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We discuss a new class of Banach spaces which are the generalization of uniformly extremely convex spaces introduced by Wulede
and Ha. We prove that the new class of Banach spaces lies strictly between either the classes of k-uniformly rotund spaces and
k-strongly convex spaces or classes of fully k-convex spaces and k-strongly convex spaces and has no inclusive relation with the
class of locally k-uniformly convex spaces. We obtain in addition some characterizations and properties of this new class of Banach
spaces. In particular, our results contain the main results of Wulede and Ha.

1. Introduction

Different uniformly convex spaces have been defined be-
tween the uniformly convex spaces [1] and the reflexivity of
the Banach spaces [2-6]. In the previous paper [7] we intro-
duce a new class of this type, namely, uniformly extremely
convex spaces. This new class of Banach spaces lies strictly
between either the classes of uniformly convex spaces and
strongly convex spaces or the classes of fully k-convex spaces
and strongly convex spaces.

Here we consider another new class of this type, namely,
k-uniformly extremely convex spaces, as a generalization of
uniformly extremely convex spaces and discuss its relation
to the drop property, the k-uniformly rotund spaces, the full
k-convex spaces, the k-strongly convex spaces, the nearly
uniformly convex spaces, and k-nearly uniformly convex
spaces. We also give some characterizations of k-uniformly
extremely convex spaces and find that this new class of
Banach spaces has the following features:

(1) 1-uniformly extremely convex spaces (indeed lower
case) coincide with uniformly extremely convex spa-
ces;

(2) k-uniformly extremely convex spaces possess the
drop linebreak property;

(3) k-uniformly extremely convex spaces are (k + 1)-
uniformly extremely convex spaces, but the converse
implication is not true.

Throughout this paper X denotes an infinite-dimensional
real Banach space with the norm || - ||. The symbol X* denotes
the dual of the space X. U(X) and S(X) denote the closed unit
ball and the unit sphere of X, respectively. The symbol S(X™)
denotes the unit sphere of X*. The symbol (X, X*) denotes

the weak topology of X.
Let x,x5,..., X;,; be norm-1 elements in Banach spaces
X. The k-dimensional volume enclosed by x;, x5, ..., x;; is
given by
V (X1, X3+ > Xpey1)
1 1 1
filx) filxy) o fi(xen)
= sup . ) . S Ji
fiCer) fi(xa) - fic (o) @
€S(X7)
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Here, and throughout the sequel, the symbol | - | denotes the
determinant.

Sullivan [6] has introduced the k-uniformly rotund
(kUR) spaces and locally k-uniformly rotund (LkUR) spaces.
Fan and Glicksberg [2] have introduced the fully k-convex
(kR) Banach spaces. It is well known that kUR and kR spaces
imply reflexivity. About kUR and kR spaces, we have the
following chain of implications [2, 6, 8]:

UR=1UR = --- = kUR = (k + 1) UR;
2R= - = kR= (k+1)R; (2)
LUR=LIUR = --- = LkUR = L(k + 1) UR.

A Banach space X is said to be a kUR space (k > 1) [6] if,
for any € > 0, there exists a §(¢) > 0 such that, for all norm-1
elements x,, x5, ..., X,y and [[x; +x, 4+ -+ x5, | > (k+1)-6,
we have V(xy, x,,..., Xp,q) < €

A Banach space X is said to be a kR space (k > 2) [2] if,
for any sequence {x,} in X such thatlim, . . (1/k)lx, +
Xy, + 0+, | =1, then {x,} is a Cauchy sequence in X.

A point x,, € S(X) is said to be a denting point of U(X)
[8] if x, ¢ co(M(xy,¢€)) for all € > 0, where M(x,,€) = {y :
y € UX), lly — xoll = €}

Huft [3] has introduced the nearly uniformly convex
(NUC) spaces as a generalization of uniformly convex Banach
spaces and showed that the NUC spaces are equivalent to
reflexive spaces possessing the uniform Kadec-Klee property.
The local version of NUC spaces, namely, locally nearly
uniformly convex (LNUC), was studied by Kutzarova and Lin
[9]. Kutzarova [4] introduced the k-nearly uniformly convex
(kNUC) spaces as a generalization of nearly uniformly convex
Banach spaces. In [4, 9], it is pointed out that NUC = LNUC
and kNUC = NUC for every k > 2.

