |lz oyl < ll=llyll-

The last inequality is obvious since |z oy|| = ||L(z)y]|| <

IL(2)|l2lly|l < |lz]lllyll. From the fact that (-, -) is an inner
product, we also have the Cauchy-Schwarz inequality

[, y)| < llz[l[[yl-
Next we present some useful identities needed in the re-
maining part of the paper.

Lemma 2. The quadratic representation Q satisfies the
following properties:

L Q(Q(z)y) = Q(z)Q(y)Q(z) [5, Prop. 11.3.3].

2. Q )z =€, Q@) = Q") Qx)z ! ==
[5, Prop. 11.3.1].
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3. (Q(z)y) = (2, ).

4. det(Q(z)y) = det(x?) det(y) [5, Prop. 111.4.2].

Note that from part 1 of the above lemma, we have
Q(z?) = Q(z)?,

Recall that for an Euclidean Jordan algebra 7, its cone
of squares is the set

Q(z'/?) = Q(z)/?if x - 0.

K:={«* | z€J}.

With K defined, we can now state one of the most cele-
brated result in Euclidean Jordan algebras on the Jordan
algebraic characterization of symmetric cones.

Theorem 2. [5, Theorem III.2.1, Theorem III.3.1]
A cone is symmetric if and only if it is the cone of squares
of an Euclidean Jordan algebra. Furthermore, X = {x €
J x>0} and itk ={x € J : z > 0}.

Forx,y € J, wewritexz =y (x = y)ifx—y € K
(intkC).

Next we state a lemma that will be used frequently in
the next few sections.

Lemma 3. [21, Proposition 21, Lemma 30] Let , z,p €

intkC. Define Z = Q(p)x and 2 = Q(p~ ')z, then
1. Q(z'/?)z and Q(2'/?)x have the same spectrum.
2. Q(x'/?)z and Q(:ﬁl/z)? have the same spectrum.

3. Amax(£02) > Amax (Q(2'/?)2), with equality holding
if L(x), L(z) commute.

4. Apin(zoz) < )\min(Q(wl/Q)z), with equality holding
if L(x), L(z) commute; see also [22, Thm. 4].

Finally we give a brief description of the three basic sym-
metric cones focused in this paper.

Semidefinite cone. Let J = 8™, the vector space of n xn
real symmetric matrices. Define o by

XoY::%(XY—&—YX).

Then (8™, 0) is an Euclidean Jordan algebra with the unit
element being the identity matrix I. The cone of squares is
8%, the set of all positive semidefinite matrices in S™. For
any X € S™, it has an eigenvalue decomposition given by

X =Xqiq] +...+ X \a,qr,

where the set {q,q7,...,q,q} is a Jordan frame, and we
have det(X) = Ay -+ A\, and tr(X) = Ay +--- + A,,. Thus

(X,Y):=tr(X oY) = tr(XY).
Also, we have

(4) LX)=X®I, QX)=X®X
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where G ® H denotes the symmetric Kronecker product of
two n X n matrices G and H defined by

(5) (G® H)(M) := %(GMHT +HMGT) VM e S™.

We refer the reader to the appendix of [23] for some of its
properties.

Second-order cone. Let J = R™, where we write any
vector € R™ in the form & = (xg; &) with zp € R and
Z € R"!. Define x oy := (x7y; 20y + yox). The unit
element is e := (1;0) € R™. The cone of squares is given
by

Q" ={z eR": @ < zo},

which is a second-order cone. Note that ||| is the usual
Euclidean norm of a vector. For any & € R", it has the
following eigenvalue decomposition

@ = (2o + [[2])er + (zo — [|2])e2,

cl:{ 1 ?w
(35 3;0)

and c; = e — ¢1. Thus, we have A\ 2 = z¢ £ ||Z], and
tr(z) = 2z¢ and det(z) = 23 — ||Z||?. For any z,y € R",

where

(x, y) = tr(zoy) =22 y.

Also, we have

© L@ = |

Zo 53T :|

T .170[

(7) Q(x) = 2L%(x) — L(z?) = 2zx” — det(x)R.

where R is a diagonal matrix with the (1,1) entry equal
to 1 and the remaining diagonal entries equal to —1. If
det(x) # 0, we have

(8) z ' = Nl + XM lte = det () Rx
-1 o ]-
9 Q) = 7det<w)2RQ(w)R.

