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Abstract—This paper presents a more precise model for compu- imbalance performance of the motor is classified based on the
tation of three-phase squirrel cage induction machine inductances type of the rotation of the rotor inside the stator bore. These are
under different eccentric conditions. Generally, available tech- described as follows:
niques are based on the winding function theory and simplification
and geometrical approximation of unsymmetrical models of the 1) Static Eccentricity (SE)Static rotor eccentricity occurs
motor under mixed eccentricities. This paper determines a precise when the rotor rotates about its own centerline, but this
geometrical model under the mixed eccentricity conditions and centerline does not coincide with that of the stator bore.

evaluates the inductances. Meanwhile, the evaluated inductances 2 D ic E tricity (DE)D . t tricit
are compared to those calculated using different approximate ) Dynamic Eccentricity (DE)Dynamic rotor eccentricity

geometrical models and the best approximation is recommended (DE) occurs when the rotor rotates about the centerline
for a geometrical modeling of induction motor under eccentricity of the stator bore, but this centerline does not coincide
conditions. with that of the rotor itself. The result is that the position
Index Terms—inductance computation, rotor and stator eccen- of the minimum air-gap rotates with the rotor.
tricities, three phases induction motor, winding function approach. 3) Mixed Eccentricity (ME)In this case, both rotor symmet-
rical and mechanical rotation centerlines are displaced in-
NOMENCLATURE dividually in respect to the stator symmetrical centerline.

) ) It is deduced that in the static eccentricity the functions of
0 Rotor angle (in mechanical degree) air-gap length and its average radius from the stator center are
Rotor circumferential angle _ not constant but are independent of the rotor angular position
r(¢,0)  Average radius of air-gap in nonsymmetrical condigyq\yever, in the dynamic eccentricity, in addition to the nonfixed
tions functions, they depend on the rotor angular position. The role

g(p,0)  Air-gap length in nonsymmetrical conditions of these functions in the inductance calculation leads to more
9o Air-gap length in symmetrical conditions  cympjicated equations and computations compared to the case
To Mean radius of air-gap for symmetrical condition i, \yhich the stator and rotor centerlines coincide. Thus, in all

l Lengthl of stack. cases (SE, DE and ME), geometrical model of the motor is un-
Iy Stator |nn.er r.adlus . » symmetrical and the air-gap is not uniform. Also, the air-gap
Ry Rotor radius in eccentric condition mean radius is a function of the rotor circumferential angle [2].
R, Rotor radius in symmetrical condition This leads to complicated equations describing the motor. How-
b SE coefficient ever, efficient traditional techniques such as d—q model may not
b4 DE coefficient

be used for solving the electro-dynamic equations of the motor.
Many papers have been published concerning the electric mo-
tors performance with eccentricity of the rotor and stator center-
lines. In [2], [4] this has been solved from unbalance magnetic
pull (UMP) computation point of view. In [5]-[7] the winding
functions are used in order to estimate the inductances of the
motor analytically.

Recently, a three-phase induction motor has been analyzed
NDUCTION motors have small air-gap and they are vulnd simulated in the ME case using finite element (FE) tech-
nerable to slight variations in the dimensions of the motorsique. Generally, two approaches have been used to analyze

The nonuniform air-gap distorts the air-gap flux density distrthe motor performance. The first is the magnetic field computa-
bution giving rise to harmonic traveling waves of flux densitytion and the second is the direct computation of the inductances.
Although some approaches could significantly reduce the magie magnetic field computation is based on the numerical tech-
netic force wave relevant to the eccentricity that induced distariques such as finite elements [1]-[3], [7]. In direct computa-
tion of the air-gap flux density, the rotor remains eccentric. Thi®n [5], [6], [8], these inductances may be then used to predict
the performance of the motor. The major difference in various

N; (¢,6) Winding function of winding

n; (¢,0) Turn function of winding

g Pitch of slot containing winding

A(p,0) Geometrical function of induction motor
L;; (#)  Mutual inductances between windingndj

I. INTRODUCTION
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ously, this approach is more precise and reliable, which takes
into account more harmonics [8]. However, all available tech-
nigues simplify the geometrical model of the motor by approxi-
mating the inverse length and mean radius of the air-gap. These
approximations are applied in several stages, from geometrical
evaluation of these functions up to the determining the inverse
of the air-gap length.