A Banach space X is said to be a NUC [3] space if, for
any € > 0, there exists a §(¢) > 0 such that, for any sequence
{x,} c U(X),sep(x,) > €, we have co({x,}) N(1-0)U(X) # 0,
where sep(x,) = inf{|x,, — x,,,|| : n # m} and co({x,,}) means
the convex hull of {x,,}.

A Banach space X is said to be a LNUC [9] space if, for
any norm-1 element x and € > 0, there existsa § = §(e,x) > 0
such that, for any sequence {x,,} ¢ U(X), sep(x,,) > €, we have
co({x} U {x,}) N (1-8)U(X) # 0, where co({x} U {x,}) means
the convex hull of {x} and {x, }.

A Banach space X is said to be a kKNUC [4] space, if for any
€ > 0 there exists a 0 < §(e) < 1 such that, for any sequence
{x,} c U(X), sep(x,) > ¢, there are indices {n;} and scalars
A;20,i=12... kwith ¥i A =1sothat | ¥ A;x, | <
1-46.

Singer [10] has introduced the k-strictly convex spaces. It
is well known that k-strictly convex spaces are (k + 1)-strictly
convex spaces; l-strictly convex spaces (indeed lower case)
coincide with strictly convex spaces; kR spaces are k-strictly
convex spaces and have the drop property. Wu and Li [11] have
introduced the strongly convex spaces. Wulede and Wu [12]
introduced the k-strongly convex spaces as a generalization
of strongly convex Banach spaces and gave an equivalent def-
inition of k-strongly convex spaces (see Theorem 5 in [13]).
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It is well known that k-strongly convex spaces are k-strictly
convex spaces; 1-strongly convex spaces (indeed lower case)
coincide with strongly convex spaces; k-strongly convex
spaces are (k + 1)-strongly convex spaces, but the converse
implication is not true.

A Banach space X is said to be a k-strictly convex space
[10] if, for all norm-1 elements x;,x,,...,X;,; such that
I Zf:ll x;ll = k+1,then x,, x,, ..., x4, arelinearly dependent.

A Banach space X is said to be a strongly convex space [11]
if, for any x € S(X), {x,,} ¢ S(X) and for a certain functional
f € S, such that f(x,) — 1 (n — ©0), then ||x, — x| —
0 (n — o0), where S, = {f: f € S(X¥), f(x) =1}.

A Banach space X is said to be a k-strongly convex space
[12] if, for any norm-1 element x, € > 0 and for any functional
f € S,, there is a 8(x, f,e) > 0 such that, for all norm-1
elements x,...,x and f(x+x; +---+x;) > (k+1) -6, we
have V(x, x;,...,x;) < €.

Rolewicz [14] has defined the norm || - || to have the drop
property, if for every closed set C ¢ X disjoint from U(X)
there exists x € C such that D(x, U (X)) N C = {x}, where the
set D(x, U (X)), the convex hull of x and U(X), is called the
drop generated by x ¢ U(X).

Lemma 1 (Kadec-Klee property). If any x € S(X), {x,} C
S(X) such that x,, 2 x,n — oo, and o, I = llxll, n — oo,

then ||x,, — x|| — 0, n — oo, where x,, 2 x, n — 00, means
that f(x,) — f(x),n — oo, forall f € X*.

Lemma 2 (Montesinos [15]). Let X be a Banach space. Then
X has the drop property if and only if X is reflexive and has the
Kadec-Klee property.

Lemma 3 (Nan and Wang [16]). X is k-strictly convex space
if and only if, for any f € S(X"), one has diim A ; < k, where
A= {x:xeSX), f(x) =1}

Lemma 4 (Wulede and Wu [12], Zhang and Fang [17]). Let X
be a Banach space.

(1) If X is k-strongly convex, then X is k-strictly convex and
has the Kadec-Klee property.

(ii) If X is reflexive, k-strictly convex and has the Kadec-
Klee property, then X is k-strongly convex.

(iii) If X is k-strongly convex, {x,} c U(X), f € S(X*), and
f(x,) = 1, n — oo, then dist(xn,Af) — 0, n — oo0.

Lemma 5 (Zhang and Fang [17]). X is k-strongly convex if and
only if, for any x € S(X) and f € S,, € > 0, there exist § > 0
and a compact set C ¢ X with dim C < k such that F(f,0) c
{x:x € X,d(x,C) < €}, where the set F(f,0) = {x : x €
U(X), f(x) = 1 — 8} is the slice generated by f and 6.