Nonnegative orthants. Let J = R", the n-dimensional
real vector space with z oy := (x;¥;)"_ ;. The unit element
of Jise = (1,...,1) € R", and the cone of squares is
R} ={x:2;>0Vi=1,...,n}. Every x € R" has the
eigenvalue decomposition

Tr =1T1€1 +"'+xnena
where e; is the ith unit vector in R™. Thus we have tr(x) =

X1+ -+ a,, det(x) =12y, and (x, y) :=tr(zxoy) =
xTy. Also, we have

L(zx) = diag(z), Q(z) = diag(x?), Q(z~') = diag(z~?).
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3. AN INFEASIBLE CENTRAL PATH AND ITS
NEIGHBORHOOD

The perturbed Karush-Kuhn-Tucker (KKT) optimality con-
ditions for the problems (P) and (D) are given as follows:
(10)

~Vfx)+ ATy + =z 0
Alx)—b = 0 , x,z€Kk,
oz ve

where v is a positive parameter that is to be driven to
zero explicitly. The last equation of (10) is a relaxation
of the complementarity conditions £ o z = 0, =,z € K.
When v = 0, (10) gives the optimal conditions for (P) and
(D). Let n = tr(e). For a nonzero v, (10) is the optimality
condition for the log-determinant problems, that is, adding
the log barrier terms —vlogdetx and vlogdetz to (P)
and (D) respectively. Just like the case of a linear SDP,
linearizing the third equation in (10) may not lead to an
element in J. Thus it is necessary to “symmetrize” that
equation before linearizing it. That is, given an invertible
p € K, the last equation of (10) is replaced by

(11) Q(p)zoQ(p ')z = ve.

It has been shown in [21, Lemma 28] that for x, z,p € 7,
if €,z > 0 and p invertible, then Hp(x,2) = ve if and
only if x o z = ve.

In this paper, for , z > 0, we only consider p that is in
the commutative class defined by

C(xz,z) = {p € intk | L(Q(p)x), L(Q(p~!)z) commute}.

Note that if p € C(x,z) and we let T =
Q(p~1)z, then

Hp(z,2) =% 02 =Q(z'?)z.

Hp(x, z) :=

(12)

The class C(x, z) includes the common choices: p =
212 p = x~/? ak.a. Helmberg-Kojima-Monteiro (HKM)
direction [8, 10, 16], and Nesterov-Todd (NT) direction
p = w /2 where w is the NT scaling element satisfying
Q(w)z = z [23]. For the NT scaling element, an explicit
form of p is given by

) (@) "]

i) (@) |
We can easily verify that

Qw)z = Q(p )z = Q(Q(a")( Q")) /)2
= QE)Q(QE")2) ) Q@ )2) = Qe e = .

The last two equalities above use the properties of Q(-)
stated in Lemma 2. Moreover, for the NT scaling element,
we have

—1/2
(13) p =

—1/2

(14)
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In this paper, we choose p to be the NT scaling element
rather than any other p € C(z, z) as considered in [29]. The
main reason for considering only the NT scaling element is
that it simplifies the complexity analysis and also gives the
best iteration complexity. In addition, it is employed in
practical computations since it has certain desirable prop-
erties that allow one to design efficient preconditioners for
the augmented system (33a) for computing search direc-
tions; see [25] for details.

Let L = ||H||2- Note that L is a Lipschitz constant of
the gradient of f(x) defined in (P), i.e.,

IVf(@) =Vl =[H(z) - H(y)| < Lz -yl
Let (xo, Y0, 20) be an initial point such that

(16)

(15)

o = =20 = pe,

where p > 0 is a given constant. For given positive con-
stants 7, < g such that v4 + L7, € (0,1), the constant p
is chosen to be sufficiently large so that for some solution
(T4, Ys, 2+) to (P) and (D), the following conditions hold:

(17) 1 =wp)zo = @ = 0, (1= (va+ Lyp))zo0 = 2+ = 0,

(18) tr(x.) + tr(z.) < np.
Recall that n = tr(e).

We define
(19) po = (o, zo)/n = p?,
(20) Ry = Almo) b,

(21) R{ —V f (o) + A"y + zo.

For 6,v € (0,1], the following infeasible KKT system has
a unique solution under Assumptions 1 and 2:

~Vix)+ ATy + =z oRg
(22) A(x) —b =| OR} |, z,z>0.
Hp(x, z) vipe

Define the infeasible central path as:
P={0,v,x,y,z)|0,v > 0,x,z € intkK,y € R™, (22) holds} .

The primary idea of a primal-dual infeasible path-following
algorithm is to generate a sequence of points (:ck, y*, zk)
such that (0%, %, x¥ y* 2¥F) € P and (z*, y*, 2*) converges
to a solution of (P) and (D) when §* and v* are driven to
0. In practice of course, the points are never exactly on the
central path P but lie in some neighborhood of P. In our
inexact primal-dual infeasible path-following algorithm, we
consider the following neighborhood of P. Choose a con-
stant v € (0,1) in addition to 7, and -4, we define the
neighborhood to be:

(0,v,x,y,2z) € (0,1] x (0,1] x intk x R™ X intk
0 < v, A@) b= 0(R] + ), |A*€] < 7pp,
V(@) + ATy + = = 0(Rd+ %), %] < ap,
1Q(z'/?)z — vpgella < yvpo.
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Let 8p = vp = 1. Then (16) implies that (6, vo, To, Yo, 20) €
N.

