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Abstract— We consider a two-point boundary value
problem (TPBVP) in orbital mechanics involving a small
body (e.g., a spacecraft or asteroid) and N larger bodies.
The least action principle TPBVP formulation is con-
verted into an initial value problem via the addition of
an appropriate terminal cost to the action functional.
The latter formulation is used to obtain a fundamental
solution, which may be used to solve the TPBVP for a
variety of boundary conditions within a certain class. In
particular, the method of convex duality allows one to
interpret the least action principle as a differential game,
where an opposing player maximizes over an indexed
set of quadratics to yield the gravitational potential. The
fundamental solution is obtained as a set of solutions of
associated Riccati equations.

I. INTRODUCTION

We examine the motion of a single body under the
influence of the gravitational potential generated by N
other celestial bodies, where the mass of the first body
is negligible relative to the masses of the other bodies,
and we suppose that the N large bodies are on known
trajectories. The single, small body follows a trajectory
satisfying the principle of stationary action (c.f., [5], [6]),
where under certain conditions, the stationary-action
trajectory coincides with the least-action trajectory. This
allows problems in dynamics to be posed, instead, in
terms of optimal control problems with vastly simplified
dynamics. In particular, one may convert two-point
boundary-value problems (TPBVPs) for a dynamical
system into initial value problems. From the solution
of a reachability problem, we develop the fundamental
solution for a class of TPBVPs.

Although the gravitational potential does not take the
form of a quadratic function, one may take a dynamic
game approach, which allows the inner optimization
problem to be posed in a linear-quadratic form. In par-
ticular, the problem is converted into a differential game
where one player controls the velocity, and the opposing
player controls the potential energy term (c.f., [1], [3]).
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It will be demonstrated that for the case where the
time duration is less than a specified bound, the action
functional is strictly convex in the velocity control. For
any potential energy control, the minimizing trajectory
is the unique stationary point, and the least action is
obtained by solution of associated Riccati equations.
The fundamental solution takes the form of a finite-
dimensional set of Riccati equation solutions. For any
TPBVP in a certain class, the solution is obtained by
taking the maximum of a corresponding linear functional
over that same finite-dimensional set.

II. PROBLEM STATEMENT AND FUNDAMENTAL
SOLUTION

We consider a single body, moving among a set of
N other bodies in space, IR" = IR3. The only forces
to be considered are gravitational. The single body
has negligible mass in relation to the masses of the
other bodies, and consequently has no effect on their
motion. In particular, we suppose that the N bodies
are moving along already-known trajectories. We will
obtain fundamental solutions of TPBVPs for the motion
of the small body. Although the small body might be
any object, for the sake of concreteness, henceforth we
will refer to it as the “spacecraft”.

The set of N bodies may be indexed as N =]1, N[=
{1,2,---, N}. Throughout, for integers a < b, we will
use ]a, b[ to denote {a,a +1,--- ,b—1,b}. Let p; and
R; denote the (uniform) density and radius of each body
for i € \V. Obviously, the mass of each body is given by
m; = 37p;R}. Let ¢} = (*(r) denote the position of the
center of body i at time r € [0, 00). We suppose that =
{Chien € 2 = {{Clien [¢" € C([0,00); R") Vi €
N}. We assume that collision between bodies does not
occur. So, letting ¥ = {{y'}icar € R™™ [|y" — ¢7| >
%E Vi # j}, we define the subset of Z as Z = {( €
Z|¢ € C([0,00); V) } where R = max;en R;.

For simplicity, the spacecraft is considered as a point
particle with mass ms. Suppose that the position of the
spacecraft at time r is denoted by &,., where also, we
will use x € IR™ to denote generic position values. Let
t > 0. We model the dynamics of the spacecraft position



as
50 =, Vr € (Ovt)a (1)

where u = u. € U™ with US" = Ly([s,t); R™).
The kinetic energy, 7', is given by

& = Uy,

T(v) = LoT(m LJo = mgfol> Yoe R, ()

where I,, denotes the identity matrix of size n.