This paper determines a precise geometrical model of induc-
tion motor for general ME condition. The approximate models i .
for SE and DE, used in different papers, are extended for a gen- | S5, T ﬂ
eral ME condition. By comparing these models, an approximate 5 S
model is recommended which is more precise than the avail- 5sg_u—>
able models without increasing the computation time. Itis noted
that the calculation is limitted to the geometry and several otheg. 1. Cross-section of induction motor for ME condition.
physical problems such as local saturation and leakage flux have
not peen con5|d§red. Finally, evaluated inductances using t{ﬂé rotor circle equation in stator frame, the following equation
precise geometrical model are compared to the calculatedé i be written by referring to Fig. 2.
ductances using other approximate models and the advantage

of the proposed technique is emphasized. (& — gobs — goba cos 0)2 ¥ (y— godasind)? = R%. (2

[l. A PRECISEGEOMETRICAL MODEL OF INDUCTION MOTOR  |ntersection of (2) and ling = xtany leads to the following
FORME CONDITION equation: See equation (3) at the bottom of the page.Referring

Different inductances of induction motor can be calculate@ (1) and (3), the following equation is obtained: See equation
based on the multiple coupled circuit model using winding funé4) at the bottom of the page.In order to describe the geometrical
tionS, air-gap |ength and mean radius inverse functions. ObW.OdEL the geometrical characteristic is defined as follows:
ously, the winding functions of the stator winding and rotor rings 0
of the motor do not change in eccentric conditions compared to A(p,0) = g0 7(:6) . 5)
the symmetrical condition. However, the inverse functions of the r0 9 (#,0)

air-gap Iengt_h and the mean radius will change with reSPeChiBation of this function for a 4 poles, 11 kW induction motor
the symmetrical case. It is intended to calculate these two fun

. . . X With specifications given in Appendix A [5] in different eccen-
tions analytically, which express the geometrical model of tqﬁcity conditions, has been shown in Fig. 3
motor. Fig. 1 shows the geometrical model of induction motor ’ o
for unsymmetrical condition. lll. A PPROXIMATE GEOMETRICAL MODELS FORINDUCTION
Referring to Fig. 1, the length and the mean radius of the
MOTOR WITH ECCENTRICITY CONDITIONS

air-gap inverse functions are as follows:

) . The first and the simplest approximation that has been used
9(p.8) — Ri_Ra(2.0) (1) for analysis of induction motor in eccentric condition is as fol-
r(p,0) = R1+R22(<p79)_ lows:

In order to describe the geometrical model of the matr, ((p,0) = R,. (6)
versus the rotor circumferential andlg) and the rotation angle
in mechanical degrg@) must be calculated. The length®$ at Thus, the geometrical characteristic of motor is simplified as
an anglep is obtained by intersection of the rotor circle equation
andy = z tan ¢ line, while the rotor has angk with respect I+ EQTgOO Cos ¢ + ‘SZdTgOO cos (¢ — )

to the mechanical reference (stator axes). In order to determine A1 (p,0) = 1—é5co8p —d4cos(p—0) @
Ry (¢, 0) =b5g0 cos ¢ + bago cos (¢ — 8) + ( (p,0)
C(p,0) :\/RE — (6290 sin @) — (8agosin (¢ — 0))* — 26,6492 cos f). (3)
{9(% 6)~" = (R1 — 8,90 cos  — dago cos(¢ — 0) — ((i0,6)) ™" @)
r(p,0)71 = 0.5 x (R1 — 6:90 cos ¢ + 8ago cos(o — 0) + ((¢,0)) .
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A motor for a general mixed eccentricity. For this purpose, the in-
Y 0 verse function of the air-gap length is converted as
/ﬂ 4 1 B 1
0 0 > x 1—6scosnp—6scos(<p—9)_1—6(9)cos(<p—®(6){)
m 1
where:

Fig. 2. Position of symmetrical axes and rotor rotation in the stator §(0) = /62 + 63 +_25d68 cos f (12)

coordinates,(0, the rotor axes and)w is the rotor rotation axes and @(0) = tan—! 6?&5%

s d

00, = gobs andOOw = goé.

Based on (11) and (12), this extension is carried out. Thus, ex-
A fmentoness) tension of the geometrical modeling techniques corresponding
to A, andAj yields:

—— DE=25%

—— SE=40% 6 9
—— DE=25%,SE=40% 1 A2(¢76):< + (2)‘]0 COS((p @(9))>
70
1 1-6 (9)
X
/ 2
= 1-46(6) 1-6(0
phi(rad)
Fig. 3. Variation of geometrical characteristic of an induction motor over X €os (tp © <6))> (13)
reference mechanical angle) in different eccentricity conditions.
o . . i LoV (9)2
To calculate UMP in induction motor with static eccentricity, (p,0)
Dorrell [2] has shown that: \/1 —6(0 \/ 1-
1 _ 1 X cos (¢ — G) (24)
1 -6, /162 : .
s €089 L= whereé(6) and® are calculated according to (12). Fig. 4 com-

the actual model and it shows that model is only 1 to 2%
more accurate than mod&}, while computational time is con-
Although Dorrel has used an infinite series for his UMP evakiderably longer.
uation, others employ the first two terms of the winding func- Fig. 4 indicates that the errors of 2nd and 3rd techniques in
tion. For instance, for dynamic analysis of the dynamic eccegte condition are same when 3rd technique has more computa-
tricity, Joksimovic [5] has employed a geometrical model givefion. In the remaining part, it is shown that if the air-gap mean

— 52 .
(1 i Z < — /1 =62 ) cos ms@) ) pares the percentage of error for these two models in respect to

by radius is ignored and instead one term of expansion of series
~ 8490 (8) isincluded, a precise geometrical model is obtained without
Ao (p,0) = (1 + —0 cos (¢ — 0)) change of computation time. Therefore:
X 1 +2 L dcos(p—0)]. (9) — 6 <6
V1-062 \/— Ay (o —— cos (p—0(0))
\/7 —5(0)
This model made approximation up to the 2nd harmonic as
described below. 1—4/1-6 (9)2
To analyze static and dynamic eccentricity of induction and +2 | —F—=——=—] cos(2p—20(0)). (15)
synchronous motors, a simple geometrical characteristic of the 1-96 (9)2

motor has been used in [6], and by neglecting the variation of

the airgap mean radius, it is considered by Fig. 5 compares the relative error of this model with made

As seen, the error of the proposed model is 2 to 3 times lower

~ 1 1 —\/1-62 than other models.
As (¢,0) = L cos(p—10) | .
V1- 53 V1—=063
(10) V. INDUCTANCES OFINDUCTION MOTOR FORECCENTRICITY
This model only takes into account the first harmonic for ge- CONDITIONS
ometrical model of the motor a&; + by cos (¢ — 6). Generally, MMF of the air-gap produced by current of

~ Non of these models describe different eccentricity condyinding A at angley in respect to the stationary stator reference
tions comprehensively and each one presents dynamic or stgfigiven by

eccentricity. An attempt has been made to extend the model pre-
sented by Dorrell into a precise geometrical model of induction Fy(p,8) =Na(p,&)ia. (16)
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Fig. 4. Comparison of relative error of geometrical modelsandA ;.
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Fig. 5. Comparison of relative error of the suggested models.

WhereN 4 (¢, £) is the winding function of windingd. Refer- ns(turns)
ring to Fig. 1, the differential of magnetic flux due to winding T2
A which crosses the corresponding air-gap over apgte 84
56
AU = II/OFA (Q07 f) T (<P, E) dwdf (17) Lol
9(¢,8)
Whereg (p, &) is the air-gap length, and(y, {) is the mean %0 2 ohi(rad) * ¢
radius of the air-gap. The differential of flux-linkage between
winding A and B is calculated as follows: Fig. 6. Turns functions of the stator phase A.
T N . nr(turns
aw OO Ny (.6 ns (9. iadipde (18) S

BA =08 '

whereng (@, £) is the turns function of windin@. Taking into
account the rotor mechanical angle:

+1/2 2T r
LBA:NO/ / <(p7€)NA (W?f)nB ((P/f)d(pdf %o 2 phiragy ? 6
0

—1/2 g (QO, f)
(19) Fig. 7. Turns functions of the rotor loop 1
If the center lines of stator and rotor are in parallel and the rotor” " P

bars are assumed in parallel to the stator center line and sym-

metric around the center line and symmetric around the rof@ﬂnd'ng MMF are tak.e.n |nto-account. A salient feature of this
cylinder, (19) will be written as: technigue is its capability to simulate the mechanical asymmetry

and fault of stator and rotor windings. The winding function
2T (g, €) used in this work takes into account the linear variation of MMF
Lpa = pol /0 7 (0.0 Nale.&)np (.€) dpds. (20) o the siots. Figs. 6 and 7 show the turn functions of the motor.