From the definition of N and Lemma 3, it is easy to see
that we have the following lemma.
Lemma 4. Suppose (0,v,z,y,2) € N and p € C(x, 2).
Then

(23) (1 =7)vpoe = Hp(x,z) = (14 v)vuoe
(4)  (1— o < (@ 2)/n < (1+1)wpo
Proof. (a) Define Z = Q(p)xz and z = Q(p~ ')z, and
p = vpg. By Lemma 3 and (14), Hp(x,2) = Q(il/Q)E

and Q(x'/?)z have the same spectrum. Hence
|Amin(Hp(ma Z)) - :u| = |AHIiIl(Q(x1/2)z) - :U‘|
= Pain(Q@2)z — pe)] < Q(Y2)z — prells < .

This implies that Apin(Hp(x, 2) — (1 —7)ue)
= Amin(Hp(x, 2)) — (1 = ¥)p > 0, and hence Hp(x,2) =
(1 — y)pe. The proof of the other right-hand side partial
order in (23) is similar, and we shall omit it.

The inequalities in (24) follows from (23) and the fact
that

= (Q(p)z, Q(p~")2)

= (x, z).
O

Next, we present two lemmas that are needed for the
iteration complexity analysis in section 4.
Lemma 5. For any r, and rq satisfying ||rq|] < v4p and
[A*7,| < ~pp, there exists (z,y, z) that satisfies the fol-
lowing conditions:

(25) ~Vf@)+ATy+z = Ri+rq,

(26) AZ)—-b = Ri+r,,

(27) (L=mlpe=z @ = (1+7p)pe

(28) 1 —(va+Lwlpe = z =[1+(ya+Ly)lpe

Proof. Take

5=$0+«4+7‘p, Uy=1y0, 2=20+rq+Vf(x)—Vf(xo),

then (25)—(27) are readily shown. To show (28), we only
need to establish the following inequality:
lra + V(@) = V(o) < |lrall + V(@) = V(o)
< (va+ Lyp)p-
O

Lemma 6. Given the initial conditions (16), (17) and (18),
for any (0,v,x,y,2) € N, we have

6vpn
T 1= (va+Ly)

6vpn
1—71,'

Otr(x) < Otr(z) <
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Proof. This proof is adapted from that of Lemma 2 in
[30]. For (8,v,x,y,2) € N, we have

—Vf(x)+ ATy + 2z = 0(RI + rq),
A(x) —b=0(RE +1,),

7all < vaps

||-A+Tp|| < Ypp-

By Lemma 5, there exists (, ¥, z) satisfies conditions (25)—
(28). Also, the solution (&, y«, z«) to (P) and (D) consid-
ered in (17) satisfies the following equations:

Az
~Vf(x.)+ ATy, + 2z, =0.

) —b=0,

Let

z = (1-O)z.t0z—x, § = (1-0)y.+0y—y, z = (1-0)z.+0z—=.

Then we have
A@) =0, AT(p)+z="Hz.

Hence (x, z) = (&, H(x)). Together with the fact that H
is positive semidefinite, we have

(29)((1 — Oz, + bz, 2z) + (x, (1 — 0)z. + 0Z)
= (1—-0)z.+0z, (1 —0)z, +02) + (x, z) — (T, H(Z))
< {(1=0)x, + 0z, (1 —0)z. +0Z) + (x, 2).

By using (18), (24), (27), (28), (29), and the fact that

(Ts, 24) =0, (x4, 2), (@,

Op[(1 = (va + Lyp)) (e,
0((z, =) + (z, z))

z.) > 0, we have that

z)+ (1 =), 2)]

IN

IN

— Oz, + 0z, z) + (x, (1 -

( 0)z. + 0z
(1—0)z. + 0z, (1 —0)z, +02) +
(
(

(
(

IN

(z, z

IN
>

1=0)({z., 2) +

)
)
(@, 2.)) + 0@, 2) + (x, 2)
(1 — )

IN

) (1 +7a + Lyp)p({@-; €) +

+6%(1+ ) (1 + 72 + Lyp)p’n + (1 4+ 7)vpon

(e, 2.))

IN

6vpn.