2. k-Uniformly Extremely Convex
Spaces and Drop Property

Definition 6 (see [7]). A Banach space X is said to be
a uniformly extremely convex space if, for any sequences
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{x,}, {y,} consisting of elements of norm-1 and for a certain
functional f of norm-1, lim,_, f(x,) = lim, , f(y,) =1
holds; then lim,,_,llx, — v, =0

On the base of uniformly extremely convex spaces, now
we introduce the notion of k-uniformly extremely convex
spaces as a generalization of uniformly extremely convex
spaces.

Definition 7. A Banach space X is said to be a k-uniformly ex-
tremely convex space if, for any sequences {xfll)}, oo {xf,k“)}
consisting of elements of norm-1 and for a certain functional
f of norm-1, lim,_,, f(xV) = --- = hm,HOO Dy =
holds; then limn_mV(x(l) CeLX nk“)) =

We give first a simple result which shows that the notion
of k-uniformly extremely convex space is “coherent.”

Theorem 8. If X is k-uniformly extremely convex space, then

X is (k + 1)-uniformly extremely convex space.

Proof. If, for any sequences {x'"},..., {x**?} consisting of

elements of norm-1and for a certain functlonal f of norm-1,
m,_oo f(xV) = - = lim,,_, f(x**?) = 1 holds, then, for

' - W G-D ()
alll < j<k+2,wehavelim, , V(x,’,....x] 7, x,]",..,
x* ) = 0 by the assumption that X is k-uniformly extremely

convex space. Furthermore, by the properties of determinant
we have
MO (k+2)
Jim (5 6)
v (1) (-1 G+ K (k+2) ©)
1 j-1 j+1 +2)\ _
< E =
nlglgo V( e X, x0T ) 0;

> X n

this shows that X is (k+1)-uniformly extremely convex space.
O

Now we give a simple but useful lemma. By using this
lemma we can prove that any k-uniformly extremely convex
space has the drop property. And the fact that k-uniformly
extremely convex spaces include k-strongly convex spaces
can be easily found. We also show that 1-uniformly extremely
convex spaces coincide with uniformly extremely convex
spaces by using this lemma.

Lemma 9. X is k-uniformly extremely convex if and only if,
foranye >0, f e S(X"), there exists a 8(€) > 0 such that, for

g and FE %) > (k+1) -6,
» Xp1) < E.

all norm-1 elements x,, . .
one has V(xy,...

Proof.

Necessity. Suppose the contrary. Then there existe, > 0, f, €
S(X™) and {x; }kJrl C S(X) such that, forany § = 1/n, n € N,
we have fO(Zfﬁ—ll x;) > (k+ 1) —1/n, but V(xl, e Xpp1) 2 €.
Take x? = x; (i = ok + 1); then {x! }fﬁll c S(X)
andk+1-1/n < fO(Zk“ xD) < k + 1. It follows that

lim,_ o, fo(x”) = 1. On the other hand, by the defini-
tion of the k-uniformly extremely convex space, we have
V(xy,..., %) — 0; this contradicts the statement that
V(X155 Xpp1) 2 €.

Sufficiency. If, for any sequences {xﬁll)}, ceo {xﬁlk“)} consisting
of elements of norm-1and for a certain functional f of norm-
1 hmn_mf(x(l) = lim,_,o, f(x**V) = 1 holds, then

m, [T x ')) k + 1. Therefore, for any § > 0, there
exists an integer N,, € N such that, for all n > N, inequality

f(Zf”ll x?) > (k + 1) - 8 holds. For any € > 0, by the
conditions given in Lemma 9, we have V(x\", ..., x¥*V) < ¢;
this means that lim,,_, .,V (x",..., x**) = 0. O

n—00
Remark 10. 1-uniformly extremely convex space (indeed
lower case) coincides with uniformly extremely convex space.

In fact, by Lemma 9 we know that X is 1-uniformly
extremely convex space if and only if, for any e > 0, f €
S(X™), there exists a 8(¢, f) > 0 such that, for any norm-1
elements x, y and f(x + y) > 2 — 8, we have

X}

lx =yl <e

Vi(xy)= sup{
(4)
=fsup lf(x)-f()|=

and also if and only if X is uniformly extremely convex space.

