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We introduced the weak ideal convergence of new sequence spaces combining an infinite matrix of complex numbers and Musielak-
Orlicz function over normed spaces. We also study some topological properties and inclusion relation between these spaces.

1. Introduction

Throughout the paper w, €., ¢, ¢, and €, denote the classes
of all, bounded, convergent, null, and p-absolutely summable
sequences of complex numbers. The sets of natural numbers
and real numbers will be denoted by N, R, respectively, and
I will denote an admissible ideal in N; X, X* will denote
a normed linear space (X,|-||) and its continuous dual,
respectively. Many authors studied various sequence spaces
using normed or seminormed linear spaces. In this paper,
using an infinite matrix of complex numbers and the notion
of weak ideal, we aimed to introduce some new sequence
spaces with Musielak-Orlicz function in normed spaces. By
an ideal we mean a family I ¢ 2¥ of subsets of a nonempty
set Y satisfying the following: (i) ¢ € I; (ii) A,B € I imply
AUB e I;(iii) A € I, B ¢ Aimply B € I, while an admissible
ideal I of Y further satisfies {x} € I for each x € Y. The notion
of ideal convergence was introduced first by P. Kostyrko et al.
[1] as a generalization of statistical convergence. Given that
I c 2" is a nontrivial ideal in N, the sequence (x,,),.y in a
normed space (X; | - ||) is said to be I-convergent to x € X if,
for each e > 0,

A()={neN:|x,—x|>¢l el (1)

A sequence (x;) in a normed space (X, | - ||) is said to be I-
bounded if there exists L > 0 such that

{keN:|x|>L}el 2)

A sequence (x;) in a normed space (X, || - ||) is said to be I-
Cauchy if, for each € > 0, there exists a positive integer m =
m(e) such that

fneN:|x,—x,| >¢ €L (3)
Recently different classes of sequences have been introduced
using ideal convergence; see [2, 3]. Following [4, 5], Pehlivan
etal. [6] have introduced the concepts of weak I-convergence
and weak I-Cauchy sequence in a normed space and investi-
gated their basic properties. A sequence (x,,),,¢y in @ normed
space (X; || - |1) is said to be weak I-convergent to x € X if, for
each ¢ > 0 and for each f € X*, the set

A()={neN:|f(x,) - f(x)|>¢} el (4)

A sequence (x,,) in a normed space (X, |- ||) is said to be weak
I-bounded for each f € X* if there exists L > 0 such that

{keN:|f(x)| > L} el (5)

A sequence (x;) in a normed space (X, || - ||) is said to be weak
I-Cauchy if, for each € > 0 and for each f € X", there exists
a positive integer m = m(e) such that

{keN:|f(x) - f(x,)|>¢} el (6)

An Orlicz function is a function M : [0, 00) — [0, c0) which
is continuous, nondecreasing, and convex with M(0) = 0,



M(x) > 0for x > 0,and M(x) — oo,as x — oo.If
convexity of M is replaced by M(x + y) < M(x) + M(y),
then it is called a modulus function, introduced by Nakano
[7]. Ruckle [8] and Maddox [9] used the idea of a modulus
function to construct some spaces of complex sequences. An
Orlicz function M is said to satisfy A ,-condition for all values
of x > 0 if there exists a constant k > 0, such that M(2x) <
kM(x). The A ,-condition is equivalent to M(lx) < kIM(x)
for all values of x and for I > 1. Lindenstrauss and Tzafriri
[10] used the idea of an Orlicz function to define the following
sequence spaces:

S |x (k)
by = Y M , 7
M {xew kz::l ( B ><oo} (7)

which is a Banach space with the Luxemburg norm defined

by
. © | (k)|
= inf 0: Ym| =) <1t 8
x| = in «{p> k; ( , ) } (8)

The space £, is closely related to the space €, which is an
Orlicz sequence space with M(x) = xP for 1 < p < oo.
Recently different classes of sequences have been introduced
using Orlicz functions. See [11-14]. A sequence ./ = (M) of
Orlicz functions M, for all k € N is called a Musielak-Orlicz
function.

