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A stochastic delay predator-prey model in a polluted environment with impulsive toxicant input is proposed and studied. The
thresholds between stability in time average and extinction of each population are obtained. Some recent results are extended and
improved greatly. Several simulation figures are introduced to support the conclusions.

1. Introduction

Environmental pollution by industries, agriculture, and other
human activities is one of the most important socio-
ecological problems in the world today. Due to toxins in
the environment, lots of species have gone extinct, and
many are on the verge of extinction. Thus, controlling the
environmental pollution and the conservation of biodiversity
are the major focus areas of all the countries around the
world. This motivates scholars to study the effects of toxins
on populations and to find out a theoretical persistence-
extinction threshold.

Recently, a lot of population models in a polluted
environment have been proposed and investigated; here,
we may mention, among many others, [1-23]. Particularly,
Yang et al. [15] pointed out that in many cases toxicants
should be emitted in regular pulses, for example, the use
of pesticides and the pollution by heavy metals (see, e.g.,
[24]). Thus, they proposed the following two-species Lotka-
Volterra predator-prey system in a polluted environment with
impulsive toxicant input:

d

x;t(t) =x,(t) [rlo —111Cq0 (8) —ayyx; (t) — appx, (t)] i
d

x;t(t) =, (£) [y — 121Cop (£) + ayy % (t) — azpx, ()],
dCy (1)

dt =kC,(t) = (g, +m;) Cyy (1),

dcC,, (t)
% = k,C, (t) = (g, + my) Cyy (1),
dcC, (t)
—~ =—-hC, (1),

1 . (1)

t#ny, neZ,
Ax;(t) =0, AC,(t)=0, AC,(t)=b,
t=ny, neZ', i=1,2,

)

where all the parameters are positive constants and Af(t) =
f@") - f@), Z¥ = {1,2,...}; x,(t) and x,(¢): the size of
prey population and the predator population, respectively;
1;0: the intrinsic growth rate of the ith population without
toxicant; r,;: the ith population response to the pollutant
present in the organism; C,,(¢): the concentration of toxicant
in the ith organism; C,(t): the concentration of toxicant in the
environment; kC,(¢): the organism’s net uptake of toxicant
from the environment; gC;y(t) + mC;(t): the egestion and
depuration rates of the toxicant in the ith organism; hC,(t):
the toxicant loss from the environment itself by volatilization
and so on; y: the period of the impulsive effect about the
exogenous input of toxicant; b: the toxicant input amount at
every time.

Yang et al. [15] showed that in the following Lemma
holds.



Lemma 1. For system (1), define

~ ayrm Ky o oa K,
5 1= + ,

Y Y

Ay =119y — 390115

2
e 2)
" h(gi+m)
(@) Ifryy < r Ky /y, thenlim, _,, x;(t) =0,i=1,2.
() If ryy > r,K;/y and A, < A,, then limsup,

1t L
! Io x,(s)ds > 0 and x,(t) goes to extinction.

() IfAy > Ay, then limsup, ,  t" f; x;(s)ds > 0, i =
1,2.

Some interesting and important problems arise naturally.

(Q1) In the real world, the growth of species depends on
various environmental factors, such as temperature,
humidity and parasites and so forth. Therefore popu-
lation models should be stochastic rather than deter-
ministic (May [25]). Thus, what happens if model (1)
is subject to stochastic noises?

(Q2) In addition, time delays occur in almost every sit-
uation. Kuang [26] has pointed out that ignoring
time delays means ignoring reality. Therefore, what
happens if model (1) takes time delays into account?

(Q3) Can we improve the results given in Lemma 1?

The aim of this paper is to study the above problems. Suppose
that stochastic noises mainly affect the growth rates, with
o — T+ oBi(t) (see, e.g., [27-39]), where B;(t) is a white
noise and o is the intensity of the noise. Moreover, taking
time delays into account, we obtain the following model:

dx, (t) = x; (t) [r1g — 11:C1o (£) — a5, x; ()
—ay%, (t—7,)]dt + oyx, (£)dB, (t),
dx, (t) = x, (t) [~Ta9 — 72Cap (t) — apyx, (t)

+ay x; (t—1,)] dt + ayx, (t) dB, (1),

dc,, (t
%() =k, C, (t) = (g, +m;) Cyy (1),
dcC,, (t
%) = k,C, (t) = (g, + m,) Cyy (1),
dc, (t)
—€ 7 — _hC.(t ,
I . ()
t+ny, neZ',
Ax; (1) =0, ACy(t) =0,
AC,(t)=b, t=ny, ne zZ5 i=1,2,

(3)
with initial condition

x;(t)=¢;(t) >0, te[-1,0]; ¢;(0)>0,i=12, (4)
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where 7; > 0, T = max{7,, 7,}, ¢;(¢) is continuous on [-7,0].
Our main result is the following theorem.

