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1. Introduction

In recent years, the study of random fixed point have attracted much attention, some of the
recent literatures in random fixed points may be noted in [3,5,6,7,8,9]. In particular
Random iteration schemes leading to random fixed point of random operator.

The present paper deals with some fixed point theorems for random operators in metric
spaces. We find unique random fixed point of random operator in closed subsets of a
Metric Space by considering a sequence of measurable functions. Our results are
generalization of well known results.

2. Preliminaries
Throughout this paper, (Q, Z) denotes a measurable space, X be a metric space and

C is non empty subset of X.
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Definition 1: A function f : Q — C is said to be measurable if f'(B N C) e

for every Borel subset B of X.
Definition 2: A function f :QxC — C is said to be random operator, if

f(.,X):Q —C is measurable for every X eC.
Definition 3: A random operator f :Q xC — C is said to be continuous if for
fixed t e Q, f(t,.):CxC is continuous.

Definition 4: A measurable function g:Q — C is said to be random fixed point
of the random operator f :QxC — C,if f(t,g(t))=g(t)vteQ

3. Main results

Theorem 3.1: Let (X, d) be a complete metric space and E be a continuous self mapping,
such that:

d(9(). E{& g(®})[d(n&) .E{& h&)})+ d(h©) .EL£.9(E)})]
1d(g(6) .h() +d(9(&). E{&N@D +d(h(&), E{£.9(O)))

d(E(£,9(8) . ECE (&))< a

d(9(&), E& h(&)) [d(9(&) . E{&, 9(&)}) +d(h(©&), E{& h(©)})]
d(9(8) ., h(&)+d(h(&), E{& h&)}) +d(h(&),EL, 9(5)})

+7d(9(E), NE)) v 3.1)

for all g(&),h(&)e X with g(&)=h(&) , where a,f,7:R™ —[0,1), are functions and
at+2B+y < 1.

Then E has a unique fixed point in X.

Proof: Let {g,} be a sequence define d as follows,

0.(&) = EL&, 0, (&)} N =12,

If 9,($) = 9,,,($) for Some n, then the result follows immediately.
So, let g,($) # 9,,,($) forall n.

Now d(9,(&) , 9,(&) = d(E{S, 9,.(}.ELE, 9,()})
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d(9,,(5) . E{& 9,,(5}) [d(8,(5) . E{E, 9,()}) + d(9,(5) .E{E, 9,.,(H})]
d(9,.,(£) . 9,(8) + d(9,,(8) . ELE, 9,(H}) + d(9,(9) . E{&, 9,.,()

d(9,,(£), E{&, 9,(H}) [d(9,.(8) . E{E, 9,,(H)}) + d (8,5 . E{E, 9,(H)})]

(0,0, 0,0) + (9, EEE, 0,0 + 4(0,2).E (2 9,,(6)]
+7d(9,,(8),9,(9)
_ d4(801(6).91(8) [4(90(8) » 85 (£)) + d(80($). 8(&)) ]
d(9,4(£) > 6,(9) + d(9,1(8) .9, (&) + d(9,(&) , 9,(9))
N ﬂd(gnl(é),gnﬂ(@)[ (9,14() 5 9,(8)) + d(9,(E), 9,,(5)) ]
d(9,.(&), 9,(£) +d(9,() 9, ()) + d(9,(8) » 9,(£))
+7d(9,.(8) 5 9,(8))
<ad(9g,,(£),9,())+B[d(9,,(&), 9,(£)) +d(9,(&) , 9,.1(9)) ]
+ 7 d(9,.(£),9,(8))
Therefore
[1-81d(9,(&).9,.(£)
<(a+ B +7)d(9,,(6),9,(8)
4(9,(8) 9,.(8)) < {(“j_—ﬂﬁ”)} 4(9,.,().9,(£))
_[(“f_ﬂﬂ”)} (9,(6).9,(5)