From here, the required results follow. O

Remark. {(z,y,2) | (0,v,z,y,2) € N} is bounded if
0 = v, since from Lemma 6 we have ||z| < tr(x) < O(pn)
and | z|| < tr(z) < O(pn). Suppose we generate a sequence
{(Ok, vk, Tk, Yk, zx) } € N such that

v >0, Yk, and 1 =1y > vy > vgg1 > 0.
If vy — 0 as kK — oo, then any limit point of the sequence

{xK, Yk, 21} is a solution of (P) and (D). In particular, if
0 = v, then the sequence {xy, z} is also bounded.
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4. AN INEXACT INFEASIBLE INTERIOR-POINT
ALGORITHM

Let n1,m2 € (0,1] be given constants such that n; > ns.
Given a current iterate (6k, vk, Tr, Yk, 21) € N, we want to
construct a new iterate which remains in N with respect to
smaller § and v. To this end, we consider the search direc-
tion (Axy, Ayk, Azy) determined by the following linear
system:

(30)
~H AT T Ay, —m (R + i)
.A 0 0 Ayk = —m (Ri + T'Z) s
Ey 0 Fy, Az Rz + Tz

where for p;,, = w,?l/ 2 (wg is the NT scaling element sat-

isfying Q(wyg)zr = xk),

Ey, = L(Q(p, ")zr)Q(py);
Ri = -V f(xr) + ATyi + 2,

Fr = L(Q(py,)x1)Q(p; ),
R = A(zy) — b
Rj = (1 —m2)vgpoe — Hp, (xk, 2k).
Note that the last equation of (30) is equivalent to
Hp, (g, z1) + Hp, (Axy, z1) + Hp, (zk, Azy)
(31)

The search direction (Axy, Ayg, Azy) computed from (30)
is an “inexact” Newton direction for the perturbed KKT
system (22). On the right hand side of (30), R{, R} and
Rj, are the residual components for infeasibilities and com-
plementarity, whereas the vectors rg, rh, 7 are the residual
components for the inexactness in the computed search di-
rection.

Let {ox}72, be a given sequence in (0, 1] such that ¢ :=
Zi’;o o < 0o. We require the residual components in
the inexactness in (30) to satisfy the following accuracy
conditions:

= (1 — na)vupe + .

(32) JATTPN < vppbkok, |7l < vapOror,

75l < 0.5(1 — n2) v po-
Remark. In practice, we can solve (30) by the following
procedure:

1. Compute Ay and Axy, from the following augmented
system:
Aack

~H—F'E, AT
Ay,

A 0

—m (R + %) — Fy 'Ry,

33a =
35 l —m(Ry +1y)

with the residual vectors ¢ and 7y, satisfying the con-
ditions in (32).
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2. Compute Az from

(33b) Az = —F, 'E,Axy, + F, 'Ry.

Here, we can see that Azj is obtained directly from (31)
with 7§ = 0. Thus, r{ can be ignored in the system (30).
For a convex quadratic SDP problem, the dimension of the
augmented system (33a) is n?+m, which is typically a large
number even for n = 100. The computational cost and
memory requirement for solving (33a) by a direct solver is
at least O((n?+m)3) and O((n? +m)?) respectively, which
are prohibitively expensive for large scale problems. An
iterative solver would not require the storage or manipu-
lation of the full coefficient matrix. But the disadvantage
of using an iterative solver is the demand of good precon-
ditioners to accelerate its convergence. In practice, con-
structing cheap and effective preconditioners could be the
most challenging task in designing an efficient inexact IPM
for solving a convex quadratic SDP problem; see [25] for
details.

After computing the search direction in (30), we consider
the following trial iterate to determine the new iterate:

(O (), (@) = (1 — am)bk, (1 — anz)vy),
(r(), yr(a), zK(a)) = (2 + aAzy, yi + CAyg, 2K + aAzy)

where a € [0,1]. To find the new iterate, we need to choose
an appropriate step length ay, to keep the new iterate in \V.
The precise choice of oy will be discussed shortly. Before
that, we present our inexact primal-dual infeasible path-
following algorithm.

Algorithm IIPF. Let € > 0 be a given tolerance. Let
6o = v = 1. Choose parameters 01,72 € (0,1] with
M > M2, ¥p,Yd € (0,1) such that v, <4 and v4+ L, < 1.
Pick a sequence {04} ; in (0,1] such that & := Y ;- o) <
oo0. Choose (xo,yo, 20) satisfying (16)—(18). Note that
(6o, v0, 0, Y0, 20) €N

For £ =0,1,...
1. Terminate when v < e.

2. Find an inexact search direction (Axg, Ayg, Azy) from
the linear system (30).

3. Let oy € [0, 1] be chosen appropriately so that

(Or415 ka1 Tt 1, Yht 1> Zht1)
= (Or(ar), vk(ow), @k (ow), yk(a), zp(ak)) € N.

Let ag,a1,...,ax_1 be the step lengths that have al-
ready been determined in the previous k iterations. For
reasons that will become apparent shortly, we assume that
the step lengths «;, i = 0,...,k — 1, are contained in the
interval

(34) 7 := [0,min{1,1/(m (1 +5))}].
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Let the primal and dual infeasibilities associated with

(O (), vi(a), (@), yu (), T () be
Ri(0) = Af@i(a) —b,
Ri(a) = —Vf(zr(a))+ ATyp(a)+ zx(a).