Theorem 2. For system (3), define

2 2
0, =r,,—-050a;, 0,=ry+050,, A=a,a,+a,a,,

Ay =010y + 6,0y, A, =00y —0ha,

A ayr Ky _ apty K,

1=
Y Y

(5)

(i) If0, < r;1K,/y, then both x, and x, go to extinction
almost surely (a.s.); that is, lim, | . x;(t) =0 a.s., i =
1,2

(i) If 6, > r K /y and A, < A, then x,(t) goes to
extinction and x, is stable in time average a.s.; that is,

t _
lim ¢! J xy (s)ds = —61 UTLSY)

>0, a.s. (6)
t— +00 0 all

(iii) If A, > A,, then both x, and x, are stable in time
average a.s.

AI_AI

t
lim ¢ J x,(s)ds = >0, a.s.

t— +oo 0

7)

o A, - A
limtlsz(s)ds: 2A 250, as.

t— +oo 0

Remark 3. By comparing Lemma 1 with our Theorem 2, we
can see that on the one hand, ifo; =, =0and 7, =7, = 0,
then 0, = 1, A; = A,, i = 1,2, and our stochastic delay
system (3) becomes model (1); on the other hand, our results
in Theorem 2 improve that in Lemma 1. Lemma 1 shows that
the superior limit is positive, while Theorem 2 reveals that
the limit exists and gives the explicit form of the limit. The
contribution of this paper is therefore clear.

2. Proof

For the sake of simplicity, we introduce some notations:

R ={a=(a.a)cR |4 >0, i=1,2},

(fo))=t" Lt £ (s)ds;

t (8)
(f @) =timsupt™ | 7 (5) s,
t — +00 0

(f®). = liminf ™ th(s) ds.
t — 400 0

Lemma 4. For any given initial value ¢(t) = (P, (t), d,(t)) €
C([-7,0], Ri), there is a unique global positive solution x(t) =
(2, (1), xz(t))T to the first two equations of system (3) a.s.
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Proof. The proof is similar to Hung [29] by defining

Vx)= [x;-1-Ilnx;]| + ‘111_;122 [x, — 1 -1Inx,]
A
t (9)
+0.5a,; J xf (s)ds
-1,
and hence is omitted. O

To begin with, let us consider the following subsystem of

(3):

dcC,, (t
%() =k, C, (t) = (g, +my) Cyo (1),
dcC,, (t
%() = k,C, (t) = (g, + m,) Cyy (1),
t
dac, ( ) —_hC, (1),
dt (10)
t#ny, neZ,
ACy () =0, ACy () =0, AC,(t)=b,
t=ny, neZ,
0<C,(0)<1, 0<C,(0)<1.

Lemma 5 (see [13, 15]). System (10) has a unique positive y-
periodic solution (Elo(t), 520(t), ée(t))T, and for each solution
@10(t)>czo(t))cg(t))T gf (10), Clo(t) - 61o(t)» Czo(t) -
Cy(t), and C,(t) — C,(t) ast — 00. Moreover, C;y(t) >
C,o(t) and C,(t) > C,(t) forallt > 0if C;y(0) > C,o(0) and
C.(0) > 66(0), i=1,2, where

610 (1) = 610 (0) g~ (grtm)(t-ny)
k b( (gr+my)(t-ny) —h(t—ny))
(h -g, - ’”1) (1 _ e—hy)
Cp (t) = Cy (0) e Grm) =)
kyb (e-(gz+m2)(t—ny) _ e—h(t—ny))
' h
(h_gz_mz)(l—e— V)
— be*l’l(tfny) (11)
Ce (t) = 1_—6—}1]/’
—_ ( (g1+m1 —e hy)
Cy (0
10 ( ) (h 91 1) (1 — e_(91+m1 y) (1 —hy)
—_ 2 ( —(gy+my)y _e hy)
Cy (0) = (h 92— ) (1 - e—(gz+mz)y) (1 — e‘h)’)
C b

3
fort € (ny,(n+ 1)yl andn € Z*. In addition,
t . .
lim t_lj Cyy(s)ds = __ kb = E, i=1,2.
toreoJo h(gi+m)y v
(12)

Lemma 6 (see [34]). Suppose that x(t) € C[Q2x[0,+00), R, ].