2. Definitions and Preliminaries

Let x = (x;) be a sequence; then S(x) denotes the set of all
permutations of the elements of (x;); that is,

S(x) = {(%,y) : 7 is @ permutation of N}. 9)

Definition 1. A sequence space E is said to be symmetric if
S(x) c Eforall x € E.

Definition 2. A sequence space E is said to be normal (or
solid) if (o x;) € E, whenever (x;) € E and for all sequence
(o) of scalars with |o | < 1 forall k € N.

Let K = {k; < k, < ---} € N and let E be a sequence
space. A K-step space of E is a sequence space Ay = {(xi) €
w : (k,) € E}. A canonical preimage of a sequence xy,, € A%
is a sequence y; € w defined as

if ke K

xk,
= 10
Yk {0, otherwise. (10)

A canonical preimage of a step space Ay is a set of
canonical preimages of all elements in A%; that is, y is
in canonical preimage of A% if and only if y is canonical
preimage of some x € A%.

Definition 3. A sequence space E is said to be monotone if E
contains the canonical preimages of all its step spaces.
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Lemma 4. Every normal space is monotone.

For any bounded sequence (p,) of positive numbers, we
have the following well known inequality.

If0 < p < suppr = Gand D = max(1,2°7"), then
la, + b,|P" < D(|a,|P" + |b,|P") for all k and ay, b, € C.

3. Main Results

In this section, we define some new weak ideal convergent
sequence spaces and investigate their linear topological struc-
tures. We find out some relations related to these sequence
spaces. Let w — I be a weak admissible ideal of N, let 4 =
(M) be a Musielak-Orlicz function, and let X and Y be two
nonempty subsets of the space w of complex sequences. Let
A= (akj), (k,j =1,2,3,...) be an infinite matrix of complex
numbers. We write Ax = (Aj(x)) ifAj(x) = Z,‘f:l Wiy X
converges for each j. Further, let p = (p,) be any bounded
sequence of positive real numbers:

m[A, M, p, 1]

= {xew(X):VS>O,\7’feX*,

f@g—lmu} y

for some p>0,l¢€ X},

{keN S

i1

mlA, A, p, |10

= {wa(X):V€>O,Vf€X*,

N'=

f®)
p

j=1

{M S

for some p > 0} ,

m[A, M, p, | ]

= {xew(X):

e

(o]
3K > 0 s.t. supZakj[Mj<
k j=1

f®)
P

for some p > 0} ,
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mlA, A, p, |1

= {wa(X):

JK > 0,s.t. <|k eN:

f®
P

zakj[Mj(

R

for some p >0 and each fEX*}.

(11
Let us consider a few special cases of the above sets.

DI M(x) = Milx) for all k € N, then the
above classes of sequences are denoted by m[A, M, p,

W10, mlA, M, p, |- 115~ m[A, M, p, || - ], and
m[A, M, p, || - 1“7, respectively.
2 If pp = 1 for all k € N, then the above

classes of sequences are denoted by m[A, 4, | - []1“~*
mlA, A\ - 157 mlA M| - o and mlA, A,
Il ||]z0_1, respectively.

(3) If My(x) = x forall k € Nand x € [0,00], then
the above classes of sequences are denoted by m[A, p,
1047, mlA, p, 11105~ mlA, p, - oo, and mA, p,
Il - ||]§;’ , respectively.

(4) If we take M.(x) = M(x) forallk e Nand A = (akj)
as

1

- k>j

;= 1k J (12)
0, otherwise,

then we denote the above classes of sequences by

m(C, M, p, |-~ m[C, M, p, I I]g ™", m[C, M, p. -

o> and m[C, M, p, || - II];_I, respectively.