Given i € N and Y = {y'};cn € Y, the potential
energy between the spacecraft at x and body i at Y,
Vi(z,y'), is given by

2 2 .
T (2.4) = {Grrzims?’Ri_2;3_‘1’| if z € Bg,(y"),
— Z.:L'7y = G ) i . i
Gomim it & ¢ Br, (),

where G is the universal gravitational constant. We
define the total potential energy V:R'xY —
R" as V(z,Y) = >, . Vi(x,y"). We remark that
we include the gravitational potential here within the
extended bodies as the finiteness and smoothness of the
potential are relevant at technical points in the theory,
in spite of the infeasibility of spacecraft trajectories that
pass through the bodies.

We remind the reader that we will obtain fundamental
solutions for the TPBVPs through a game-theoretic for-
mulation. The game will appear through application of
a generalization of convex duality to a control-problem
formulation. With that in mind, we define the action
functional, J9 : [0,00) x R" x U%* x Z — IR, as

t
Jo(t,x,u7<) :/ T(ur) _V(é-T?CT) d?‘, (3)
0

where V.=V /my and T = T /m,.

Attaching a terminal cost to J° will yield a TPBVP,
where we will control the terminal condition in the
TPBVP with this terminal cost, and we will have initial
condition £, = =z. For background on this approach
to TPBVPs for conservative systems, see [11]. Given

generic terminal cost, ¥ : IR™ — IR, let

j(t7 Z,u, C) = J()(t’ Z,u, C) =+ 7/_’(&)7
Wite,Q)= inf {J(tzu(}. @

Suppose that the desired destination of the spacecraft is
denoted by z € IR", i.e., & = z. Then, we define a
reachability problem of interest via the value function
W :[0,00) x R™ x Z x R™ — IR by

W(t,z,(, 2)
o . (1) holds with
_uérl/l{%t{J (t,z,u,() So=x2,& =2 } » ©)

and the function W : [0,0) x IR" X Z — IR by
(Wt ¢ +0=)}. ©

Theorem 2.1: The value function W of (4) and the
function W of (6) are equivalent. That is,

W(t,z,¢) = W(t,z,C)
forallt >0, x € IR", and ¢ € Z.

We note that due to paper-length issues, we include
only a subset of the proofs here. In particular, we include
critical, non-trivial proofs only.

It is seen that given W, the value function W of (4)
for any terminal cost @) can be evaluated via (6). There-
fore, W may be regarded as fundamental to the solution
of TPBVPs arising from the given orbital dynamics. For
the development of the fundamental solution, it is useful
to firstly introduce a terminal cost which takes the form
of min-plus delta-function.

Let 9> : IR™ x R™ — [0,00] (where we take
[0, 00] = [0, 00) U {+00}) be given by

V2(y,2) =6 (y — 2),

where 6~ denotes the min-plus “delta-function” (c.f.,
[4], [10]) given by

—,yv- )0 ify=0,
() _{ oo otherwise.

Wi(t,z,¢) = _in

R™

We define the finite time-horizon payoff, J> : [0, c0) x
R™ x U x R™ — IR U {400}, by

joo(t’x’u7<’ Z) i Jo(t’ 'r)u7 C) +woo(£t7z)7
and the corresponding value function as

W (te,G2) = inf J¥(Lwu(z), ()

where ¢ satisfies (1). Then, we have:

Theorem 2.2: The value function W~ of (7) and W
of (5) are equivalent. That is,

W=(t2,¢2) = W(ta,¢2) <00 ()
forallt >0, z,z€ IR" and ¢ € Z.

III. OPTIMAL CONTROL PROBLEM

For the development of fundamental solutions to
optimal control problem (4), we will define the value
function W*° with the quadratic form of terminal cost
1¢ and demonstrate that the limit property such that
lim,_yoo W =W~ holds.