We will show that R(a) and R¢(a) satisfy the first two
conditions in A when « is restricted to be in the interval
T given in (34).

Lemma 7. Suppose the step lengths «a; associated with
the iterates (0;,v;, x;, yi, z;) are restricted to be in the in-
terval Z for ¢ = 0,...,k — 1. Then we have

(35) Ri(a) = Ou(a)(Rf +&(a))
(36) Ri(a) = 6k(a)(Rf+ &)
where

A (@) < p, (] < yap, Ya el

Proof. Note that R} (c) has exactly the same form as in
the inexact interior-point algorithm considered in [30] for
a linear SDP. Using the result in [30], we have

Ry (@) = Ok(a)(Rg + & (a)),

where
0[7]1
37 Play =¢P — ——— 4P
(67 ) = -
k—1
Z ;1 p ar ,,,p
— (1 —aim)d " (1 —amn)bg

The quantity R¢(a) is different from its counterpart in a
linear SDP as it contains an extra term from the quadratic
term in f(ax). Thus, we need to investigate the details.
Given that the current iterate belongs to A/, we have

Ri(a) = =V f(xr(a)) + A ye(a) + zi(a)

=~V f(zi) + ATy + 21 + a[-H(Azy) +

= R —oam(R}+r{)

= (1 —am)0x(R§ + &) — amr

= (1 am)oy (R + & -

= 6(a)(Rg + &),
where

(38)

m rd)
(1 —an)b k
any d
(1 —amn)bg k

k-1
- Z a/E
— (1 —a;ym)b;

1=

Ghia) =& -

Qany rd
(1 —an )by

From (37) and (38), we see that since a; < m for
i=1,...,k—1, we have
AT @) < vop, £ < yap, Vael
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Let

1 0.5(1 — n2)yVrtho }

39 ,
(39) i +5) [Hp, Ban, Az

Qi = min {1,

Next, we check the last condition in A/. The following
lemma generalizes the result of Lemma 4.2 in [29].

Lemma 8. For (0, vk, Tk, Yk, 2k) € N and Axy, Azy, sat-
isfying (30), we have
(a)

Hp, (®x(@), z1(a)) = (1 — ) Hp, (2, 21)
+a(l — ne)vkuoe + ary + aQHpk (Axy, Azy)

(b) For all « € [0, ag),

(L= r@o < A (Q@i(@)?)zi(a)) < (1 +)u(a)po.

(a) For all o € [0, &), xr(a) > 0 and zx(a) > 0.

Proof. (a) The proof of part (a) is quite standard and
uses equation (31).
(b) First, we note that

Amin (Hp, (z1 (), 21 ()

> (1—a)(1 =)o + a(l — m)vpo — al|rg|
—a?| Hp, (Azy, Azy)|

= (1= m)vipo — ollri]| — o®||Hp, (Axy, Azy)|

+(1 = 7)ve(a)uo
> 0.50(1 = m2)ywkpo — o | Hp, (Axy, Az
+(1 = yvr(a)po
(40) = (I —yw(a)po for a € [0, ayl.
Now let Zj,(a) = Q(py)zx() and Zx(er) = Q(py ')z (a).

AT Ay, + Az,] From Lemma 3, we have

Auin (Q@(@)/2)21(0) ) = Auin (Q@()"/2)Z4(a1) )
> )\min(ik(a) o /Z\k(a))

By noting that Hp, (z(a), zx(a)) = Zr(a) o Zx(a) and
using (40), we have

Ain (Qai(@)'/?)zx(0)) > (1= (el ¥ a € [0, a).

The proof that Amax (Q(zx(@)'/?)zx(@)) < (1+7)vk(a)po
for all € [0, @] is similar, and we shall omit it.

(c) Let Z(a), Z(a) be defined as in part (b). Since p;, > 0,
we have that Q(py)x > 0 if and only if @ > 0. Thus it is
sufficient for us to prove that Zy(«) > 0 for all o € [0, ay].
Suppose that it is not. Then by the continuity of Apnin(+),
there exist a* € [0, ax] such that Apin(Zr(a*)) = 0 and
Z(a) = Oforall a € [0,a*]. Let v* = Q(@x(a*)'/?)Zx(a®).
From the proof of part (b), we have that Apin(v*) > (1 —
Yi(a*)up > 0 and hence det(v*) > 0. But from Lemma
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2, we have det(v*) = det(Zr(a*)) det(Zr(a*)) = 0. Thus
we get a contradiction, and hence zy(a) > 0 for all o €
[0,ax]. The proof that zi(a) = 0 for all a € [0,ay] is
similar. O

Lemma 9. Under the conditions in Lemmas 7 and 8, for
any « € [0, ag], we have

(0(), v(), z(a), y(@), z(a)) € N.