Theorem 11. X is k-uniformly extremely convex space if and
only if X is k-strictly convex space and has the drop property.

Proof.

Necessity. Suppose that X is k-uniformly extremely convex
space; by the definition of k-strongly convex space and a
condition which characterizes k-uniformly extremely convex
space in Lemma 9, it is easy to see that X is k-strongly convex
space. From Lemma 4(i), we know that X is k-strictly convex
space and has the Kadec-Klee property.

Now we are going to prove that X has the drop property.
In fact, from Lemma 2, it is sufficient to prove that X is
reflexive. Suppose that X is not reflexive. Using the well-
known James’ theorem, for each 0 < ¢ < 1, we can choose
0 <6< 1lsothat® > 1-3(e)/(k +1)and 6* > ¢, and
{x1} oo A} € S(X), {x7 )+ {xg, ) € S(XT) so that

. 0 ifj<i
x; (%) = (5)
0 ifj>i.

Here §(¢) is the function required in Lemma 9.
Now we have that

(k+1)0>((k+1)-356(). (6)

xf (3 + 2y + -+ x54,) =



On the other hand it is easy to check that

V(%150 Xpy1)

1 1 e 1
x, (%) x5 (xy) x () | @)
> . . . =0" >¢
xZH (xl) xZH (xz) Tt x;+1 (xk+1)

which gives the required contradiction.

Sufficiency. From the assumption that X is k-strictly con-
vex space and has the drop property, we can deduce, by
Lemma 4(ii), that X is k-strongly convex space and reflexive.
Observing the definition of k-strongly convex space and a
condition which characterizes k-uniformly extremely convex
space in Lemma 9, by the reflexivity of X, it is easy to see that
X is k-uniformly extremely convex space. O

Corollary 12 (see [7]). X is uniformly extremely convex space
if and only if X is strictly convex space and has the drop

property.

Noticing the procedure of proving Theorem 11 we can
deduce the following.

Corollary 13. If X is k-uniformly extremely convex space, then
X is k-strongly convex space.

Now we are going to show that the converse to Corol-
lary 13 is not true. In [12], it is proved that LkUR spaces are
k-strongly convex spaces. In general, LKUR spaces need not
be reflexive since L1UR is just the usual definition of LUR
space [18, 19]. It follows that there exists a k-strongly convex
space X which is not reflexive. Hence X is not a k-uniformly
extremely convex space since X is not reflexive.

Corollary 14. X is k-uniformly extremely convex space if and
only if X is reflexive and, for any x € S(X) and f € S, € > 0,
there exist § > 0 and a compact set C ¢ X with dimC < k
such that F(f,6) ¢ {x : x € X,d(x,C) < €}, where the set
F(f,0) = {x : x e U(X), f(x) > 1 — 8} is the slice generated
by f and .

Proof. It is immediate from Corollary 13, Theorem 11, and
Lemmas 2, 4, and 5. O

Theorem 15. X is k-uniformly extremely convex space if and
only if X is reflexive and, for any f € S(X"), one hasdim A ; <
k, A s neco(U(X) \VAf) = 0, where the set VAf, which includes

set A, is arbitrary open set with regard to norm topology

XA 1D
Proof.

Necessity. Suppose that X is k-uniformly extremely convex
space; then by Theorem 11 we know that X is k-strictly convex
space and reflexive. For any f € S(X"), by the reflexivity of
X, there exists x € S(X) such that f(x) = 1; hence x € Ag.
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Combining the fact that X is k-strictly convex space with
Lemma 3 we can deduce that dim A < k.

Now we are going to prove the equality A N co(U(X) \
Va,) =0.