(I) If there exist o and positive constants o, T such that
t n

Inx(f) < ot - 0 J x(ds+YBB @O (13)
0 i=1

for t > T, where B,(t) are independent standard
Brownian motions and [3; are constants, 1 < i < n,

then one has the following: if 0 > 0, then (x)* < o/a,
a.s;ifo <0, then lim, _, ,  x(t) =0 a.s.

(II) If there exist positive constants o, T and o such
that

Inx (t) > ot — 0, Jt x(s)ds+ iﬁiBi () (14)
0 i=1

fort > T, then (x), > d/o, a.s.

Now, let us consider the following auxiliary system:

dy, (t) = y1 (t) [r1o = 11:Cyo (8) — @y y, ()] dt

+o, 9, (1)dB, (1),
(15)

dy, (t) = y, (t) [=r29 = 121Cyp (£) + Ay, (t = 1,)

—ayy, ()] dt + ayy, (t)dB, (1),
with initial value ¢(t) € C([-7,0], Rz)

Lemma 7. If0, = r, -
y(t) of system (15) obeys

O.S(xf > 1, K, /vy, then the solution

0, -mikKi/y.

11

Jim, n ) =

tErPooyz ) =0as, if Ay<Ay (16)
hm (y, ) = —AZ as., if A,>A,.
ay19y

Proof. By Lemma 5,

t t
lim ¢ J Ci(s)ds = lim ' J C, (s)ds
t— +00 0 t — +00 0
17)
K;
=—, 1i=12
Y

Then, for all € > 0, there exists T' > 0 such that

K. K.
——e<{Cy(t))y<s—+e t>T,i=12 (18)
Y Y



An application of Itd’s formula to (15) yields

In y, (1) —1In y, (0)
t t
=0t -1, JO Ci(s)ds—ay, JO y(s)ds+ oy B, (1),
In y, (t) — In y, (0)

t
= —0,t — 1y J Cy (s)ds
0

t t
+ a5 L y(s—-1)ds-ay, Jo ¥, (s)ds + o, B, (t)

t

t
= —0,t — 1y, L Cy (8)ds + ay, J.o ¥y, (s)ds
t 0
- ay H ¥, (s) ds—J J2) (s)ds]
t-7, -1,

- ay, L ¥, (s)ds+ a,B, (t).
(19)

That is to say, we have shown that

t'In n® =0, =111 (Cyo (1)) —ay, (yy (1)) + t_l‘XlBl ()
¥1 (0)
(20)
- V2 (1) -1 [Jt 0
i 228 g @&—j (s)ds
7, (0) 21 o, P2 . N
21
=0, — 15, (Cy (1)) + ay (¥, (1)) @)
—ay (7, (1)) +1 @B, (1).
When (18) is used in (20), we can see that for t > T,
I ¥ (1) <0, - mkK; +rye
7 (0) 14 (22)
—ay () +t "o B, (1),
In » () >0, - Ky riie
»n(0) 14 (23)
—a; {(y () + t_1“1B1 ().
Let € be sufficiently small such that 6, — |, K,/y — r;;€ > 0.

Making use of (I) and (II) in Lemma 6 to (22) and (23),
respectively, we have

() < Dbl
ap (24)
(n (t)>* > 0, —ruKi/y - 7’115.
an
It then follows from the arbitrariness of ¢ that
Jim (5, () = G orkily (25)

11
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Substituting (17) and (25) into (20) and noting that lim, _, ,
t_lBl(t) = 0, one can derive that
. -1 _
tkrpoot Iny, (1) =0, as. (26)

Employing (20) and (21) in the expression a,; In(y,(t)/
¥1(0)) + a;, In(y,(t)/ y,(0)) yields

—1 Y2 (t) )’1 (t)
In 7, 0) +a21t 50)
= A, -1,y (Cyo () — ryyay, (Cye (1))
—ay 4y (¥, () (27)

0

t
_ t’lana21 Ht_ ¥, (s)ds — I

7 ds]
+t! [y &, B, (t) + a;,0,B, (1)] .