Proof. The result follows from Lemmas 7 and 8. O

Lemma 10. Suppose the conditions in (16), (17) and (18)
hold. Then

o) )
(L= (ra+ Ly e

The proof of Lemma 10 is non-trivial and we devote the
next section to its proof.

We are now ready to present the main result of this
paper, the polynomial iteration complexity of Algorithm
1IPF.

Theorem 3. Let € > 0 be a given tolerance. Suppose the
conditions in (16), (17) and (18) hold. At each iteration
of Algorithm IIPF, set the step length ap = ai. Then
v < e for k= O(n%In(1/e)).

Proof.
that

(41)  [[Hp, (Azy, Azy)|| =

From (39), Lemma 9 and Lemma 10, we know

1 1
«; > & := min 1,7_,0() , 1=0,...,k.
m(l+a) n?

Then we have

k—1
Vg = H(l_aﬂh) < (1—am)k <efor k= 0(n*In(1/e)).
i=0

O

5. Proor or LEMMA 10

For a given (0, vk, Tk, Yk, 2k) € N, the purpose of Lemma
10 is to establish an upper bound for ||Hp, (Azk, Azg)].
Throughout this section, we shall consider only the NT di-
rection, where p;,, = w;1/2, with wy, satisfying Q(wy )z, =
L.

To facilitate our analysis, we introduce the following no-
tation:

T, = Qpy)zr,  Zr = Qp, )2k

Az, = Qpp)Azy, AZ, = Q(p, ')Az

By = ExQ(p;") = L(Zx).  Fi = FiQ(py) = L(@).
From (14) we have
Ej, = Fy.

(42) Zr = Ty,
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Let the spectral decomposition of Z; and Zzj be

k _k

(43) :’ﬁkzik:)\lcl—i—...—l—)\fcf.

From (23), we have

(44) (1 —=7)vrpo < (AF)? < < (A9 < (1+7)vkpo-

Let §k = ﬁkﬁk = (Ek)Q. From Lemma 1, we know that
the eigenvalues of Sy are given by

~

1
A(Sy) = {Z(Af R OMEESA RS

From (44), we have

1

Gl R S
IS5 < T

(45) [1Skll2 < (1+7)wrmo,

Now we state a few lemmas, which will lead to the proof
of Lemma 10.

Lemma 11. For any u € 7,

1

- - 2
el

1Q(py)ull?

IN

(a5 |2 e

1
—1y, 1|2
ul|° < —m—
Qi ul? < Gl
1/2 1/2
Proof. From Lemma 3, we know that Q(z,” )z, Q(z,’ )2k,

Q(%im)?k and Hp, (zk, z;) all have the same spectrum.
Thus we have

(= wirto < A (QE)2e) < dm (@)
(46) < (A +7)vkpo
(1 - ’Y)Vk:,uo S )\min (Q(:Bllc/Q)zk) S )\max (Q(mllc/Z)zk>
(47) < (1 4+7)vkno

Let vy, = Q(zi/Z)wk. By (13), we have p; > = Q(z;1/2)v,1€/2.
By (46) , we have

|Qp )l = (u. Q(pF)u)
= [ QYR )] w) (Lem. 2, part 1)
= (u, Q(z/")Q(v;*)Q(=) "))
= (Q(z/")u, Qo) Q2" )u)

_ 1/2
< Muax(QLu) ) QL=
1 1/2\ 2
< — z u
< e
1 2
< z ul|”.
< T Q]
The proof of the second inequality in the Lemma is similar
and we shall omit it. O
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Lemma 12.
1A% 2 + | AZ]12 + 2(A%x, AZi) = |5, (B + )],
| Hp, (A, Azl < (1AzK]2 + [ A%,2).
Proof. The last equation of (30) can be rewritten as
(48) En(A%Zy) + Fr(AZy) = RS +rf.
Multiplying (48) by S e 2 from the left, we have
AZy + AZy, = 8, (RS +1%).

From here, the first equation in the lemma follows.
For the second inequality, by Lemma 1, we have

[Hp, (A, Azy)|| = [[AZy 0 Az

= =R 1 N ~
< AgIAZ < 5 (A2 + 1 AZ2).

Lemma 13. We have
15 /2 (B5, + 7§)|I? = O(nvgpuo).
Proof. From (32) and (45), we have

0.25[(1 — 02 )y o)

(1 —)vkpo

S—1/2 ~_
182l < 185 allrgll? <

[(1 = n2)7]Pvrpo

(49) B T

Observe that from (43),

A(RY) = (1 = m2)vpo — A(@y)*.