Firstly, we will prove that, for any z ¢ Va, and every open
set VAf (where VAf > Ay) with regard to norm topology
(X, ]I - 1), there exists a scalar r > 0 such that dist(z, Af) >,

Noticing that A ; is compact set in X, for any z ¢ VAf,
we can deduce that there exists x € A ; such that ||x — z|| =
dist(z, A ¢) = r,. Now we claim that there exists minimum
value of r, denoted by r, such that dist(z, A ;) > r for any
z ¢ V, . In fact, if r, does not have minimum value, then
1/n is impossible to be minimum value for any integer .
Hence, there exist z,, ¢ Va, and x,, € Ay such that [lx, -
z,|l = dist(z,, A;) < 1/n. Since A is compact, the above
sequence {x,} has the convergent subsequence; without loss
of generality and letting the convergent subsequence be {x,}
itself, then x,, — x;, x, € A. Noticing that |lx, — z,[ =
dist(z,,, Af) < 1/n, we can deduce that z,, — x;, x, € Afc
Va,-

On the other hand, combining the fact that X \ VAf is
closed set with z,, € X'\ Va,» 2, = X We can deduce that
X € X\ Va,- This contradicts x, C Va,-

Secondly, we will prove that for VAf there exists a scalar
m > 0 such that the inequality f(x) > f(y) + m holds for all
x €Ay and y € U(X)\VAf.

If the above inequality is not true, then there exists y, €
UX) \ VAf such that f(y,) — f(x) = 1, n — oo.
By the condition given in Theorem 15, Corollary 13, and
Lemma 4(iii), we have dist(yn,Af) — 0, n — o00.On
the other hand, by y, € U(X) \ VAf, we can deduce that
dist(y,,, A f) -+ 0, n — o00; this contradicts the statement
that dist(y,, A ) — 0, n — co. Hence we have

f(x)—mZSup{f(y):yEU(X)\VAf}
(8)
=sup{f(y):yeE(U(X)\VAf)};

this shows that x ¢ co(U(X) \ VAf). By the arbitrary of x €
A ¢, we can deduce that A¢n co(U(X)\ VAf) =0.

Sufficiency. By Lemmas 2 and 3, Theorem 11, and the condition

given in Theorem 15, only we need to prove that X has the

Kadec-Klee property. Let x € S(X), {x,}r2, ¢ S(X), and
w

x, — X, n — 0o. By the well-known James’ theorem, there
exists f € S(X") such that f(x) = 1; it follows that x € A .

Case LIf {x,},2) N A ; = 0, then {x,};?, is relatively compact.
Otherwise, every point of A ; is not accumulation point of
{x,},2,- Hence, for any x € A there exists ¢, > 0 such
that {y € X : |ly — x| < ¢} does not contain any point of
{x,}o2,. We construct an open set Va, = UxeAf {y e X:
ly — x|l < €} with regard to norm topology (X, | - ||); then
Aj ¢ VAf and VAJ N {x,}2, = 0. Since co(U(X) \ VAf)
is bounded closed convex set with regard to norm topology
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X1 - 1D, co® (U(X) \VAf) =co(U(X) \ VAf). Noticing that
co”(U(X) \VAf) is bounded set with regard to weak topology
o(X, X™), we know that co*(U(X) \ VAf) is compact set with
regard to weak topology o(X, X™). Hence there is a function
g € X" which separates A ¥ and co(U(X) \VAf); that is, there
is a scalar [ > 0 such that g(Af) -1 > supg(co(U(X) \
VAf)). Evidently, {x,}72, ¢ co(U(X) \ VAf); it follows that
g(A f) - g({x,}72,) > L. This contradicts the assumption that

X, — X, 1 — 0O.

Case 2. If {x, 1,2, N Ay # 0, then ({x,};2, \ Ap) N
Aj = 0. According to Case 1 we know that {x,};2, \ A
is relatively compact set. Hence {x,};2, N A is compact
set since A/ is bounded closed convex set in certain finite
dimensional subspace of X. On the other hand, it is obvious

that {x,}72, = ({x,},2, \Af)U({xn}zZ1 NA);hence {x, 102, =
(S \Ap) U ({x, 02, N Ay). This shows that {x, )0, is
relatively compact.

Consequently, in Cases 1 and 2, we always conclude that
{x,},2, is relatively compact. Furthermore, by the assumption

that x,, 2 x, n — oo, we can deduce that llx, — xIl —
0, n — oo. This completes the proof that X has the Kadec-
Klee property. O

In particular, considering the special case of Theorem 15
when k = 1, we obtained Theorem 2.5 in [7] as a corollary.

Corollary 16. X is uniformly extremely convex space if and
only if X is reflexive and for any f € S(X*), one has dim A ; =
L Aynco(U(X)\ VAf) = 0, where the set VAf, which includes
set A, is arbitrary open set with regard to norm topology
(X, | - I1). In other words, X is uniformly extremely convex space
ifand only if X is reflexive and every point of S(X) is a denting
point of U(X).

