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We consider incompletely specified multiple-valued input index gen-
eration functions f : D → {1, 2, . . . , k}, where D ⊆ Pn and P =
{0, 1, 2, . . . , p − 1}. In such functions, the number of variables to rep-
resent f can be often reduced. Let k be the number of elements in D.
We show that most functions can be represented with 2�logp(k + 1)�
or fewer variables, when k is sufficiently smaller than pn . Also, to fur-
ther reduce the number of variables, we use linear transformations. To
find good linear transformations, we introduce the imbalance measure
and the ambiguity measure. A heuristic algorithm to reduce the num-
ber of variables by linear transformation is presented. Experimental
results using randomly generated functions and lists of English words
are shown.

Keywords: Six to twelve keywords or phrases, to aid in indexing the article.

1 INTRODUCTION

In an incompletely specified function f , the number of variables to represent
f can be often reduced. This property is useful to represent the function com-
pactly. In this paper, we consider the minimization of the number of variables
for incompletely specified index generation functions. We show that most p-
valued input index generation functions of n variables with weight k can
be represented by 2�logp(k + 1)� or fewer variables, when k is sufficiently
smaller than pn . i.e., the functions are highly unspecified.
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2 TSUTOMU SASAO

Index generation functions have applications in pattern matching [8]. In
the case of multiple-valued input functions, applications include English
words matching and DNA matching. The problem is also related to data min-
ing and perfect hashing. The rest of the paper is organized as follows: Section
2 defines words; Section 3 derives the number of variables to represent an
incompletely specified index generation functions with k registered vectors;
Section 4 shows statistical results for uniformly distributed functions; Sec-
tion 5 shows reduction of the number of variables by linear transformations;
Section 6 shows experimental results using list of English words; and Section
7 concludes the paper.

Preliminary versions of the results of this paper were published as [7, 11].

2 DEFINITIONS AND BASIC PROPERTIES

Definition 1. Consider a set of k different vectors with n components. These
vectors are registered vectors. For each registered vector, assign a unique
integer from 1 to k. A registered vector table shows the index of each regis-
tered vector.

Definition 2. An incompletely specified index generation function f is a
mapping D → {1, 2, . . . , k}, where D denotes the set of registered vectors,
D ⊆ Pn, P = {0, 1, . . . , p − 1}, |D| = k, and |D| denotes the number of
elements in D. A completely specified index generation function produces
the corresponding index if the input matches a registered vector, and produces
0 otherwise. k is the weight of the index generation function.

Example 1. Table 1 shows a registered vector table consisting of 6 vectors.
It shows an incompletely specified index generation function with weight 6.

x1 x2 x3 x4 x5 f

0 0 1 0 0 1
0 1 0 0 1 2
0 1 1 1 0 3
1 0 0 1 1 4
1 0 1 0 1 5
1 1 0 1 0 6

TABLE 1
Registered vector table.
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INDEX GENERATION FUNCTIONS 3

Definition 3. f depends on xi if there exists a pair of vectors

�a = (a1, a2, . . . , ai , . . . , an) and
�b = (a1, a2, . . . , bi , . . . , an),

such that both f (�a) and f (�b) are specified, ai �= bi , and f (�a) �= f (�b).

If f depends on xi , then xi is essential in f , and xi must appear in every
expression for f .

Definition 4. Two functions f and g are compatible when the following
condition holds for any �a ∈ Pn: If both f (�a) and g(�a) are specified, then
f (�a) = g(�a).

Lemma 1. Let fi = f (|x = i) for i = 0, 1, . . . , p − 1. Then, x is non-
essential in f iff fi and f j are compatible for all the pairs (i, j).

If x is non-essential in f , then f can be represented by an expression
without x . Essential variables must appear in every expression for f , while
non-essential variables may appear in some expressions and not in others.
Algorithms to represent a given function by using the minimum number of
variables have been considered [1, 2, 4, 6, 8].

3 NUMBER OF VARIABLES TO REPRESENT INDEX
GENERATION FUNCTIONS

In this part, we derive the number of variables to represent an incompletely
specified index generation function with k registered vectors. We assume that
k is much smaller than pn , the total number of input combinations. The basic
idea is given by

Lemma 2. Suppose that an incompletely specified function f (X1, X2) is rep-
resented by a decomposition chart, where X1 labels the columns and X2

labels the rows. If each column has at most one care (non-zero) element,
then the function can be represented by using only variables in X1.