In view of (25), we get

lim t
t — +00

t
- Li ¥y (s)ds

t t-1,
- (JO b4 (s)ds - JO N (s) ds) =0, a.s.
(28)

= lim ¢t
t— +00

By (17), (26), (27), and (28), for all € > 0, there exists T > 0
such that, fort > T,

711 el ® Z2—Z2+5_‘1115‘22 ()’2 (t)>
¥, (0) (29)
+t " [ay0,B, (t) +a;,0,B, )],
o n®) -+
ant lnm >0, =0y —e—apay (1) (30)

+t " [ay0,B, (t) +a;,0,B, ()] .

If A, < A,, then we can choose ¢ sufficiently small such that
A, —A, +¢& < 0. Then, by (29) and (I) in Lemma 6, we obtain
lim, o, ¥,(t) = 0as. If A, > A,, then we can choose ¢
sufficiently small such that A, — A, — & > 0. An application of
(I) and (II) in Lemma 6 to (29) and (30), respectively, makes
one observe that

A, -A, - A, +e

<), <) < —, a.s.
411922 ’ 2 11922
(31
Therefore, using the arbitrariness of € results in
hm (y, ) = A2 a.s (32)
’ 011“22 N
This completes the proof. O

We are now in the position to prove our main results.
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Proof of Theorem 2. Applying Itd’s formula to (3) leads to

Inx, (t) - lnx, (0)
t t
=0t -1, J Cip(s)ds —ay, j x; (s)ds
0 0

t
—ap, J X, (s —7,)ds+ By (¢)
0

t t (33)
=0t -1, J Cip(s)ds —ay, J x, (s)ds
0 0

0

+ay, [L_T X, (s)ds - J_T X, (8) ds]

—-ap, Jo x; (s)ds+a,B; (t).
In x, (t) — Inx, (0)

t t
=-0,t -1y, J Cy (s)ds + ay; J x; (s)ds
0 0

0

f (34)
can | x@ds- [ xas)

t
—ay JO x, (s)ds +a,B, (t).

(i) It follows from (17) and (33) that

t'Inx, (t) -t 'Inx, (0)

< 91 - <C10 (t)> —an <x1 (t)> * @ (35)
(XIB] (t)

SGI—r“TKl+s—au(xl(t))+ .

for sufficiently large t. Since 6, — r;K;/A < 0, then we can
choose ¢ sufficiently small such that 8, — r;;K;/A + & < 0.
Then, by (I) in Lemma 6,

tgrpooxl (t) =0, as. (36)

When (36) is used in (34), one can see that
ln x, (1) = Inx, (0) < =0, + & —ay, (x, (t)) + 06th2 (t)
(37)

for sufficiently large t, where & > 0 obeys -8, + & < 0. In view
of Lemma 6 again, lim, _, ,  x,(t) =0, a.s.
(ii) By the stochastic comparison theorem [40], one can
observe that
x () <y, (1), x, (1) <y, (1). (38)
Note that 6, > r,,K,/y and A, < A,; it then follows from
Lemma 7 that lim, _, ,,¥,(f) = 0, a.s. Making use of (38)

gives lim, _, ,  x,(t) = 0, a.s. Thus, for all £ > 0, there exists
T > 0 such that, fort > T,

sﬁﬂﬂo_g. (39)

N | M

Substituting the above inequalities into (33) and then using
(18), we obtain

t ' Inx; (t) <t Inx, (0) +6; —ryy (Cy ()

_%d%a»+§+ﬂ%ﬁg
<6, _ kK, +2e—ap (x; @) + %l(t))
y (40)
t'Inx, (1) =t ' Inx, (0)+6, -1y, (Cyo (®)
—ay, (x, (1)) - g + %l(t)
>0, - o )+ %ﬂf)_
y (41)

Let & be sufficiently small such that 0, — r;,K;/y —¢ > 0,
and then, applying (I) and (II) in Lemma 6 to (40) and (41),
respectively, one can see that

G-kl =2e oy, < ()

ap;
o (42)
-r Ky /y+2
S M a.s.
an
An application of the arbitrariness of & gives

0, - K

Jim (x, @) = M, a.s. (43)