For ¢ € [0,00), let ¥¢ : IR™ x IR™ — [0, 00) be given
by

e(z,2) = g\x — 2%



We define the finite time-horizon payoff, J¢ : [0, 00) x
R" xU% x Z x IR™ — IR, by
Tt @ u, G 2) = Tt z,u,0) + 96 2),  9)

where JO is given by (3) and its corresponding value
function by

Wc(tu'r7g7z) = inf(;tjc(t,$7u,<-72)7

(10)
ueUd

where (1) holds. o
From the definition of V, one can easily see that there
exist K, K} < oo such that

| _V(‘T)Y) +V(£7Y)| S KL|£ _:E‘7
V(2,Y)| < KL (1 +|x)
for all x,z € IR™ and Y € ).

(L1)
(L2)

A. A limit property
Let ¢t > 0. Suppose that given z, z € IR", the straight-
line control from z to z is given by u? = (1/t)[z — «]

for all r € [0, t], and we let the corresponding trajectory
be denoted by £°. Then,

il = o+ [z
0
r r r
<lal + gle —al < (14 35 ) lal + 512

< L+t (2] + |2]) = Da(t)(Jx] + |2])
for all € [0,¢]. Hence, by (L2),

Y

ti t
—/ V(e G dr SKz/ 1+ 1€l dr
0 0

t
K} [H/ |§f|dr],
0

< KL [t + 1Dy () (] +|2])]
which since Dy (t) > 1 for all ¢ > 0,

< KptDi(t)(1 + || + |2])

= K (t+ 1)1+ |z] +|2])

= Do(t)(1 + |z] + |2]).

which by (11),

(12)
Noting that £ = z, given ¢ € [0, 00),
We(t,,C,2) = Jo(t,2,u%, ¢, 2) = JO(t, 2, 0%, C),
which by the definition of »*® and (12),

< glz — 2> + Da(t)(1 + || + |2)

< Lllz| + 2|2 + Da(t) (1 + |z| +|2]),
which since 2ab < a? + b2 for all a,b>0,

< e + 127

+D() (2 + gl + 5|2%),

which implies that there exists D3 = D3(t) < oo such
that

W*(t,2,¢,2) = J°(t,w,u’, G, 2) < Da(L+ [ +|2P).

(13)
Suppose that given ¢ € [0,00) and € € (0,1], there
exists u®¢ € U such that

Je(t, z,uc,C, 2) SWc(t,x,C,z)—i—a (14)

Let £ be the trajectory corresponding to u“<. By the
non-negativity of 7' and -V,

51607 — 2 < Tt @,ut, ¢, 2)
<Wi(t2,¢,2) +e,
which by the sub-optimality of u® with respect to w°,
< Wi(t,a,(,2) +e,
which by (13),
< Ds(1+ |af* +[2*) + 1,
which since a? + b2 < (a + b)? for a,b > 0,
< Ds(1+[a] + |2))% + 1
< (VDs(1+ [z] + |2]) + 1)%, (15)
which implies that there exists D = D(t) < oo such
that .
D(1 + || + |2[)

7 . (16)

|6 — 2 <

Let

gt =upt e - €7, Yrelod], (a7

which yields £7° = z where £ denotes the trajectory
corresponding to 4. Then, by (16) and (17),

rf)(l + |z| + |2])

. 1 (7
CE__¢GE| < _ ¢GE dp =
=& < 5 [ le=i*lap o
(18)
for all r € [0,¢]. Also, by (L1) and (18),
t
/—V( ce )+ V(EF, ¢) dr (19)
0

KrD(1+ |z| +|2))t

t
<Ky [ |eot - éoslar <
<k [ e - éoar < R

By non-negativity of —V and v°,

t
%”UC’EHQLQ(OJ) :/O Tu&)dr < Jo(t,z,u™c,(,c)
< Wc(t,:m(,z) +e

which implies that by (15) and (16),

14Nl La0,0) < DL+ 2] + |2]).- 20)