Proof. In each column, let all don’t care elements be set to the value of the
non-zero element in that column, then the function depends only on the col-
umn variables.
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0 0 0 0 1 1 1 1 x1

0 0 1 1 0 0 1 1 x2 X1

0 1 0 1 0 1 0 1 x3

0 0 1
0 1 2 5
1 0 3 6
1 1 4
x4 x5

X2

TABLE 2
Decomposition chart for f (X1, X2).

Example 2. Consider the decomposition chart shown in Table 2. In Table 2,
x1, x2, and x3 specify the columns, while x4 and x5 specify the rows. Blank ele-
ments denote don’t cares. Note that in Table 2, each column has at most one
care element. Thus, the function can be represented by only the column vari-
ables: x1, x2, and x3. f = 1 · x̄1 x̄2x3 ∨ 2 · x̄1x2 x̄3 ∨ 3 · x̄1x2x3 ∨ 4 · x1 x̄2 x̄3 ∨
5 · x1 x̄2x3 ∨ 6 · x1x2 x̄3.

Theorem 1. To represent any incompletely specified p-valued input index
generation function with weight k, at least �logp k� variables are necessary.

Proof. Let q = �logp k�. The number of different vectors specified with q −
1 variables is at most pq−1 < k. Thus, to distinguish k outputs, at least q
variables are necessary.

From here, we derive the number of variables to represent functions.

Theorem 2. Consider the set of the p-valued input n-variable incompletely
specified index generation functions f (x1, x2, . . . , xn) with weight k, where
p ≤ k < pn−2. Let η(p, n, t, k) be the probability that f can be represented
with x1, x2, . . . , xt−1 and xt , where t < n. Then,

η(p, n, t, k) = pt Pk · p(n−t)k

pn Pk
. (1)

Proof. From Theorem 1, we have k ≤ pt . The probability is given as
η(p, n, t, k) = A

B , where A denotes the number of incompletely specified
index generation functions with weight k that can be represented with
x1, x2, . . . , xt−1 and xt , and B denotes the total number of incompletely spec-
ified index generation functions with weight k.

273i-MVLSC˙V2 4



INDEX GENERATION FUNCTIONS 5

1. Derive A, the number of incompletely specified index generation func-
tions with weight k such that each column has at most one care element.
First, enumerate the numbers of ways to specify the non-zero columns.
It is equal to the number of ways to distribute k distinct elements into pt

distinct bins: pt Pk . Second, enumerate the number of ways to specify the
rows for all these elements. The number of ways to select a row is pn−t

for each element. Since there are k elements, the total number of ways to
select the rows is (pn−t )k = p(n−t)k . Thus, we have A = pt Pk · p(n−t)k .

2. Derive B, the total number of n-variable incompletely specified index
generation functions with weight k. This is equal to the number of ways
to distribute k distinct elements into pn distinct bins. It is

pn Pk = pn · (pn − 1) · (pn − 2) · · · (pn − (k − 1)).

Hence, we have the theorem.

The above theorem shows the case when the column variables are (x1, x2,

. . . , xt ). In practice, we can select the set of column variables so that the
number of variables is minimized.

Theorem 3. Consider a set of incompletely specified index generation func-
tions f (x1, x2, . . . , xn) with weight k, where p ≤ k < pn−2. Let P R be the
probability that f can be represented with t variables. Then,

P R = 1 − (1 − η(p, n, t, k))(
n
t), (2)

where η(p, n, t, k) is the probability that f can be represented with
x1, x2, . . . , and xt .

Proof. The probability that a function cannot be represented by using x1, x2,

. . . , xt−1 and xt is σ = 1 − η(p, n, t, k). Since there are
(n

t

)
ways to choose

t variables out of n variables, the probability that a function cannot be repre-
sented by using any combinations of t variables is σ (n

t). The probability that
a function can be presented by using at least one combination of t variables
is 1 − σ (n

t).

Since η(p, n, t, k) is not easy to treat, we use the following approximation
to simplify it.

Lemma 3. If 0 < α << 1, then 1 − α can be approximated by e−α , where e
denotes the base of the natural logarithm.
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Lemma 4. When k
pt is small enough, η(p, n, t, k) in Equation 1 can be

approximated by η̃(p, t, k) = exp(− k2

2pt ).

Proof.