Thus
o— 2 C o— C
18, 2 Re|I? < (185 12| RE |2
1 T 2
S — 1-— v — (A\F)2
< (1_7)%”0;(( n2)vkpo — (A7) )
nr,
(0) = TEREm) (by (44))

The required result follows from (49) and (50). This com-
pletes the proof. O

In the rest of our analysis, we introduce an auxiliary
point (Zy, Yk, Zr) whose existence is ensured by Lemma 5.
From Lemma 7, we have the following equations at the kth
iteration:

(51V f (x1) + AT yr + zi = O (RS + €1), (1€ < ~ap,
(52) A(y) — b= 0p(Rf + &), AT < vpp.
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Thus by Lemma 5, there exists (€, Yk, Zr) such that

(53)-Vf(@r) + AT + 2 = Rj+¢f

(54) A(@y) —b = Ry+&;

(55) (L —ppe = @), = (1+7)pe,

(56) [L—(va+Ly)lpe =z = [1+ (va+ Lyp)lpe.

Lemma 14. Let
i:k:a:k—a:*—ak(?ik—m*), Ek:zk—z*—ek(zk—z*).
The following equations hold:

(57) (@), 21) = (Zk, HTy),

(Azy + 0k (T — x2) +MATTE Az + 110k (Zr — 24) + 7717“g>

= (Azp + mOk(@r — o) + MATTY, H (Azi + 10k (Th — ).

(58)
Proof. By (51)—(54) and the fact that
Az, —b = 0,
V() + Ay, +2z. = 0,
we have
Az, = 0

A (e =y — Ok(Tk —yu)) + 21 = H (T4),
which implies (57). Next, by (30), and (51)—(54), we have

A(A:ck (B — ) + mﬁr;g) ~0

A" (Ayk + 0k (Ui — y*)) + (Azp + mOk(ZK — 24))
+7717‘1(€1 = H (A.’Bk- + m&k(ik — :13*)),
which implies (58). O

Let

=N . 1/2
(59) Th = (1a&4]12 + | AZ4)2)

(60) T = (1QUp) @ — ) + Qe )E - =) [2)

/
(61) 75 = (J Q) A + Qe rfl?)

(62) Tu = | Qpy YH (ATl
Then we have the following lemma.

Lemma 15.
Ty < 2m(0kTo+T5+Ty) +/T5,
where

Ts = ||S, 2 (R§, + r5)|?

20302 (), — X, Zp — 24) + 20} (ekTQT?, + T2+ HkT2T4>.
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Proof. By (58), we have that By Lemma 11 and the fact that |Q(u)|lz = A2, (u) <
[tr(w)]? for any w = 0 , we have
—<A£k, A2k> = —<A$k, Azk>
= mOk[(Axy, Zp — z4) + (T — @i, Az 1
1Ol < ! QAT < G ATIPIQG e
+ml(Am, 15) + (AT, Azy)]
202 , 422 , ,
+1020L[(Zs — o, D) + (ATPE, Z) — 2, < — P 9 z < — P G2tr(z
10k [(Z k) + (AT 2k — 24)] 0= e k| Q(zk) |2 A= oo k[tr(ze)]
20 g+, P .d 202/~ 5
F AT ) 0 (@ — @ 2 = 2) _ P 36 n22p? = 0Q1) vy
(AT, B (Azy +mO(@r — 2.))) (L= wrho (L—p)2 " F (1 =) .

—(Azy + 10k (Th — T+), H (Azp + MmO (T — T4)))-
Note that the last equality follows from Lemma 6. Simi-
Also, we have the following inequalities: larly, we have

(Amy, Z), — 2z4) + (Tp — 2o, Azy)|

1
~ _ ~ - N —1y,.d|2 < - - d|2
= |[(AZ, QP ") (Zk — 24)) + (QDp) (@ — ), AZy)] 1Q(py )rill” < =)o [l Q) []2
< T ) o .
YaP 2 Yap 9 9
E R — < —4__gT
Az, i) + (ATrE) Azy)| < TiT3 S U= H1Q(k) 2 < T 2[Tr(x)]
‘<ik — L, rg) + <-A+7"27 Zp — Z*>| < TyT3 _ fygpQ 36 nQVI%pQ
(A1, r)] < T3 (L= wppo (1= (va+ L7p))?
’ ow
+ ~ _ '
‘<~A 7,_;]1;’ H (wk - CC*)>| <171y (1 — (’Yd T pr))Qn Vi 4o
(

Again, we used Lemma 6. From here, the required result

—<A:l?k —+ ’171916(52]c — :B*), H (A:l?k + ’171916(52]c — :B*)» <0. follows. =

In the above, we used the Cauchy-Schwartz inequality and
the fact that ac + bd < Va2 + b2v/c% + d? for a,b,c,d > 0.
By Lemma 12, and the above inequalities, we have
R Lemma 17. Under the conditions (16), (17) and (18),
T2 = (185 PR + i)l — 2(A&%, AZy)

< 2O TWT + T Ts + 0306 ToTs + 03 T5) @k — T, 21 — 24) < Anpug.