Noting that |a|> = [b]?| < |a — b| [la| + |b]] for a,b €
R",

t
/TWﬂfN%ﬂw
0

I X X
< g [ e =gl + gl an

which by (17) and the triangle inequality,
1 c,e ! c 1 c,e
< gl =] [ 2l gle— 6 an
which by applying Holder’s inequality,

]' C,E C.E C,E
< 5le = €1 2Vl a0 + 12— €71]
which by (16) and (20),

D2 D2
[ (1+ ||+ |2])?

vet + 2ct

D()(1 + |z] + |2|)?
\/E )
for all 2,z € IR™ and all ¢ € [, 00) with an appropriate
choice of D = D(t) < co. Therefore, by (19), (21), and
non-negativity of ¥¢, we have
JE(t, w,uc, ¢, z) — JO(t z, 0%, ¢, 2)

- D+ |2+ |2)* KD+ x|+ |z])t

- Ve 2y/c

o _Da@®)( A+ |z +]2])?

= Ve
for proper choice of D, (t) < oo. This implies
Jo(t w,u", ¢, 2)

IN

21

Da(t)(1 + |z] +|2])®

ZWOO(LI?C,Z)* \/E )
and further, since this is true for all ¢ € (0, 1], by (14),
We(t,,¢,2)
— oo D4(t)(1 2
> (1,2, 2) — 2D HED o)

Ve
Further, by the definitions of W and W™ and (22),
~ Da(t)(1 + || + |2])°
Ve
<W(t,2,¢,2) S W (t,2,¢, 2)
for all z,z € R", ( € Z,t > 0, and ¢ > %

1
immediately implies:
Lemma 3.1: For t € (0,1),

Woo(t’z7 C? Z) = lim Wc(t7x7 C?Z)

c— 00

W™(t,2,¢,2)

This

= sup W'(t,z,(,2).
c€[0,00)

where the convergence is uniform on compact subsets
of [0,%) x R™ x Z x IR™.

B. Dynamic game approach to gravitation

Recall that V' does not take a linear-quadratic form
in the position variable. In the case where the potential
energy takes a linear-quadratic form, the fundamental
solution will be obtained through the solution of asso-
ciated Riccati equations. Therefore, one may take a dy-
namic game approach to gravitation, whereby opponent
controls maximize over an indexed set of quadratics to
yield the potential. This requires an additional max-plus
integral, over the opponent controls, beyond that which
is required in the purely linear-quadratic potential case.
Consider f : (0,00) — IR is given by f(d) = d—/2.
Then, by the convex duality (c.f., [7], [8], [9]), we may
represent

f(d) =sup [Bd+a(B)] Ve (0,00,  @23)
B<0
where
a(B) = —sup [Bd~ f(d)] VB € (~o0,0).
d>0

Further, since Bﬁ —f (c?) is strictly convex, the maximum
is achieved at d = (23)~%/2 so that

a(B) = —3(28)"/* VB € (—o0,0).
Letting 3 = —f and d2 = d, (23) becomes

L=sup |3(28)"/3 - pd*|, Vd>0. (24)

d B>0
We note that £(23)1/3—Bd? is strictly concave in 3 > 0
and the maximum is attained at § = %d_?’. Therefore,
we may rewrite (24) as

l=" sup 3(28)Y3 — Bd?|, Vd>0. (25)

BE(0,1/2d-3]

For the case that |x — y*| > R;, applying (25) to (3),

_ , Gm;
~Vilz,y') = - (26)
|z —y'|
=Gm; sup [3(28)" = Bl —y'?].
Be(0,1/2R;?]

We note that for € Bp,(y'), letting 3 = 1R; >, we
also obtain the same form as the argument of supremum
in (26), i.e.,
3R} — |z —y'|?

2R3
= Gm; [3(26)1/3 —Blz - yﬂ . @7

~Vi(z,y") =Gm;



Therefore, combining (26) and (27) yields
_Vi ([E, yl)

sup
Be(0,1/2R;?]