η(p, n, t, k)

= pt Pk · p(n−t)k

pn Pk

= pt (pt − 1)(pt − 2) · · · (pt − (k − 1))

pn(pn − 1)(pn − 2) · · · (pn − (k − 1))
pk(n−t)

= pn

pn
· pn − 1 · pn−t

pn − 1
· pn − 2 · pn−t

pn − 2
· pn − 3 · pn−t

pn − 3
· · · pn − (k − 1) · pn−t

pn − (k − 1)

Assume that k is sufficiently smaller than pn , and assume that pn − i is
approximated by pn . We have

η̃(p, t, k)

= pn

pn
· pn − 1 · pn−t

pn
· pn − 2 · pn−t

pn
· pn − 3 · pn−t

pn
· · · pn − (k − 1) · pn−t

pn

= (1 − 1α) · (1 − 2α) · (1 − 3α) · · · (1 − (k − 1)α),

where α = p−t . When iα is small, by Lemma 3, 1 − iα is approximated by
exp(−iα). Thus, η̃(p, t, k) is approximated by

η̃(p, t, k) �
k−1∏

i=1

exp(−iα) = exp(−
k−1∑

i=1

iα)

� exp(−k(k − 1)α

2
) � exp(−k2α

2
)

From this, we have the following:

Conjecture 1. Consider a set of incompletely specified p-valued input n-
variable index generation functions with weight k, where p3 ≤ k ≤ pn−2 and
n ≥ 10. If t ≤ n − 3 satisfies the following conditions, then more than 95%
of the functions can be represented with t variables, where

t ≥ �2 logp k − logp 5.485�.
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INDEX GENERATION FUNCTIONS 7

(Explanation supporting the Conjecture) 1 − σ (n
t) approaches 1.0,

as n increases, since σ = 1 − η(p, n, t, k) < 1.0. When t ≤ n − 3,(n
t

) ≥ n(n − 1)(n − 2)/6. Assume that n ≥ 10. In this case, we have(n
t

) ≥ 120. The condition that σ (n
t) ≤ 0.05 derives σ < 0.9753. Thus, if

η(p, n, t, k) ≥ 0.02465, then at least 95% of the functions can be rep-
resented with t variables. Thus, we have exp(− k2

2pt ) ≥ 0.02465. When
t ≥ �2 logp k − logp 5.485�, we have η > 0.02465. (End of explanation)

Note that there exist functions that require all the variables as shown
below. However, we conjecture that the fraction of such functions approaches
to zero as n increase.

Example 3. Consider the n-variable incompletely specified index generation
function f with weight k = n + 1 and p = 2:

f (1, 0, 0, . . . , 0, 0) = 1

f (0, 1, 0, . . . , 0, 0) = 2

f (0, 0, 1, . . . , 0, 0) = 3
...

...

f (0, 0, 0, . . . , 1, 0) = n − 1

f (0, 0, 0, . . . , 0, 1) = n

f (0, 0, 0, . . . , 0, 0) = n + 1

f (a1, a2, a3, . . . , an−1, an) = d (for other combinations).

In this function, all the variables are essential, and no variable can be
removed.

4 STATISTICAL RESULTS FOR RANDOMLY GENERATED
FUNCTIONS

We generated random index generation functions, and obtained statistical
data. Table 3 shows the average numbers of variables to represent p-valued
input n-variables index generation functions with weight k. The columns
headed with Exp show that the average numbers of variables to represent
the functions. For each parameter, we generated 1000 functions. The columns
headed with CJ show the number of variables to represent incompletely spec-
ified index generation functions with weight k given by Conjecture 1. For
example, when k = 1023 and p = 2, to represent a function, experimental
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p: Number of values. n: Number of original variables. k: Weight of the function. Exp: Experi-
mental results (average of 1000). CJ: Upper bound given by Conjecture.

p = 2 p = 3 p = 4 p = 5 p = 10 p = 27
n = 20 n = 13 n = 10 n = 10 n = 10 n = 10

k Exp CJ Exp CJ Exp CJ Exp CJ Exp CJ Exp CJ

15 4.947 6 3.229 4 3.000 3 2.827 3 2.000 2 1.930 2
31 6.108 8 4.461 5 3.982 4 3.192 4 2.822 3 2.000 2
63 8.003 10 5.853 7 4.953 5 4.001 5 3.000 3 2.048 2