To show that the converse to Theorem 8 is not true, we
consider the following example.

Example 17. There exists a k-uniformly extremely convex
space X which is not a (k — 1)-uniformly extremely convex
space.

Let k > 2 be an integer, and leti; < i, < --- < §;. For each

x =(ay,a,,...) €1,, define
IxI7,.. (Zl |> Y a. ©)
[ PP
From [20] we know that X; . = (L.l - [; ;) isa

kUR space. It is easy to see that KUR space is k-uniformly
extremely convex space from the definition of kUR space
and a condition which characterizes k-uniformly extremely
convex space in Lemma 9. Hence X; ; is a k-uniformly
extremely convex space. It follows from Theorem 11 that
Xi,...i, is a k-strictly convex space but is not a (k — 1)-strictly
convex space that follows from [16]. Hence X; is not a
(k — 1)-uniformly extremely convex space.

3. The Relations between k-Uniformly
Extremely Convex Space and Various
Other Types of Convex Space

Now we give a list of examples to distinguish k-uniformly
extremely convex spaces from kR, kUR, kNUC, and NUC
spaces.

(i) We are ready now to distinguish k-uniformly ex-
tremely convex and kR spaces.

Since kR spaces are k-strictly convex spaces and have the
drop property, it follows from Theorem 11 that kR spaces are
k-uniformly extremely convex, but the converse is not true.

Example 18. There exists a k-uniformly extremely convex
space X which is not a kR space for every k > 2.

Let k > 2 be an integer, and leti; < i, < --- < ;. For each

x =(ay,a,,...) €1,, define
, k
Il = - X (10)
]71 iFiy 5
and let Xi i = (L, - l;,,.;)- For x € L, let x|, =

supil<iz<“,<ik||x||,l o Xk = (lz, ||x||k) It follows from [20] that
X is a kKUR space but is not a kR space. Hence X, is a k-
uniformly extremely convex space since X is a kUR space.

(ii) We are ready now to distinguish k-uniformly
extremely convex and KUR spaces.

Example19. Forallk > 1, there exists a k-uniformly extreme-
ly convex space X which is not a kUR space.

Let E = (L, | - |I); for x = (a;,a,,...) € E, define

2
2 2, 2 1/2
[E9l ={|a1|+(a2+a3+---) }

[(3) ()

+ —_— + oo + —_— + oo .

2 n

It follows from [2] that X = (¥ €D E),, is a 2R space; fur-

thermore, X = (¥ €D E),, is a k-uniformly extremely convex
space but is not a kUR space [20].

(1)

(iii) We are ready now to distinguish k-uniformly ex-
tremely convex and LkUR spaces.

We consider a nonreflexive LkUR space X. Then X is
not a k-uniformly extremely convex space since X is not
reflexive. On the other hand, we consider Example 19; then
X = (XD E), is a 2R space and it follows that X is a k-
uniformly extremely convex space for all k > 1. But X is not
a LkUR space that follows from [21].

(iv) We are ready now to distinguish k-uniformly ex-
tremely convex spaces and NUC or kNUC spaces.

Example 20. For all k > 1, there exists a k-uniformly ex-
tremely convex space X which is neither a NUC nor a kNUC
space for all k > 2.



Let (X, || - |I) be the I,-sum of {I,, n > 2}; then (X, || - )
is a 2R space with normalized basis {e,}. Define, Vx =
2221 anen € X’

(o)
lixlll = {(Iall + [ ae,
n=2

By Theorem 4 in [9], we know that (X, ||| - |||) is a 2R space
but is not a LNUC space. It follows that X is a k-uniformly
extremely convex space for all k > 1 but is neither a NUC nor
a kNUC space for all k > 2.

1/2

)2+ i (%)2} N GP)

n=2

Remark 21. (i) The class of k-uniformly extremely convex
spaces lies strictly between the classes of kUR spaces and the
k-strongly convex spaces.

(ii) The class of k-uniformly extremely convex spaces lies
strictly between the classes of kR spaces and the class of k-
strongly convex spaces.

(iii) The class of k-uniformly extremely convex spaces has
no inclusive relation with the class of LkUR spaces.

In particular, considering the special case of Remark 21
when k = 1, we obtained the main conclusions of [7], that is,
Remarks 3.5 and 3.7 in [7].
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