[3026)"% = Blo — P

for all ,y’ € IR™. Letting & = \/2(25)1/3, we find

/\3 9
fo- S ]
]

(28)

~Vi(z,y") = sup
a€(0,4/2/3R; 1

for all z,y" € IR™ where p; = Gm; (%)3/2~
C. Revisit payoff

Let

A={a={a"Vien| o' € (0,/2/3R;]

Then, using (28), the potential energy,
represented by

=) Vi(z,Y)

Vi e N}
—V, may be

= glgj({_‘?(xv Y, O‘)}

iEN
(29)
where
Y .)3 a2
V(z,Y,a) =Y |z — '
iEN

Further, (9) may be written as
jc(t7 x? u7 §7 Z)

¢
= [ T - Ve G ar+ v ) (0)

0

t
:/ T(uy) + max{—=V (&, ¢, )} dr + ¢°(&, 2).(31)
0 acA

Given t > 0, let A" = C([0,1]; A). Also, we replace the
time-indenpendent potential energy function, V', with

—Ve(r,z,Y) = —17(30, Y, a,)

N i\3
3ot - 2,
=1

Given ¢ € [0,00), let J¢: [0,00) x R™ x U x A x
Z x IR™ — IR be given by

—y'1?|. 32)

J(t, x, u, a0, C, 2)
t
- /0 T(up) =V (r, &, G) dr +9°(&, 2). (33)

Theorem 3.2: Lett > 0, z,z € IR", and ( € Z. For
any u € U%F,

Jo(t,z,u,(,2) = max JO(tz,u,0,(,2) - (34)

Further,

Wit ¢ 2) = inf max J(t2,u,0,¢,2). (35)

Proof: Given u € U%!, ¢ denotes the state
trajectory corresponding to u with & =z € IR". Given
t >0, z,z € R" and ( € Z, any «, is suboptimal
in the maximization in (31) for any r € [0,¢] and any
a € A, and in particular,

jc(t,(E,'u,,C,Z)
t o~
> / T(uy) + max{—V (&, G} dr + 0°(&, 2)
0 ac At
t
= m}/ T(ur) — V(. &, &) dr + 0°(6, 2)
_néa%](tmuac,) (36)

Let Y € YV and &a* : IR™ x
a*(z,Y) = {[a*

: _ R — A be given by
J'(z,y") yienr Where

—x1i iy o’ i
@) = e o= Sl -y
a€(0,4/2/3R; 1]
(37
for all z,y° € IR" and all i € N. Let of =

1| i € N} where it" element of

a*(ru., ) = {[a

o’ is given by
7]t =16 Gr) Vrefot]. (38

Given s,r € [0,¢] and i € N, let d. = |, — ¢!| and
d’ = |¢,—C?|. The continuity of trajectories implies that
given ¢4 > 0, there exists 0% = 65(e4) < oo such that
|r — s| < & implies |d! — di| < g4. Assuming R; > 1,
one can easily see that given e4 > 0, |[af]" — [a}]?| < €4
if |[r — s| < &7%. Since this is true for all 7, s € [0,¢] and
i € N, a* is continuous on [0,t] so that a* € AS.
Hence, by (29), (32), (37) and (38),

—V(§7-, CI) = _Va* (’I“, g’rv CI) Vr € [Oa t] (39)

and by (30)-(31), (33), and (39),

Tt @ u, ¢ 2) = J(tw,u,0",(, 2)
< max J°(t, z,u,a,(,2)  (40)
ac At
Consequently, combining (36) and (40) yields (34),
which immediately implies (35) |
D. Existence of optimal u

Lemma 3.3: Let t € (0,00), z,z € R™, ¢ € [0,00),

and ¢ € Z. Let uf € Y% and the corresponding
trajectory be denoted by ¢T. Let o = o (riul,¢) =
a*(&l,¢,) for all » € [0,t] where a* is given in (37).
Then, ' is a critical point of J¢(t, x, -, (, 2) if and only
if u' is a critical point of J¢(t,z, -, a*,(, 2).