127 9.994 12 6.985 8 5.926 6 5.000 5 3.971 4 3.000 3
255 11.990 14 8.016 9 6.925 7 5.993 6 4.001 5 3.000 3
511 14.026 16 9.492 10 7.966 8 6.962 7 5.000 5 3.853 4

1023 16.306 18 10.988 12 9.056 9 7.865 8 5.312 6 4.000 4
2047 18.755 20 12.384 13 9.977 10 8.798 9 6.000 6 4.023 5
4095 19.990 22 13.000 14 10.000 11 9.740 10 6.959 7 5.000 5

TABLE 3
Average Number of Variables to Represent Incompletely Specified Index Generation Function.

results show that, on the average, 16.306 variables are necessary to represent
the functions. On the other hand, Conjecture 1 shows that 18 variables are
sufficient. Experimental results show that only 142 functions out of 54,000
functions exceeded the bound given by Conjecture 1.

Table 4 shows the variances of the numbers of variables to represent
incompletely specified index generation functions, where variance σ 2 is
defined as

σ 2 = 1

N

N∑

i=1

(Xi − X̄ )2,

p: Number of values. n: Number of the original variables. k: Weight of the function.

p = 2 p = 3 p = 4 p = 5 p = 10 p = 27
k n = 20 n = 13 n = 10 n = 10 n = 10 n = 10

15 0.05019 0.17656 0.00000 0.14307 0.00000 0.06510
31 0.09634 0.24848 0.01968 0.15514 0.14632 0.00000
63 0.00299 0.12539 0.04479 0.00100 0.00000 0.04570

127 0.00596 0.01677 0.06852 0.00000 0.02816 0.00000
255 0.01590 0.01575 0.07137 0.00695 0.00100 0.00000
511 0.03932 0.24994 0.04884 0.03656 0.00000 0.12539

1023 0.22238 0.07786 0.09887 0.11678 0.21466 0.00000
2047 0.27899 0.24055 0.02247 0.17119 0.00000 0.02247
4095 0.00989 0.00000 0.00000 0.19241 0.03939 0.00000

TABLE 4
Variance of the Numbers of Variables to Represent Incompletely Specified Index Generation
Function.
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INDEX GENERATION FUNCTIONS 9

p: Number of values. n: Number of original variables. k: Weight of the function.

p = 2 p = 3 p = 4 p = 5 p = 10 p = 27
n = 20 n = 13 n = 10 n = 10 n = 10 n = 10

k = 1023 k = 511 k = 1023 k = 2047 k = 255 k = 63

t P R t P R t P R t P R t P R t P R

15 0.00185 8 0.00000 8 0.01471 8 0.18931 3 0.00000 2 0.94741
16 0.79731 9 0.59347 9 0.76759 9 0.98482 4 0.99972 3 1.00000
17 1.00000 10 1.00000 10 1.00000 10 1.00000 5 1.00000

TABLE 5
Probability that index generation functions with weight k can be represented with t variables.

X̄ denotes the average of Xi , and N denotes the number of samples. As shown
in the table, the variances are very small.

Table 5 shows the probability that index generation functions with weight
k can be represented with t variables. These values are derived from The-
orems 2 and 3, and Lemma 4. For example, when p = 2, n = 20, and
k = 1023, the probability that the function can be represented with t = 15
variables is 0.00185. However, when t = 16 the probability is 0.79731, and
when t = 17 the probability is 1.0000. This is consistent with the experi-
mental results: Out of 1000 functions, 4 function required 15 variables; 687
functions required 16 variables; 308 functions required 17 variables; and 1
function required 18 variables. We performed additional experiments and
confirmed Conjecture 1

5 REDUCTION OF THE NUMBER OF VARIABLES BY LINEAR
TRANSFORMATIONS

This section shows a method to reduce the number of variables to represent
a given incompletely specified index generation function f by using linear
transformations.

Definition 5. A compound variable has a form y = c1x1 ⊕ c2x2 ⊕ · · · ⊕
cnxn where ci ∈ {0, 1} and ⊕ denotes the mod p sum operation. The com-
pound degree of y is

∑n
i=1 ci , where ci is viewed as an integer and

∑

denotes an ordinary integer addition. A primitive variable is one with com-
pound degree one.