It is noted that generally.z (, &) cannot be replaced by
Np (p,€) in (20) and this assumption is valid for symmetrical

and uniform air-gap. Using the geometrical characteristic of the!n this section, inductances of the induction motor for dif-
motor leads to: ferent eccentric conditions (SE, DE and ME) are calculated.

o This is carried out using the precise geometrical mddel
Lpa = uol/ A, &) Na (0,8 np (. &) dede. (21) the approximate geometrical model of Joksimawig), and the
Jo ’ ' suggested approximate geometrical mddel).
All inductances of induction motor can be calculated from
(21) using winding functions and geometrical characteristic @f Self- and Mutual Inductances of Stator Phases
the motor. The winding function method is an analytical tech- In symmetrical case, these inductances are independent of the
nique in the actual space in which all space harmonics of thetor mechanical angle. Generally, in ME case they are function

V. CALCULATION OF INDUCTANCES
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Fig. 8. Mutual inductance between phase A and B of stator Ddp:= %25, Bottom: DE = 25%, SE = 40%).
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Fig. 9. Self inductance of rotor loop 1IDE = 25%, SE = 40%).
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Fig. 10. Mutual inductance between the first loop of the rotor and stator phab&eAL{ 25%, SE = 40%).

of 6. It can be shown that inZp pole induction motor taking into B. Self- and Mutual Inductances of the Rotor Loops

accounty + 1 harmonics and above, the andlappears inthe |t is clear that the inductance between rotor turns in DE case
stator inductances calculation. The weaker approximationsigfindependent of the rotor angle. But in SE case it is a function
geometrical model leads to a linear rise of the inductance cogt-angles. Fig. 9 presents the self-inductance of the first turn of
pared to the symmetrical case. It is noted that in SE case th@s€ rotor in ME case.

inductances are independenttbfFig. 8 shows the mutual in-

ductance between phase A and B of the stator. It indicates tkat Mutual Inductances between Rotor and Stator

the suggested geometrical model largely increases the accuragyig. 10 shows the mutual inductance between the first rotor
of the inductance calculation. As shown in this figure, the myoop of and phase a of the stator for different eccentric cases. As
tual inductances of stator phase in the dynamic eccentricity aeeen, the suggested approximate geometrical model agrees well
tained by the proposed and exact models, depends fygaut  with the results of the precise model.

these inductances are independend dfthe model presented Mutual inductances between the stator phases and the rotor
in [9] is used. turns are not equal to the mutual inductances between the rotor



FAIZ et al. A PRECISE EVALUATION OF INDUCTANCES OF A SQUIRREL-CAGE INDUCTION MOTOR 257

x 10”

x 10
Ler H) LsrA1 (H)
1.5F 1.5F
0.5 0.5
-0.5 -0.5
5 1 2 3 4 5 8 15 1 2 3 4 5 6
teta (rad) teta (rad)
Fig. 11. Mutual inductance between stator phase A and the first loop of the Bulfoe 25%, SE = 40%).
TABLE | [3] M.J.DeBortoli, S. J. Salon, and C. J. Slavic, “Effect of rotor eccentricity
SPECIFICATIONS OF THEPROPOSEDINDUCTION MOTOR and parallel winding on induction machine behavior: A study using fi-

nite element analysis[EEE Trans on Magneti¢ssol. 29, no. 2, pp.
1676-1682, March 1993.

[4] A. C. Smith and D. G. Dorrell, “Calculation and measurement of un-
balanced magnetic pull in cage induction motors with eccentric rotor:

Output power 11 kW Part I: Analytical model,"lEE Proceedingspt. B, vol. 143, no. 3, pp.

L 11 cm 202-210, May 1996.

r 8.2cm [5] G. M. Joksimovic, J. Penman, and N. Arthur, “Dynamic simulation

Number of stator slots 48 of dynamic eccentricity in induction machines-winding function

Number of winding turns per phase group 4 approach,”|EEE Trans. on Energy Conversiprol. 15, no. 2, pp.

Number of turns per winding 28 143-149, June 2000. '

Number of rotor bars 40 [6] S. Nandl, H. A. ‘Tollya_t, and A. G. Parlos, “Pe_rforman_c_e analysis of
x a single phase induction motor under eccentric conditions/EBE

View angle of stator bars against the stator center % Industry Application Society Annual Meetin@ctober 5-9, 1997, pp.

210-218.

[7] H. A. Toliyat, M. S. Arefeen, and A. G. Parlos, “A method for dynamic
simulation and detection of air-gap eccentricity in induction machines,”
IEEE Trans. on Industry Applicationgol. 32, no. 4, pp. 631-636, 1996.

[8] S. Nandi, “Fault Analysis for Condition Monitoring of Induction Mo-

turns and stator phases, for different eccentricities. Fig. 11 tors, Ph_.D. Dlssertatlon_, Department of Electrical Engineering, Texas

. . A&M Univ., College Station, TX, May 2000.
shows the mutual inductance between the stator and the fls[tg] G. M. Joksimovic. D. M. Durovic. and B. A. Obradovic. “Skew and
turn of the rotor. These figures also indicate the accuracy of the linear rise of MMF across slot modeling-winding function approach,”
roposed technique. IEEE Trans. on Energy Conversipwol. 14, no. 3, pp. 315-320,
prop q September 1999.