By the triangle inequality, we have for m > n,
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d (gn(é:) H gm(é:))g d (gn(‘f)a gn+l(‘§)) +d (gn+1(§) 9gn+2(‘§)) F o + d (gm,z(‘f)’ gm,1(§))
+d (gm_l(é:) > gm(é:))

<(s"+ 8" +5" ) d(g,(£).9,(8))

Where, S = {(air—ﬂ;y)} < 1,Since a+2p+y<l1.

n

S
s—1

Therefore  d(9,($), 9,(&)) < ——d(9,(£),9,(5) = O,

as m, n — o. Hence the sequence {g,} is a Cauchy sequence, X being complete. There
exists some p € X . Such that,

lim
g,(&) =u (%)
n—oo0

Further the continuity of E implies,

E{&, u()} = E(limgn(é)j =1imE {5, 9,(5)} = lim 9n. (&) = U(&).
Therefore u(§) is a fixed point of E.

Uniqueness: Let if possible there exists another fixed point v(§) of E in X (u(§) # v(§)) .
Then from (3.1) we have,

d(u(&), V(&) = d(E{&, u)} , E{& v(&))

" d(u() , E{5,U(&)}) [d (V&) , ES, V(E)}) + d (V(E), E{E,U(©)}) ]
B d(u(©),v(&)) + d(u(&), E{&v(&)}) + d (v(&), E{&.u(d)})

d (u() E{&,V(&)}) [d(u(€) ,ELS, u(€)}) + d (v(£), E{E,V(9))) ]
d(u(6).v(&)) + d(V(&),E{E.V(E)}) + d (v(&), E{,u()})

+y7d(u(),v())

+5

Thus, d(u(£),v($)) < a5 d(u($),v()) <d(u($),v(&))

Since y < 1.So u(&§) = v(§).This completes the proof.
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Theorem 3.2: Let E be a self mapping of a complete metric space (X, d). If for some
positive integer p, EP is continuous. Then E has a unique fixed point in X.

Proof: Let {g,} be a sequence which converges to some u € X. Therefore its subsequence
(gnk) also converges to u.

Also,

EP{S, u()} =E° lkimgnk (&)= lkirnEp {€, 90 (&)} = lIm e (€)= U(S).

k—o0

Therefore u(¢) is a fixed point of EP. We now show that

E{&,u(&)} = u($). Let m be the smallest positive integer such that

E™&E,u(é)} =u(é), and E® #u(&),1<qg<m-—1.Ifm> 1. Then by (3.1),
d (u(&),E{&,u()}) = d (E™ME U}, E{EU(@)}) = d(E(E™ &, u(d)}), E{&,u()})

d(E™E,u(@)}, EMEUEL) | d(u(€)  ELE,u@)}) +d (u(€),EM{E,u(©)}) |
(E™H&.u®)}, u@)+ d(E™M&u@)} . E{Eu(d)}) +d (u() , EME.ué)})

d(u@), E{Zu)}) < G

d(E™{&u()). ELLu@)) [d(E™ &) EMEu()}) +d (u©) . ELU©)) |
d(E" 16U} U()+d (UE) ELE U@+ d(u) , EMEu))

+7d(E"HE U} .u®)

__ d(ETHEUE@), u@) [d(u@) , BEGu@)) + d(u@).u@)]
d(E™HEUO)},U@))+d (E™HE, u©)}, ELEU(@)})+ d (u(g) ,u(®))

d(E™ {£,u(@)}, E(&,u(@))[d(E™ {&,u()},(u(©)))+d (u(@), E(&,u@)) |
d(E™H{&,u(®)},(u(®))[ d(E{&u®)},(u(®))+d (u@),u))]

+5

+rd (E™{&,u(6)} ,u®))
<(a +f ) d(EMHE U@}, u@) + (B) d(ELE u@®)}, u@))

[1- 8 1d(u(@) . E{& u@)}) < (a+ B+ ) d(E™{E u(d)}, u®)
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d (u(é) .ELE u(&)}) < {Lﬁ”} d(E™'{E, u(@)} , u(@)