It is also possible to consider the case where ci ∈ P . However, in this case,
we need mod p multipliers in addition to mod p adders. So, in this paper, we
consider only the case of ci ∈ {0, 1}.
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x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 x12 x13 x14 f

a c c o m m o d a t i o n s 1

a d m i n i s t r a t i o n 2

c h a r a c t e r i s t i c 3

c o n g r a t u l a t i o n 4

c o n s t i t u t i o n a l 5

d i s a p p o i n t m e n t 6

d i s c r i m i n a t i o n 7

g e n e r a l i z a t i o n 8

i d e n t i f i c a t i o n 9

i n t e r p r e t a t i o n 10

r e c o m m e n d a t i o n 11

r e p r e s e n t a t i o n 12

r e p r e s e n t a t i v e 13

r e s p o n s i b i l i t y 14

t r a n s p o r t a t i o n 15
39 41 33 27 33 39 35 45 39 113 105 125 89 87 ω

TABLE 6
Original List of English Words.

Definition 6. Given an incompletely specified index generation function, a
linear transformation that minimizes the number of variables is optimum.

By Theorem 1, if a linear transformation reduces the number of variables
to q = �logp k�, then it is optimum. A brute force way to find an optimum
transformation is first to construct the compound variables whose degrees are
t or less than t . The number of such variables is

∑t
i=1

(n
i

)
. Then, apply the

method shown in [8]. However, such method takes too much computation
time, and is impractical.

Example 4. Table 6 shows a list of 15 English words consisting of 14 char-
acters. Each variable can take one of 27 values i.e., 26 alphabets and a
- (hyphen). To distinguish these 15 words, three variables (characters) are
necessary and sufficient. For example, it can be represented by (x3, x6, x13).
However, by using the linear transformation:

y1 = x3 ⊕ x13,
y2 = x6 ⊕ x8

we have the registered vectors shown in Table 7. In this case, two vari-
ables (y1, y2) distinguish 15 vectors. Let a, b, c, . . . , y, and z have values
0, 1, 2, . . . , 24, and 25, respectively. Also, let the character - have the value

273i-MVLSC˙V2 10
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x3 x13 x6 x8 y1 y2 z1 f

c n m d p p r 1
m o i t ! a a 2
a i c e i g s 3
n o a u a u g 4
n a i u n b b 5
s n p i e x x 6
s o i i f q h 7
n o a i a i k 8
e o i i s q o 9
t o p e g t m 10
c o m n q z q 11
p o s n c e i 12
p v s n j e p 13
s t n i k v e 14
a o p r o f y 15
33 89 39 45 17 19 15 ω

TABLE 7
Reduced List of English Words.

26. In this case, c ⊕ n = p, since c is the 2nd and n is the 13th letter, while p
is the 15th letter.

Example 5. In Table 6, consider the linear transformation:

z1 = x1 ⊕ x5 ⊕ x10 ⊕ x13

As shown in Table 7, only one variable z1 can distinguish 15 vectors.

As shown in this example, by a linear transformation, we can often reduce
the number of variables to represent the function. Since the linear transforma-
tion makes a more balanced decision tree, it reduces the number of variables.
To obtain the linear transformation that produces a more balanced decision
tree, we define a measure showing the distribution of values in the registered
vector table.

Definition 7. In the the registered vector table, let ν(xi , j) be the number of
vectors with xi = j , where j ∈ P. The imbalance measure of xi is defined
as

ω(xi ) =
p−1∑

j=0

ν(xi , j)2.

273i-MVLSC˙V2 11
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In the registered vector table, when the numbers of occurrences of j’s
in the column xi are the same, ω(xi ) takes its minimum. The larger the
difference of the frequency of values, the larger the imbalance measure. Let
k be the number of registered vectors. Then,

∑p−1
j=0 ν(xi , j) = k.

Example 6. In Table 6, consider the variable x1. Note that a, d and i appear
twice, c appear three times, r appears four times, g and t appear only once.
Thus,

ω(x1) =
26∑

j=0

ν(x1, j)

= 3 × 22 + 1 × 32 + 1 × 42 + 2 × 12 = 39.

The last row of Table 6 show the imbalance measure for the variables xi .
In Table 7, consider the variable y1. Note that only a appears twice, but

other 13 characters appear only once. Thus, we have

ω(y1) = 1 × 22 + 13 × 12 = 17.

Also, consider the variables y2. Note that only e and q appear twice, but
other 11 characters appear only once. Thus, we have

ω(y2) = 2 × 22 + 11 × 12 = 19.