+2(ni0rToTy + 771T1T4)
Proof.  The result follows from Lemma 11 in [30] and

I8 AR+ DI + 230 @ — e, B - z) (59)7(56) .
= 2771T1 (GkTQ + T3 + T4) + Tx.

The quadratic function t? — 2n, (05T + T3 + Ty)t — Ts has

) .. Lemma 18. Under the conditions (16), (17), and (18),
a unique positive root at

ty =m(OpTo + T3+ Ty) + \/n%(esz + T3+ Ty)% + Ts, 0775 = O(n’vipo).
and it is positive for ¢t > ¢, hence we must have 77 <t <
2m (0kTo + T5 + Ty) + VT5. O Proof. First we note that for any invertible uw € 7,
Lemma 16. We have Q(uw)x > 0if © > 0 [5, Prop. 111.2.2]. Then for any > 0
T2 = ) n?y, 2
e coppray v LY 60) Q] < tr(Q(u)z) = (Qu)a, €) — (u?, a).

Proof. By (32), we have
Let vy, = Q(z,lc/2):ck. By (13), we have p; 2 = Q(z,?lm)vllc/z.
(63) AT < Ovpp, N7l < Okvap. By the fact that 0 < &, — . < (1 +7,)pe, and (64), we
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have

1Q(p) (@) — )| < (P}, Tk — T)
(Q(py*)pt, QPE) (@1 — 1))
(P2 Q) (@ — z.))

—1/2
k

Q= Qe )QE)] T @ - 2)

Q=% Q=) Q)] @ - @)
Qv *)0,/%, Q=) @k — 2.))

(0, ', Q2" (@1, — 2.))
1
)\min(vk)l/2

1
(1 —)vkpo

IN

<zka ik - w*>

IN

<Z]€7 ik — CC*>

Similarly, from 0 < Z — 2z« < (1 + va + Lv,)pe, we have

1

e —
(1 —)vkpo

1Qp, ") (Zk — 24l

<£Ck, Ek — Z*>.

Therefore, we have

015 < 6(1Qm) @ - =)l + 1 )E - 2l)
02 - . 2
m«zk, Ty — xy) + (ke 21 — z*)) .

From (57) and the facts that (@., z.) = 0, (g, 2.),
(T, Z1), (Tky Z4), (Zk, T+) > 0, we have

Or(Tr, — Ty 2i) + Ok, Z1 — 24)
(2K, 2k) — (Tky 2x) — (T, ZE) + (Ts, Z4)
+9k(<m*7 Ek - Z*> + <ik — T, Z*>)

+9]2€<§k — Ty, Zf — Z*>

— <.’I}k — Ly — Gk(ﬁék — IB*), H(mk — Ty — Gk(ik — .’B*))>

<A@k, zi) + O (s, Zi) + (T, 24)) + Op (T, Z0)
< (L4 y)vrpon + 0x(1+7a + Lyp) p((@, €) + ezy)
+91%(1 + ) (1 +va + L’YP)P2”

< 8ugugn.
Thus 0275 = O(n*vipo). O
Lemma 19.

1
T? = oQ) n2vo-

(1= (va+ Lyp))?
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Proof. By Lemma 11, we have
1
T} < ——— +..P\|(2
TS T 1QER AT
1
S T L2l AT P2
S T Q@RI LEAT
2,212
WP LT
< = v
S R 1 1Q(zk) |2
272
FYPL O(l) 2.2 2
: nv by Lem. 6
S w0t b ™ ™ )
o(1) )
- n-v, .
(1= (ya+ L))z HHo
O

The following proof directly leads to Lemma 10.
Lemma 20.
o)
(1= (va+ Lyp))?

Proof. From Lemma 15 to Lemma 19 and the fact that
(a+b)? < 2a?% + 2b2, we have

2 2
7 = n vk -

2
TP < (2m(OTs+ T+ o)+ /T
< 8(OkTo + T3 + Tu)* + 2T
< S8(OkTo+Ts + Tu)? + 2|18, 2 (Ry, + 7)1
+4912€<ik — Ly, Zp — Z*>
+40, ToTs + ATS + 40, T T
0o(1) 2
< n v o + O(nvg o).
(0= Ca+ D) (nveia)
O
Thus, by Lemma 12 and Lemma 20, we have
1 o(1)
Hp (Axy, Az < -T2 = n2vg .
H pk( k k)” = 9 1 (1 . (Pyd + L'Yp))Q kMO
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