Lemma 3.4: Let
—1/2

t=

3
ieN &,
Let z,2 € IR", ¢ € [0,00), a € A, and ¢ € Z. Then,
if t € (0,%), J°(t, z,u,a, (, z) is strictly convex in wu.
Proof: Letu,v € Ut and 6 > 0. In order to prove
the convexity of J¢, we need to examine second-order
differences in the direction of v from wu. Note that &
denotes the state trajectory corresponding to u and &+
denotes the one corresponding to u + dv given by

fj:§r+5/ v,dp Vr e (0,t).
0

We examine each of differences separately. The first-
order difference of kinetic energy term is given by

(41)

T(uy + 6vp) — T(uy) = 3, + 60> — u,?
52
= ov]u, + ?|1/T|2 (42)
for r € [0,t]. Given a € A?,

_Va(r €+ Cr) + Va(r7 5r7 CT)
=) e “Z [|£T G2 -6t —<i|2]

ieEN
which by (41),
Gyt ( / updp>
0
2
N ,U"L ‘/ I/pdp
16/\/

=—0 Z :uz
IEN

Lastly, the first-order difference of terminal cost term is

given by

V(& 2) — PO (&, 2)
t 2
=0c(§ — z)T/O v dr + %

(43)

2
. (44)

t
c
/ vy dr
0

Using (42) — (44) and its analogous version with —dv
replacing dv, we obtains

[J(t, x,u+ dv, e, (, 2) +
—2J“(t x,u,,(,2)]/2

/ o, = pila

iEN

2
/ v, dr
0

f/|vr|2—2zuz

r 2
[/ A dp] dr
ieN

which by Holder inequality for the inner integral,

']C(t7x7u - 61/) Q, Ca Z)

/ v, dp

2
dr

52c
2

>7/ |Vr| _QTZ,LLL

1EN
By integration by parts,

t T
/27"/ [v,|? dpdr
0 0
2 M fad [T
:t/|1/,,| drf/r—/h/\dpdr
0 o drJo”
¢ ¢ t
:tQ/ |VT|2d7“—/ r2|ur|2d7“§t2/ vy | dr.
0 0 0

We note that since . € (0, /2/3R; "] for all r € [0, ]

3/ v, |? dp dr.(45)
0

(46)

and i € NV,
Gml .
Do)t <Y o = (47)
iEN iEN ’
Employing (46) and (47) into (45) yields
[Je(t, z,u + v, a, (, )—|—Jc(t T, u—o0v,,(, z)

—2J¢(t,z,u, 0, C, 2)

>{/ v dr—KRtQ/ |1/T|2dr}

1)
2—[1—[(315}/ v, | dr >0
2 0
if t <t = /1/Kg and v # 0. Since this is true
for all direction v from any u € U%?, we see that
J(t, z,u, o, (, 2) is strictly convex in u. [ ]

Corollary 3.5: Let 7,z € IR", ¢ € [0,0), and ¢ €
Z. Then, if t € (0,t), J¢(t,z,u,(, z) is strictly convex
in u.

Combining Lemma 3.3, 3.4 and Corollay 3.5 imme-
diately yields the following.

Lemma 3.6: For ¢t € (0,t) and ¢ € [0,00), u* is the
optimal control for J¢(t,x,-,(,2) if and only if u* is
the optimal control for J¢(¢,x,-, a*,(, z) where a* is
given by (38).

We now proceed to consider the game where the order
of infimum and supremum are reversed. For ¢ € [0, oo],
let

We(t,x,(,z) = sup inf Jt,z,u,,(, 2)
ac At ueUOt

= sup Wh(t, 2, ¢, 2).
acAt

Lemma 3.7: Forallt >0,c>0,x,z € IR",and ¢ €
Z, both W*¢(t, z,(, z) (as well as J(¢,z,u, e, (, 2))
and W*™(t, z, (, z) are strictly concave in a.