The last row of Table 7 show the imbalance measure for the variables yi .
In other words, the linear transformation in Example 4 reduces the imbal-

ance measure, and improves the balance of the decision tree.

When the imbalance measure is large, the reduction of variables tends to
be difficult. However, if a linear transformation reduces the imbalance mea-
sure, then we may reduce more variables.

Definition 8. [10] Let f (x1, x2, . . . , xn) be an incompletely specified index
generation function with weight | f |. Let �x = (xπ(1), xπ(2), . . . , xπ(t)) be a vec-
tor consisting of a subset of the variables {x1, x2, . . . , xn}, where π denotes
a permutation of {1, 2, . . . , n}. Let N ( f, �x, �a) be the number of registered
vectors of f that takes non-zero values, when the values of �x are set to
�a = (a1, a2, . . . , at ), ai ∈ P. The ambiguity of f with respect to �x is defined

273i-MVLSC˙V2 12
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x1 x2 x3 x4 x5 f

0 0 0 0 0 1
0 1 0 1 0 2
0 1 1 1 0 3
1 1 1 0 0 4
1 0 0 1 1 5
1 0 1 1 1 6
1 1 1 0 1 7

TABLE 8
Index Generation Function.

as

AM B(�x) = −| f | +
∑

�a∈Pt

N ( f, �x, �a)2.

Example 7. Consider the index generation function shown in Table 8.
Assume that the values of (x1, x2, x3) are changed as (0, 0, 0), (0, 0, 1),
(0, 1, 0), (0, 1, 1), (1, 0, 0), (1, 0, 1), (1, 1, 0), (1, 1, 1), in this order. Then,
the values of f change as follows:

[1], [d], [2], [3], [5], [6], [d], [4, 7],

where [d] denotes undefined or don’t care. In this case, the ambiguity with
respect to (x1, x2, x3) is

AM B(x1, x2, x3)

= −7 + (12 + 02 + 12 + 12 + 12 + 12 + 02 + 22) = 2

When (x1, x2, x3) = (0, 0, 1), the value of f is undefined, while when
(x1, x2, x3) = (1, 1, 1), the value of f is ambiguous, since f can be either 4
or 7.

Next, let the variable set be (x1, x3, x5). Similarly, the values of f change
as follows:

[1, 2], [d], [3], [d], [d], [5], [4], [6, 7].

In this case, the ambiguity with respect to (x1, x3, x5) is

AM B(x1, x3, x5)

273i-MVLSC˙V2 13
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= −7 + (22 + 02 + 12 + 02 + 02 + 12 + 12 + 22) = 4

When (x1, x3, x5) = (0, 0, 0) and (1, 1, 1), the values of f are ambiguous.
Finally, let the variable set be (x3, x4, x5). Similarly, the values of f

change as follows:

[1], [d], [2], [5], [4], [7], [3], [6].

In this case, the ambiguity with respect to (x3, x4, x5) is

AM B(x3, x4, x5)

= −7 + (12 + 02 + 12 + 12 + 12 + 12 + 12 + 12) = 0.

Note that f can be represented with only (x3, x4, x5).

Theorem 4. AM B(�x) = 0 iff �x can represent f .

Proof. Let D be the set of registered vectors for f and let D̃ be the set of
vectors consisting of variables for �x .

(⇒) We prove this by contradiction. Assume that �x cannot represent f .
Two cases are possible.

1. f is undefined for some �a ∈ D̃. In this case, N ( f, �x, �a) = 0. Since �a is a
registered vector where some variables are omitted, this cannot happen.

2. f is ambiguous for some �a ∈ D̃. In this case, N ( f, �x, �a) ≥ 2. Since∑
N ( f, �x, �a)2 > | f |, we have AM B(�a) > 0.

From these, for each �a ∈ D̃, the value of f is uniquely defined. Thus, f can
be represented with �x .

(⇐) Assume that f is represented with �x . In this case, the value of
f is uniquely defined or undefined for all possible cases. This implies
that N ( f, �x, �a) = 1 for all �a ∈ D̃. From this, we have AM B(�x) = −| f | +∑

�a∈D̃ 12 = 0, since, | f | = |D̃|.