11

(iii) Clearly, A, > A, implies 6, > r,,K,/y, and then, by
Lemma 7,

. _ A, -4,
Jm, Guop= 2R
Thus, similar to the proof of (28), we get
t
lim ¢! J ¥, (s)ds =0 as. (45)
t — +00 t-1
Therefore, by (26), (28), and (38), we can observe that
. -1 . -1
lirE il(;lopt Inx, (t) < tEert Iny, (t) =0, (46)
t
lim ¢ J x,(s)ds =0,
t— 400 t-1,
(47)

t
lim ¢ I x,(s)ds =0, as.
t—+00 t-1,



Employing (33) and (34) in the expression a,, In(x,(t)/
x,(0)) + ay; In(x,(t)/x,(0)) yields

xq (t) 1

x; (0) "

x, (t)
n
x, (0)

t'a, In

0

t
= apa,t [J; x, (s)ds — J x, (s) ds]

0 (48)

t
—ayayt [J x, (s)ds - J x; (s) ds]
t—1, -T,
+ 52 —an <C10 (t)> —an'y <C20 (t)>
—A{x, (t)) +t 'ay B, (t) +t 'ay,0,B, (t).
When (18), (46) and (47), are used in (48), one can obtain

;‘22((8 SR, - —c-Alx, (O)

t'a;, In

(49)
+ t71%1“131 (t) + t71a11a232 (1)

for sufficiently large ¢, where & > 0 obeys A, — A, —& > 0. It
then follows from (II) in Lemma 6 that

A, —¢€

A, —
(x, (1)), > 22" B2 7€ (50)
A
By virtue of the arbitrariness of €, we can see that
A, —A
(x, (1), 2 == (51)

Consequently, for every 0 < & < a;,(A,~A,)/A, thereis T > 0
such that

—-& t>T.
(52)

ayy (%, () = app(x,), —€ >

Substituting the above inequality into (33) and then using (18)
and (47), one can see that

ap, (A, - A
tillnxl(t)sel— 12( 2 2)+3£
% (0) A
t
—ayt J x, (s)ds +t o, B, ()
0
_ (51 _K1)

t
= ——" +3e— autf1 J x, (s)ds
A 0

+t "o B, (t)
(53)

for sufficiently large t. Since A, — A; > 0, and then, by
Lemma 6 and the arbitrariness of &, one can observe that

El_zl
A .

(x; (1)) < (54)
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When this inequality, (18) and (47), are used in (34), we can
see that
R, -4,
A

t1n + 3¢

x, (t) <
—<-0,+a
x, (0) 2 T ay

t
—ayt ™! L x, (s)ds +t 'a,B, (t)

ay (A, - A t
= M +3e—apt J x, (s)ds
A 0
+t 7o, B, (t)
(55)

for sufficiently large ¢. Then, it follows from Lemma 6 and the
arbitrariness of ¢ that
(x,(1)" < AZ;AZ. (56)

Substituting the above inequality and (18) into (33), we get

A, -4,
A

x, (t)
X1 0)

t'In >0, —ap, -3¢

t
—ayt! L x, (s)ds +t ', B, (t)

a; (A=A t
- M_%_aut—lj x, (s) ds
A 0
+t o B, ()
(57)

for sufficiently large t. By (II) in Lemma 6 and the arbitrari-
ness of € again, we obtain

AI_Al
A .

(x, (1)), = (58)

Then, the required assertion follows from (51), (54), (56), and
(58). O

3. Numerical Simulations

Let us use the famous Milstein method (see, e.g., [41]) to
illustrate the analytical results.

To begin with, we choose r, = 0.85, r,, = 0.05, r; =
ry =1,a,=04, a,=04,a,,=03,a,,=03,7, =3,1, =
8,05 =01,k =g, =m; =0.1,i=1,2h=050b=0.6,and
y = 12. Then,

kb
h(g; +m;)
A, = 1198y, — Tdy; = 0.235 > A, (59)

K.