Combining Lemma 3.3, 3.4, 3.7 and Corollay 3.5
immediately yields the following.

(48)



Theorem 3.8: If ¢ € (0,1), then

We(t,z,(,z) = sup inf J(t,z,u,«,(, z)
aE At UEUOE

= inf sup Jt,z,u,,(, z2)
u€UT e At

=W'(t,z,¢.2)
forall z,z € IR" and ¢ € Z.

By the monotonicity of W with respect to ¢ and
Lemma 3.1, the following is easily obtained.

Lemma 3.9: For t € (0,1),

W (t,a,¢,2) = sup WO(t,2,¢, 2)
ac At

forall z,z € IR" and ¢ € 2.

E. Hamilton-Jacobi-Bellman PDE
The Hamilton-Jacobi-Bellman (HJB) partial differen-
tial equation (PDE) associated with our problem is
0= _%Wa(rv z, C7 Z)
_Ha(t -rx, C7 VzWa(’I“, z, 4-7 Z))
We0,x,(,2) =¥z, 2) Vae R".

(49)
(50)

where the corresponding Hamiltonian is given by
H®(r,x,¢,p) = VO (r,z,¢) + 51p*
For t > 0, let
D; = C([0,t] x R™) N C*((0,t) x IR™).

Lemma 3.10: Let ¢ € [0,00),2 € R™,( € Z, and
a € A'. Let s € [0,t] and r = t — s. Suppose
that W*(-,-,(,z) € D, satisfies (49) and (50). Then,
We(t,x,(,2) < J(t,x,u,a,(, 2) for all x € IR™ and
u € U%. Further, We(t,z,(, 2) = J°(t, o, u*, o, (, 2)
for the input u* = d(s,&) with & given by (1)
with @(s,z) = —V,W(t — s,2,(,2) and & = .
Consquently, We(t, x, (, z) = W*°(t, x, (, 2).

IV. FUNDAMENTAL SOLUTION AS SET OF RICCATI
SOLUTION

We will find that the fundamental solution may be
given in terms of a set of solutions of associated Riccati
equations.

A. Differential Riccati Equation

Given c € [0,00), r <t and o € A, ( € Z, we look
for a solution, W€, of the form

Wee(r,a, ¢, z) = 4 [2" Ptz + 227 Q%2 + 2" RS2

2
+2p5 x4+ 2¢5- 2 +v5] (51

where P°, Q°, R, p°, ¢, and ¢ depend implicitly on
given ¢ and the choice of o € A’ and satisfy the
respective initial value problems (R1):

P.rC:*[PrC]Q*ZieNAi—W POC:CIH’
Qe = —PLQs, Qs = —cly,
Re = —[Q)7Qs, R = cl,,

p;:’ = _P;/p(?: + Zie/\/ A%*SCtifs’ p(é = O7l><17

q¢ = —[Qs] e, 46 = Onx1,
and

: 2 ) i \3| i |2

T‘? = 7|p7cd| + Z Mg {20/1;—5 - (az—s) |Ctl—s| }

iEN

with r§ = 0 where A% = u;[al]?L, for all i € M,
r € [0,t] and 0,,x, denotes the zero matrix of size
m x n. Upon examining (R1), we see that the solutions,
Pr,Q¢, R, are symmetric matrices, more precisely,
diagonal matrices of size n X n.

Lemma 4.1: For t € [0,1), the value function W®*
of (48) and the explicit function Wee of (51) satis-
fying (R1) are equivalent. That is, W*°(r,x,(,z) =
W“’C(r,x,c,z) forall z,z € R",{ € Z, and r € [0, ¢].