By using these two measures, we have a heuristic algorithm to reduce the
number of variables. In this algorithm, the imbalance measure is used to guide
the linear transformation. The compound variable is chosen to minimize the
imbalance measure in a greedy manner. Then the ambiguity measure (AMB)
is tested. If the AM B > 0, more compound variables are required to distin-
guish the registered vectors. This process stops when AM B = 0.

273i-MVLSC˙V2 14
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x1 x2 x3 x4 x5 Index

1 0 0 0 0 1
0 1 0 0 1 2
0 0 1 0 0 3
0 0 0 1 0 4
0 0 0 0 1 5
1 0 0 0 1 6
1 0 0 1 0 7

TABLE 9
Original Table (2-valued).

Algorithm 1. (Heuristic Method to Find a Linear Transformation that
Reduces the Number of Variables)

1. Let the input variables be x1, x2, . . . , xn. Let t ≥ 2 be the maximal com-
pound degree.

2. Generate the compound variables yi whose compound degrees are t or
less than t. The number of such compound variables is

∑t
i=1

(n
i

)
. Let T

be the set of compound variables.
3. Let y1 be the variable with the smallest imbalance measure. Let �Y ←

(y1), T ← T − y1.
4. While AM B(�Y ) > 0, find the variable y j in T that minimizes the value

of AM B(�Y , y j ). Let �Y ← (�Y , y j ), T ← T − y j .
5. Stop.

Example 8. For the index generation function shown in Table 9, find a linear
transformation with compound degree two.

First, obtain the compound variables with degree two as shown in Table
10, where yi j = xi ⊕ x j . The last row of Table 10 shows the imbalance mea-

Primitive Compound

x1 x2 x3 x4 x5 y12 y13 y14 y15 y23 y24 y25 y34 y35 y45

1 0 0 0 0 1 1 1 1 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 1 1 1 0 0 0
0 0 1 0 0 0 1 0 0 1 0 0 1 1 0
0 0 0 1 0 0 0 1 0 0 1 0 1 0 1
0 0 0 0 1 0 0 0 1 0 0 1 0 1 1
1 0 0 0 1 1 1 1 0 0 0 1 0 1 1
1 0 0 1 0 1 1 0 1 0 1 0 1 0 1
25 37 37 29 29 25 25 25 25 29 25 25 25 25 25

TABLE 10
Primitive and Compound Variables (2-valued).

273i-MVLSC˙V2 15
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x1 x2 x3 x4 x5 Index

0 0 0 0 0 1
0 0 3 2 3 2
0 1 3 1 2 3
0 1 3 1 3 4
0 2 0 1 1 5
0 2 3 2 0 6
1 2 0 1 0 7
1 3 0 0 3 8
2 0 3 0 3 9
2 1 0 3 1 10

TABLE 11
Original Table (4-valued).

sure of each variable. Select a variable with the smallest imbalance measure.
In this case, we select x1, since 25 is the minimum. Since we cannot represent
the function with only x1, we need more variables.

Next, find the second variable. Since AM B(x1, y24) = 13 gives the mini-
mum value, we select y24 as the second variable. Since AM B > 0, we need
more variables.

Then, we select the third variable. Since AM B(x1, y24, y25) = 0 gives the
minimum value, we select y25 as the third variable. Since AM B = 0, we stop
the algorithm. Thus, the function is represented with only three variables:
x1, y24 = x2 ⊕ x4, and y25 = x2 ⊕ x5. By Theorem 1 we need at least three
variables to distinguish 7 vectors. Thus, this is an optimum transformation.
If only primitive variables could be used, we need four variables.

Example 9. Deoxyribonucleic acid (DNA) contains the genetic instructions
used in the development and functioning of all known living organisms. The
four bases found in DNA are adenine (abbreviated A), cytosine (C), guanine
(G) and thymine (T). To represent DNA, we use 4-valued logic. Consider the
index generation function shown in Table 11. Find a linear transformation
with compound degree two.

First, obtain the compound variables with degree two as shown in Table
12, where yi j = xi ⊕ x j . The last row of Table 12 shows the imbalance mea-
sure of each variable. Select a variable with the smallest imbalance measure.
In this case, we select y12, since 26 is the minimum. Since we cannot represent
the function with only y12, we need more variables.