VI. CONCLUSIONS

Although the number of terms in the proposed geometrical
model is the same as the model given in [9], the method pre-
sented in this paper is more accurate, as shown in Figs. 8-11.
This leads to an improved performance prediction of inductigiawad Faiz(M'90, SM'93) received the Bachelor and Master's degrees in elec-

P trical engineering from Tabriz University in Iran in 1974 and 1975 respectively
motor. It has also been shown that by taking into accuhll graduating with First Class Honors. He received the Ph.D. degree in Electrical

harmonics, the influence of angfeapprears in the calculation engineering from the University of Newcastle upon Tyne, England in 1988.
of the stator inductances. This results an increase in the aceafy in his career, he served as a faculty member in Tabriz University for 10

: ; ; ; rs. After obtaining Ph.D. degree he rejoined Tabriz University where he held
racy of CaICUIatmg machine inductances. Thus, in the analyﬁgposition of Assistant Professor from 1988 to 1992, Associate Professor from

of induction motors having large number of poles, a precise gf92 to 1997, and has been a Professor since 1998. Since February 1999 he has
ometrical model must be used or extra terms of the expanshmn v_vorking asa Professor at the D_epar_tment of Electrice}l and Computer En-
given by Dorrel must be considered gineering, Faculty of Engineering, University of Tehran. He is the author of 115
’ publications in international journals and conference proceedings. Dr. Faiz is
a Senior Member of Power Engineering, Industry Applications, Power Elec-
APPENDIX tronics, Industrial Electronics, Education and Magnetics Societies of the IEEE.
He is also a member of Iran Academy of Science. His teaching and research in-
SPECIFICATIONS OF THEPROPOSEDINDUCTION MOTOR terests are in switched reluctance and VR motors design, and design and mod-
See Table 1. eling of electrical machines and drives.

REFERENCES

[1] X. Lou et al, “Multiple coupled circuit modeling in induction ma-
chines,” in Proceedings of the IEEE IAS Annual Meetingl. 1,

Toronto, Canada, 1993, pp. 203-210.

[2] D.G.Dorrell, W.T. Thomson, and S. Roach, “Combined effects of statitnan Tabatabaei Ardekaneiobtained B.Sc. degree from Department of Elec-
and dynamic eccentricity and airgap flux waves and the application tfcal and Computer engineering of Tehran University in control engineering in
current monitoring to detect dynamic eccentricity in 3-phase inductia2000. He is currently working toward his M.Sc. degree in the same university.
motors,” inIEE Conference on Electrical Machines and Driy@995, His research interests include induction machine modeling, induction machine
pp. 151-155. analysis under fault conditions and Interior Permanent Magnet machine control.



258 IEEE TRANSACTIONS ON ENERGY CONVERSION, VOL. 18, NO. 2, JUNE 2003

Hamid A. Toliyat (S'87-M'91-SM'96) received the B.S, degree from Sharif
University of Technology, Tehran, Iran in 1982, the M.S. degree from West Vir-
ginia University, Morgantown, WV in 1986, and the Ph.D. degree from Univer-
sity of Wisconsin-Madison, Madison, WI in 1991, all in electrical engineering.
He is currently a professor in the Department of Electrical Engineering, Texas
A&M University. He has received the Texas A&M Select Young Investigator
Award in 1999, and Eugene Webb Faculty Fellow Award in 2000. He has also
received the Space Act Award by NASA in 1999, and the Schlumberger Foun-
dation Technical Award in 2000 and 2001. Dr. Toliyat is an Editor of IEEE
Transactions on Energy Conversion, an Associate Editor of IEEE Transactions
on Power Electronics, and a member of the Editorial Board of Electric Machines
and Power Systems Journal. He is serving on several IEEE committees and sub-
committees, and is a member of Sigma Xi. He is the recipient of the 1996 IEEE
Power Engineering Society Prize Paper Award. His main research interests and
experience include multi-phase variable speed drives for traction and propul-
sion applications, fault diagnosis of electric machinery, analysis and design of
electrical machines, and sensorless variable speed drives.



	Index: 
	CCC: 0-7803-5957-7/00/$10.00 © 2000 IEEE
	ccc: 0-7803-5957-7/00/$10.00 © 2000 IEEE
	cce: 0-7803-5957-7/00/$10.00 © 2000 IEEE
	index: 
	INDEX: 
	ind: 