Proof: It will be sufficient to show that e
satisfies the condition of Lemma 3.10. It is useful to
rewrite (51) as
AP Qe 9] [a
z Qr Ry a| |z
L™ le)™ ] (1

Wee(r,z,(,z) =

DN | =

. Tpc
= 1IXIPX.. (52)
From (51) and (52), we have
2We(r,a,(,2) = 1XTPeX.., (53)

Viwa’c(ra ‘T,Ca Z) = [P;’: Qf’ pf’]XZ = ﬁsza (54)

and
_|vaa,c(7,’x’C7z)|2 = _XZ[ﬁﬂTﬁTCXZ
= —XTPeAPEX, (55)
where
A= |: In 0n><(n+1) :| )
Ont1yxn Ona1)x(nt1)

Also, collecting like terms, we have

—ve (t -z, Ct—?")

— T |- Al o+ ST

1EN 1EN
i Lo i i
+ Z {Miatr - 2[Ctr]TAtr<tr}
€N

= 1XTT (e, Gr) X, (56)



where I'(c¢—,, (;—,) has the block structure with 3 row
partitions and 3 column partitions as

'y =— Z Aifw 'z = Pgl = Z Aifrgtifw

1EN 1EN
33 = Z Hi {2aifr - (aifr)glczfrﬁ} ’
1EN

T1o =T =Tag = Opxn, Doz =Tay = Opxy.

Here, we note that (R1) is equivalent to

Pe = —PEAPE + (s, G—y) with PG =C.

Consequently, substituting (53) — (56) in the right-hand
side of the PDE (49) yields

—%Wo"c(r,x,(,z)
_Ha(t -rx, C» VIWQ7C(T7 x, C7 Z))
= 1xT [—75:: — PEAPE + T(0r, gt_r)] X. =0,

which implies (51) is a solution of HIJB PDE (49),
and by Lemma 3.4 and 3.10, W*¢(r,z,(,2) =
W (r x,(, z) for all r € [0,t], with ¢ € [0, ). [

Recall from Lemma 3.1 and 3.9 that the fundamental
solution of interest is obtained as the ¢ — oo limit of
We:¢, Consequently, we have that for ¢ < £,

Woo (t7 x? €7 Z) = Sup Wa’oo(t7 Z’? C’ Z)
acAt

= sup lim W*°(t,z,(, 2),

ag At €70
which by Lemma 4.1,
= sup lim JXIP;Xz
ac At c— 00
= sup 1 XIPrXz.
acAt

Let G, = G(t,{m;}icnr, ¢) be given by
G = {P(a) | a € A'}.

(57)

Then, the fundamental solution (57) can be represented
by
Woo(t,x,(,z) = sup %XZTPXZ.
PeGt
B. An approximated solution

In order to compute the suprema in (48) and (57),
piecewise linear approximations to continuous function
a € A are used to generate a tractable algorithm.
Consequently, we need to demonstrate that such approx-
imations converge to the value function of interest.
Given t < t and K € IN, let A%, be the set of
continuous piecewise linear functions contained in A°,
in particuar, o € A%, is a piecewise linear function on a

uniform grid with K + 1 elements on the interval [0, ¢].
Given Ky € IN, let K,, = K with n € IN and

Wn(t,m,C,z)i sSup Wa,c(t7x7<7z)'

t
ozE.AK77

Since {.AtKn}ne N is an increasing sequence of subsets
contained in A?, for all n € IN,

W;(t,m,gz) < W;H(t,x,g,z) < Wc(t,x,c,z).
Therefore,
Wc(t,x,c,c) = lim W;(t,x,(,z)
sup WC(t,z,(, z). (58)

— 00 n
n ae.AK?7

Since (58) holds for all subsequences {K,, },en C IN,
we have the following.

Lemma 4.2: Given K € IN, let & = {&'}ien €
ANX(E+1) wwhere k' element of &/ is given by &}, € A
for all ¢ € N and all k£ €]0, K[. Assume that there
exists a one to one and onto mapping £ such that
LK ANX(EFD) 5 At Then,
Wc(t,x,(,z) = lim sup WLK(&)’C(t,x,C,z).

—00 acAN X (K+1)
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