(5) If we take M (x) = M(x) and A = (ay;) as

1

—, jel=|lk-A, +1,k

ay = e jeL.=| k ] (13)
0, otherwise,

where (A;) is a nondecreasing sequence of positive
numbers tending to 0o, A; = 1,and A, < A, + 1,
then we denote the above classes of sequences by
m(A, M, p, |- 117, m(A, M, p, || - 15", m[A, M, p,
I oo» and m[A, M, p, - 116"

(6) By alacunary 0 = (j,), r = 0,1,2,..., where j, = 0,
we will mean an increasing sequence of nonnegative
integers with j, — j,_;, — ocoasr — oco. The interval

determined by 0 will be denoted by I, = ]j,_;, j,] and
h, = j, = j,-p andlet A = () as

1

T j € I =1j —1> j >

akj _ hr J r ]]r 1 ]r] (14)
0, otherwise.

Then we denote the above classes of sequences by
m(0, M, p, || - 11", m(6, M, p, || - I, m(6, M, p,

I+ oo> and m[6, M, p, || - 1“7, respectively.

(7) If My(x) = M(x), for all k € Nand A = I, then
the above classes of sequences are denoted by m[M, p,

|- 07 mIMLp, - g™ mIM, pll - e and
m[M, p, || - 1“7, respectively.
Theorem 5. The spaces m[A, M, p,| - 1“7, m[A, .4, p,

I 187", and m[A, A, p, || - 1% are linear spaces.

Proof. We will prove the assertion for m[A, ./, p, ||-1¥~; the
others can be proved similarly. Assume that x = (x;), y =
(yr) e mlA, M, p, | - ||]0w_1, and «, 8 € C. Then, there exist p,
and p, such that the sets

By f@N", e
{keN.jzzlakj[Mj< o >] zz}el,
(15)
keN-i M fO) pj>f el
.j:1akj ] p2 _2 .

Since f is linear and the Orlicz function M is convex for all
j € N, the following inequality holds:
f (ax + By)

Zakj[Mj( ol py + 1Bl o )]Pf
DZ“w:ﬁHﬁWX

. |ﬁ|P2 [ (
+DZ k]|‘x|P1 lﬁlpz Mj

ora o, (L)

j=1 pl
)

f(x)
P1

f(y)
P2

)|
I

TAe))
P2

(o]
+ DLZakj[Mj (

j=1




where L = max{lalp,/(lelp; + 181p.), |Blpa/(lexlpy + 181p,)}-
On the other hand from the above inequality we get

oo

' {k e ey o, (|£22))] - } @

= P1

1Z[M(ﬁ|)]

Since the two sets on the right hand side belong to I, this
completes the proof. O

f (ax + By)
lecl oy + | B s

N m

Theorem 6. The spaces m[A, M, p,| - 1“7, ml[A, 4, p,
[l II]E;”, and m[A, M, p, || - II]ZJI are paranormed spaces with
respect to the paranorm g defined by
1/H
7]

<1 forsome p>0¢,

g(x) =inf  p": [Z%[Mj(
=

f®
P

(18)

where H = max{1, sup; p;}.

Proof. Clearly g(—x) = g(x) and g(x) = 0 © x = ©, where
© is the zero element of X. Let x = (x;) and y = (y,) €
mlA, M, p,|l - ||]8)_I. Then, for p > 0, we set

A
o

Letp, € A}, p, € A,,and p = p; + p,; then we have
00 pj
X+
ol ([5)
=1 p

00
< LZ%[ Mj( )
PLt Py P

)
-

fly
P1 +P2121 k][M]( 7

—
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. H
glx+y)= mf{(Pl +P2)Pk/ P EALP € Az}
. /H
< mf{(Pl)Pk ‘P € Al}
+ inf{(Pz)Pk/H ‘P € Az}

=g +g().
(20)

Let A' — A where A',A € C, and let g(x' - x) — 0as
t — 00. We have to show that g(/\txt—/\x) — Oast — oo.
We set

o= Jo gl ()] <1}
"~ t (21)
00 Py
A,{P;:;a,q[%(%)] }

Ifp, € Ayand p! € A, byusingnondecreasing and convexity
of the Orlicz function M; for all j € N, we obtain that
(A% = Ax)

o) Py
Am (L=
Z“’”[ J( A= Alp + M ol )]