1

= 0.6,

_ ayr Ky
14

K
At _ o35,
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1.4 0.7
1.2 0.6 +
1
0.8
0.6
0.4
0.2
0 L L L
0 20 40 60 80 100 0 500 1000 1500
Time Time
— x0) —x Xy (9)ds
— x(t) — X
(a) (b)
1.8
1.6
1.4
1.2 R R T T : :
\ 1 ¥ | |} 1 1
i}‘ AR '.‘.Llj“hl ‘iy \lnml,il i nhrli ,.
0.8 AL BRI L I P 1
0.6 AETITRTEY Re e :
(G TL A L TIA T AR A LA
04 w, b A L’ VRV l'n‘~ 'H"l‘ r’| ]
0.2 ,
0 1 1 1 1
0 200 400 600 800 1000
Time
— X — ! I; x1(s)ds
— X, — ¢! Jg x,(s)ds

(c)

FIGURE 1: Solutions of system (3) for r, = 0.85, 7, = 0.05,7,; =15, = 1,a;, = 0.4,a,, = 04,4, =03,a,, = 03,7, = 3,7, = 8,2 = 0.1,
k=g =m; =01,i=12h=05b=067y =12 x,(0) = 0.9, x,(0) = 0.5, Cy(0) = C,(0) = 0.1, and step size At = 0.001. (a) is with

of /2 = 0.82; (b) is with o /2 = 0.65; () is with o /2 = 0.2.
By (¢) in Lemma 1, the solution of model (1) obeys

t t
limsup ™' J x,(s)ds >0, lim sup ¢~ J x, (s)ds > 0.
t— +00 0 t— +00 0

(60)

However, when the white noises are taken into account, the
properties of the system may be changed greatly. In Figure 1,
we let the coefficients be same with the above. The only
difference between conditions of Figures 1(a), 1(b), and 1(c)

is that the value of (xf is different. In Figure 1(a), we choose
ocf /2 = 0.82. Therefore,

2

o K
6, =rig- > =003 < 2

= 0.05. (61)

Then, by (i) in Theorem 2, both x, and x, are extinctive.

Figure 1(a) confirms these. In Figure 1(b), we choose (xf /2 =
0.65. That is to say 6, = 02 > r;K;/y = 0.05

and A, =0.02 < A, = 0.035. It then follows from (ii) in



1.4

1.2

0.8 H

0.6

0.4

0.2

Time

— X1

FIGURE 2: Solutions of system (3) for r,, = 0.85, r,, = 0.05, r;; =
ry = 1,a, =04,a, =04,a,, =03,a,, =03, 7, =3, 1, =8,
o =04, =01,k =g, =m =0.1,i=12h=05Db=06,
y = 0.8, x,(0) = 0.9, x,(0) = 0.5, Cy(0) = C,(0) = 0.1, and step size
At = 0.001.

Theorem 2 that x, is extinctive and x; is stable in time
average:

-mK/y

Jim (x, (1) = 6, = 0.375. (62)
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See Figure 1(b). In Figure 1(c), we choose ocf/Z = 0.2. Then,
A, =0.155 > A, = 0.035. In view of (iii) in Theorem 2, we
can obtain that both x; and x, are stable in time average:

) A, —-A, 024
dm, G ) = =57 = 5 7 b
o ' (63)
A,-A, 0.12
li Hy="="2_"2_-_""1_05,
Jim (% (6) A 0.24

Figure 1(c) confirms these.

In Figure 2, we choose r;, = 0.85, 1, = 0.05, r; =
ry = 1, azll =04,a,, = 04,a,, =03,a,, =03, 7, =3,
T, =8a =040 =01,k =g, =m =01,i =12,
h = 0.5, and b = 0.6. The only difference between conditions
of Figures 1(c) and 2 is that the value of y is different. In
Figure 2, we choose y = 0.8. Then, 0, = 0.65 < r|K,/y =
0.75. It follows from (i) in Theorem 2 that both x, and x, are
extinctive. Figure 2 confirms these. By comparing Figure 1(c)
with Figure 2, one can see that the impulsive period y plays a
key role in determining the stability in time average and the
extinction of the species.

4. Conclusions and Future Directions

This paper is concerned with stochastic delay predator-prey
model in a polluted environment with impulsive toxicant

Abstract and Applied Analysis

input. For each species, the threshold between stability in
time average and extinction is established. Some recent
results are improved and extended. Our Theorem 2 reveals
some interesting and important results.

(A) Firstly, time delay is harmless for stability in time
average and extinction of the stochastic system (3).

(B) The white noise «;dB; (t) and ar,d B, (t) can change the
properties of the system greatly.

(C) The impulsive period y plays an important role in
determining the stability in time average and the
extinction of the species.

Some interesting questions deserve further investiga-
tions. One may consider some more realistic but more
complex systems, for example, stochastic delay model with
Markov switching (see, e.g., [30, 32, 39]). It is also interesting
to investigate what happens if a;; is stochastic.
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