-8
d(u(&),E{&, u(®)}) < sd(E™'{&, ud)},u)
Where,
.o {Lﬂﬂ} 1
1-p
Further

d(E"HE U@}, u) = d(E™E u@)l, EMHE Uy
<sd(E™'{E, u(@)} - BT, u(©)

<s™d (U@}, ELE u(©)))

Therefore,

d(u(&), E{&, u(®)}) <s™ d(u(&),E{&, u(é)}), Sincek <1, k™ < 1.
Hence,

d(u(®),E{5, u@)y) <s™ d(u(@), E{&, u&)}) <d (u(é),EL&, u)}),
This is a contradiction.
Therefore u(§) is a fixed point of E. i.e. E {E,u(§)} =u(§).
The uniqueness of the fixed point follows as in the theorem (3.1).

This completes the proof.

Theorem 3.3: Let E be a self mapping of a complete metric space X such that for some
positive integer m, E™ satisfies;

d(9(&), E™E,9()}) | d(h©), E™MENE)}) + d(h(&), E™E, g(&)}
d(E"{€ 9(9)} E"{E ho)) < a ( ) L )+ d( )]

d(9(&). h(&))+d(g(&), EME, &)} )+ d(h(&) ,ETE, 9(£)})

. d(9(&),E™&h(&)})] d(9(8),E™E, 9()})+d (h(£), E™{&, h(&)})]
d(g(&).h(&)+d(h(&) ,E™E, h(&)})+ d(h(&).E™E. 9()})

+7d(9(£),h())
for all g(§),h(§) €X, g(§)#h(§) and a.,p, v: R"— [0, 1)
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Such that .+ 2B+ y<1
If for some positive integer m, E™ is continuous then E has a unique fixed point in X.

Proof. E™ has unique fixed point u(§) in X follows from theorem (3.1).

E{S.u(d)} =E(E"(S, u()}) = E" (E(S, u(6)})
Which implies E{§, u(§)} is fixed point of E™, but E™ has unique fixed point u(§), so E{&,
u(©)} = u(c).

Since any fixed point of E is also a fixed point of E™, it follows that u(€) is unique fixed
point of E.

This completes the proof.

Theorem 3.4: Let E and F be a pair of self mappings of a complete metric space X,
satisfying the following conditions:

(9(&) .E{£,9(6)}) [d(h(&) . F{ENE}) + d (h(&) , E{E, 9(O)}) ]
d(9(&), h(&))+d(g(&), F{&, h(&)})+ d(h(&),ELE, g(&)})

d
d(E{, 9(&)), Fi& h(&)}) <@

d(9(), F{&,h)})[d (9(£),EL&, 9(9)})+d (h(£), Fig, h(£)})]
d(g(&) ., h(©)+d(h(&) .F{&, h(&)})+d(h(&).EiS, 9(8)})

+f

+7d(9(£).h(£))
for all g(€), h(§) €X, g(&) #h(§), a,B,y: R* = [0, 1), Such that
a+2p +y<l.
If E F is continuous on X then E and F have a unique common fixed point in X.

Proof : Let {g,} be a sequence defined as ;

E{£,9,,()}, When nis even

gn(g){p {£,9,.,(&}, When n is odd.

and ¢, (f) %0, (f) Jforalln.
Now,
d(g2n (é:)a gznﬂ(ég)) = d (E(f, g2n—1 (5))5 F(ég’ an(é:)))
" d(9,01(£) B, 0501 () [ A(950(E), FE, 000 (O1)+ d(0,0(E) LELE, Gay ()} ]
- d (gzn—l(ég), gzn(é:)) + d (92n—1 (5)’ F{ga an (é:)}) + d (gzn (5) H E{é:’ gzn—l(g)})

A (9201(E)s FLE.05,()}) [d(9201(E)s ELE, 0y (O)})+ d(9,,(8) . FLE, 9,0 (E)}) ]
d (gzn—] (5)7 an(f))"_ d (92n(§)a F{ga gn(é:)}) + d (QZn(é:) > E{é:a gn—l(éj)})