S (A% = Ax)
< B PSS
2.4 [ j ( AT = Al p, + 1Al p}

. f(Ax' - Ax)
A=Al p + M pf

M -Ap §
S ; 121%' M;

Al py + Al py =

I}
f) )]p"

Pr
fx' -x)
1

Pr

|A| Ptl (o]

+W2[<

§

(22)

From the above inequality, it follows that

g%[M,. (

and consequently

f(Mxt - Ax)
IA' = Al + Al p}

pj
s

g(/\t ! —)Lx)

= inf{(|/\t - /\’pt + A ptl)Pk/H 1p € A3,,ot1 € A4}
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<=2 i { ()™ e AL

+ AP inf{(p:)Pk/H p e A4}
< max {|At - )t| , |At - A|Pk/H} g (xt)
+ max {Ml , Mlp"/H} g (xt - x) .
(24)
Note that g(xt) < glx)+ g(xt —x) forallt € N. Hence, by our
assumption, the right hand of (24) tendsto 0 ast — 00, and
the result follows. This completes the proof of the theorem.

O

Theorem 7. Let M = (Mj), M = (M}), and M =
Musielak-Orlicz functions. Then, the following hold:

(M;.') be

(@) mlA, ', p, |l - ™" < mlA - A p,) - N5
provided p = (py) be such that G, = inf p, > 0,

(b) m[A, ', p, || - N8 cmlA, '+ ", p, |- Y

Proof. (a) Let ¢ > 0 be given. Choose ¢ > 0 such that
supk(z;x:’1 ;) max{e’, 81GO} < &. Using the continuity of the
Orlicz function M, choose 0 < § < 1suchthat0 <t < §
implies that M(¢) < ¢;.

Let x = (x;) be any element in m[A, /AR pll- ||]f)”_1; put

o fren S ()] s | o

Then, by definition of ideal convergent, we have the set A5 €
I.Ifn ¢ A, then we have

P1

el (5] <o = [ (152 <
=>M;(|f/§1’“’ )<s

(26)

Using the continuity of the Orlicz function M; for all j and
the relation (26), we have
>] <ég. (27)

!
M; [M ; <
Consequently, we get

(L2 (S .1

= jozo;akj [MJM;< f;x) >]Pj <e

fx)
P1

J(x)

P1

(28)

This shows that

< !
<|k€ N : Zakj[Mij(

j=1

f(x)
P1

Pj
>] =€ QA(;EI. (29)
This proves the assertion.

(b) Let x = (x;) be any element in m[A, /AR pll- ||]g’71
Then, by the following inequality, the results follow:

gakj[(M; +M;’) <I% )]pj
>] (30)
)

Theorem 8. Let 0 < p; < gy for all k € N; then m[A, M, p,
I Moo € mlA, A, 1| - oo

PT’OOf Let x = (xJ) (S m[Aa-%ap) ” : "]oo
some p > 0 such that

fx)
P1

o [
j=1

P
O

; then there exists

0 Pj
supZakj[Mj< & )] < 0. (31)
k =1 P
This implies that
v ([£2)) <1 -
p

for sufficiently large value of j. Since M; for all j € N is
nondecreasing, we get

supZak] [ (
< supZak] [ ( B

kjl P

(33)

e

Thus, x € m[A, #,q, | - |]o- This completes the proof of the
theorem. O

Theorem 9. (i) If 0 < inf p, < p, < 1, then m[A, M, p,
I oo € mlA, A, - oo

(i) If 0 < pp < sup;pi < 0o, then m[A, M, | - o <
mlA, M, p, |l o

Proof. (i) Let x = (xj) € mlA, M, p,| -
inf; pr < pi < 1, then we have

oS () sspSo o

and hence x € m[A, 4, | - ||]o,

[lo; since 0 <

) <o

(34)

(x)




(ii) Let 0 < pj < sup;p, < 0o and x = (xj) € ml[A, M,
[l - l]s- Then for each 0 < & < 1 there exists a positive integer
Jjo such that