Next, find the second variable. Since AM B(y12, y35) = 0 gives the min-
imum value, we select y35 as the second variable. Since AM B = 0, we
stop the algorithm. Thus, the function is represented with only two vari-
ables: y12 = x1 ⊕ x2, and y35 = x3 ⊕ x5. By Theorem 1 we need at least two

273i-MVLSC˙V2 16
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Primitive Compound

x1 x2 x3 x4 x5 y12 y13 y14 y15 y23 y24 y25 y34 y35 y45

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 3 2 3 0 3 2 3 3 2 3 1 2 1
0 1 3 1 2 1 3 1 2 0 2 3 0 1 3
0 1 3 1 3 1 3 1 3 0 2 0 0 2 0
0 2 0 1 1 2 0 1 1 2 3 3 1 1 2
0 2 3 2 0 2 3 2 0 1 0 2 1 3 2
1 2 0 1 0 3 1 2 1 2 3 2 1 0 1
1 3 0 0 3 0 1 1 0 3 3 2 0 3 3
2 0 3 0 3 2 1 2 1 3 0 3 3 2 3
2 1 0 3 1 3 2 1 3 1 0 2 3 1 0
44 28 50 30 30 26 30 42 28 26 34 36 36 26 26

TABLE 12
Primitive and Compound Variables (4-valued).

variables to distinguish 10 vectors. Thus, this is an optimum transformation.
If only primitive variables could be used, we need three variables (e.g., x1, x4

and x5).

Experimental results show that this algorithm obtains a resonable solu-
tions in a short time.

6 EXPERIMENTAL RESULTS

From a list of 5000 frequently used English words, we made seven sub-lists of
words, each consisting of 8, 9, 10, 11, 12, 13 and 14 characters. For each list,
we minimized the number of variables (i.e., the characters) using Algorithm
1. Table 13 shows the numbers of variables to represent the sub-lists. In the

Compound Degree: t

n k 1 2 3 4 5 6

8 548 8 5 4 4 3 3
9 380 6 4 4 3 3 3
10 272 6 4 3 3 3 3
11 143 5 3 3 3 3 3
12 75 4 2 2 2 2 2
13 38 3 2 2 2 2 2
14 15 3 2 2 1 1 1

TABLE 13
List of English Words (p = 27).

273i-MVLSC˙V2 17
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table, n denotes the number of characters; k denotes the number of words in
the sub-list; and t denotes the compound degree. These sub-lists correspond
to 27-valued input index generation functions with weight k.

The sub-list of English words for n = 14 is shown in Table 6. In Table 13,
the bold letters show exact minimum. The experimental results in Table 13
are consistent with Tables 3 and 5.

For example, in the case of n = 14. To distinguish 15 words,

1. when t = 1, three variables {x3, x8, x13} are sufficient;
2. when t = 2, two variables {y1 = x3 ⊕ x13, y2 = x6 ⊕ x8} are sufficient;

and
3. when t = 4, one variable {z1 = x1 ⊕ x5 ⊕ x10 ⊕ x13} is sufficient.

Up to t = 5, the number of variables are reduced by increasing the value
of t . However, for t = 6 the number of variables could not be reduced any
more.

It is known that the number of characters appearing in English words are
not uniform: e appears the most frequently, while z appears the least fre-
quently. This means that the decision tree according to the original alphabets
is not balanced. By using compound variables, the decision tree can be made
more balanced.

It is also possible to represent a character with five two-valued vari-
ables [10]. In this case, the total number of variables would be five times,
and the computation time would be very large, although more variables can
be reduced.

7 CONCLUDING REMARKS

In this paper, we derived the number of variables to represent incompletely
specified p-valued input index generation functions with weight k. Most
functions can be represented by 2�logp(k + 1)� or fewer variables, when k
is sufficiently smaller than pn .

Also, in this paper, we considered linear transformations of index gen-
eration functions. To find good linear transformations, we introduced two
measures: the imbalance measure and the ambiguity measure. We showed
a heuristic method to find linear transformation that reduces the number of
variables to represent the functions. When the imbalance measures are large,
the reduction of primitive variables is difficult. However, with a linear trans-
formation that reduces imbalance measures, we can reduce more variables.

One of the reviewers pointed out that the imbalance measure is related to
the Gini index of a partition. Let {S0, . . . , Sp−1} be a partition of a set S, then

273i-MVLSC˙V2 18
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the Gini index is 1 − ∑p−1
j=0

|Sj |2
|S|2 . If the registered vectors are partitioned into

blocks according to the values of the xi part, then ω(xi ) = |S|2(1 − Gini).
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