+p
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+7/ d (gzn—l (é:) b g2n (é:))

. 0(9201(9.9x(9)) [d(950(9), 9301 () + A (950 (E) .95, (D)) ]
d 2n-1 (5)5 gzn(g))'i_d (gzn—l (5)7 an+1 (5)) + d (g2n(§) > an (5))
d

(9
(9202(8): G2 (O)) [ A (G20 (€), 900 (E)) + A (954 (£) 1 Uy (O)) ]
d(9201(£):920(£))+d(920(£), 9301 () + d(9,,($).9,,(S))

+7/ d (gzn—l (95), gzn(ég))

+p

<a d (g2n—1 (é:)’ an(é:))_i— ﬁ[d (gzn—l (é:)a 92n (é))‘*‘ d (92n (é:): gzn+1(§)) :I
+ 7 0(0501():950(9))

Therefore,
[l_ﬂ ]d (an(é:) >gzn+1(§)) < (a + ﬂ)d (g2n—1(§)a gzn(é:))
0(G20(£) + 20 (€)) s[%} 0(20(9) 020 (&)
d(9,0(£),920.1(8)) <5d(9,,,(£) ,9,,(S))
Where
.o {Lﬂﬂ} -1
1-4
Similarly

d(95,(£) 1 950.1(£)) <570 (9;5(£), 9501 (£))

d(920(£) 8500 (£)) <57 d(9,(8) ,9,(S))
Hence

0(920:1(8)520.2($)) <7 d (9,(£) . 9,(D))
Hence the sequence {g,} is Cauchy sequence in X and X being complete,
There exists some U(S) € X such that]3 9,($) = u($).

n—o0

The subsequence {g,, } — U(<),

Now, If EF is continuous on X, then

EF {5, u(©)} = EF (im 9+ (&) =l1m . (6) = U(S)

k—o0 k—

Thus EF {&, u(&)} = u(é) ie.u(é)is a fixed point of EF.
Now we show that, F {&, u(&)} = u(é).If F{&, u(é)} = u(é),then
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d(u(g), F{&,u(@)}) = d(EF{S,u(&)}, F{&u)})

L, J(FIEU©))EFtE uE@)) [d(u(®),F{&,u)})+d (u(é),EF{Eu()}) |
T d(FLEUELUE))+d (FLE U] FLEUE)}) +d (U(€). EF £,u(&)})

d (F{&,u(6)} FI&u@)}) [d(FIU@)},EF (& u()})+d (FIE,u@)},u())]
d(F{E,u(@)},u(@))+d (u@), F{&,u()})+d (u(@), EF{&,u()})

+yd (F{&,u(&)},u($))
=ad (F{Eu(©)},u(@)) + yd (F{Eu(@)},u(@))
Therefore,
d(U(S), F{&,u(&)}) < (a+p+y)d(u(), Fi& u)}) <d (u(g), F{&,u)})
because(a+ f+y)<1

Hence

Fic,u(g)i=u(s)

Further
d(E{&, u(®)}, u®)) <d(E{&, u©)}, u(é))

Implies that E{&, u($)} = u($).
So u is a common fixed point of E and F.

Uniqueness: Let v(§) be another common fixed point of E and F. We have
d (u(£),v(&)) =d (E{S, u@)} ,F{&, v(5)})

_4(u@). EE.u(©)}) [d (V&) FIEVE)) +d (V&) ELE.U()})
- d (u(&),v(§))+d (u(&), F{&,v(&)})+d (v(&), E{5,u(d)})
d (u(©), FIEVE)) [d (u(®), ELEUE)})+d (V(E), FEV(E))]

d (u(€). V(&) +d (V&) FEVE)})+d (V(E). ELE.u(é)})

+yd (u($),v($))
Therefore,
d(u(&),v(&)) <yd(u(€),v(&)) <d (u(&),v(¢)) because(a + B+y) <1
This proves U(&)=V(<E).
This completes the proof.

+p
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