X
|>S£<1, (35)

supZaijj < M
k j=1

for all j > jj. This implies that

0 N L) e

j=1

=)
—l) <00
(36)
Thus x € m[A, M, p, |||, and this completes the proof. [

Theorem 10. For any sequence of Orlicz functions M = (M;)

which satisfies A ,-condition, one has m[A, p,| - n“rt c

mlA, A, p, |- 1],

Proof. Let x = (x;) € m[A, p, |- 1“7, and let £ > 0 be given.
Then, there exists p > 0 such that the set

{ke N:Zakj[Mj( f(92—1|>]1’f Zs} el -

j
for some I.

By taking yj = [(f(x)—1)/pl and let € > 0 and choose § with
0<6< 1 such that M;(t) < eforall je Nandfor0 <t <.
Consider

STt ()] =

j=1 j=Ly;<é j=Ly;>8
(38)
Since M ; is continuous for all n € N, we have
Pj
> M ()] < (39)

j€ly;<6

For yj > 0, we use the fact that y; < (yj/é) < 1+(yj/8), Since
M= (M j) is nondecreasing and conves, it follows that

Mj(yj)<Mj<1+%><%M () + M<§/]>. (40)

Since M/ = (M j) satisfies A ,-condition,
(y]) Ji S3IM; @)+ yf S5IM; (@) = yJLM (2). (41)

Hence

LAIE

j=1,yj>6

< max {1, sup(LS_le (2))17"]>
]' .
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By putting (39) and (42) in (38), we get

jiwj ()]

< &+ max {1,31;p(L5—1Mj (2));;1} ' > (yj)Pj‘
(43)
This proves that m[A, p, || - |]“™ ¢ m[A, 4, p,| - [1*7". O

Theorem 11. Let0 < p,
then

<q, < land let (q,/p,) be bounded;

mlA, M, q 1] < m[A,,p ] (44)

Proof. Let x = (x;) € m[A, M, q| - o we put y; =
[M;(I(f(x) = D/pD]¥ and B; = p;/q; for all j € N. Then
0 < pf; <1forallje N.LetBbesuchthat0 < f < B;
for all j € N. Define the sequences (aj) and (bj) as follows: for
yj 2 Lleta; = y;andb; = 0;for y; < lleta; = 0andb; = y;.
Then clearly, forall j € Nwehave y; = a; +b;, y] = aﬁ] +bﬁ /

af <a;<yjand bﬁj < bﬁ Therefore, we have

B
Zakjyj’ < Zak]-yj < [Zakjyj] . (45)
j=1 j=1 j=1
Hence x € m[A, 4, p, || - ] oo- O

Theorem 12. For any two sequences p = (p;) and q = (q) of
positive real numbers and for any two norms || - ||, and || - ||, on
X, the following holds:

Z[A M, p )N Z A Mg |,) #¢ (46)

1 w-I

w— w—I
where Z = m™ " ,my ", m_ ", and my,.

Proof. Proof of the theorem is obvious, because the zero
element belongs to each of the sequence spaces involved in
the intersection. O

Theorem 13. The sequence spaces Z[A, M, p, || - ||] are normal

as well as monotone, where Z = mB“_I ,ma

Proof. We will give the proof for m[A, 4, p, | - ||]g’_1 only. Let

x= (xj) emlA, M, p, |- ||]6“_I andlet« = (ocj) be a sequence
of scalars such that loj| <1 for all j € N. Then, we have

{keszakf[Mf< >]Pj}

P
(47)
00 p/-
c <|keN:EZakj[Mj(—>] }
= P
where E = max{l,lochG"}; hence, ax = (ocjxj €

mlA, M, p,|| - ||]6”_I. By Lemma 4, we have that the space

mlA, M, p,| - 11¥~" is monotone. O
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Note. It is clear from the definitions that

mlA, M, p, ]2 < m[A, 4, p, 1]
ot (48)
cm[A M, p, |5
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