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On the elimination of latent variables in £, behaviors

Mark Mutsaers and Siep Weiland

Abstract— This paper considers the problem to eliminate
latent variables from models in the class of linear shift-invariant
L2 systems. Models in this class are assumed to relate manifest
and latent variables by means of rational operators. The
question is addressed when the induced manifest behavior of
such a model again admits a representation as the £ kernel
of a rational operator. Necessary and sufficient conditions for
eliminability in this class are given and are compared with
earlier obtained results for classical C> behaviors. We also
provide an explicit state space algorithm for the construction
of the induced manifest behavior, which is a result from
the obtained relation between elimination of variables and
disturbance decoupling problems.

I. INTRODUCTION

This paper deals with the question to completely eliminate
latent variables from a model description in which manifest
and latent variables are related. For general models, manifest
variables are thought of as distinguished variables that are
relevant for the purpose of the model, whereas latent vari-
ables are auxiliary variables that serve to represent the model.
Models derived from first principles are usually represented
in terms of equations that relate both manifest and latent
variables.

The partial or complete elimination of latent variables
from a general model representation that relates manifest and
latent variables is of evident interest from a general modeling
point of view. It amounts to characterizing and removing the
redundancy in the latent variables of the model representa-
tion. We believe that the behavioral approach is, actually,
the most natural framework for studying this question. This
means that we view systems as sets of trajectories that evolve
over time.

Earlier work on the elimination problem in continuous
time and infinitely smooth linear systems has been studied
in [4], [9]. In this paper, we consider the model class of
linear shift-invariant £y systems that allow a representation
as the kernel of a rational operator. More details of this
specific class, and a motivation for using it, can be found
in [2], [3]. We address the question whether it is possible to
eliminate latent variables of a system in this class such that its
induced £, behavior again admits a representation as the Lo
kernel of a rational operator. This paper provides necessary
and sufficient conditions for the complete elimination of
latent variables in this model class. Moreover, we discuss
the relation between elimination of latent variables in L sys-
tems and disturbance decoupling problems. Also an explicit
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algorithm is provided to construct a rational representation
of the induced system.

The outline of the paper is as follows. In Section II the
problem of elimination is formulated. Section III contains
notational remarks. The main results for the elimination
problem and an explicit algorithm are shown in Sections IV
and V. In Section VI an example is given and the paper is
concluded in Section VII.

II. PROBLEM FORMULATION

As in [9], dynamical systems are triples ¥ = (T, W, B)
where T C R or T C C is the time or frequency axis, W
denotes the signal space which, for the purpose of this paper,
is a w dimensional vector space, and B C WT is the behavior
of the system.

A latent variable system is a dynamical system Y, =
(T, W x L, B,) in which the signal space is a Cartesian
product W x I of an w and £ dimensional vector space W
and L, respectively. The behavior B, C (W x ]L)T of a latent
variable system therefore consists of pairs of trajectories
(w, ) defined on T. The manifest variables, denoted w, are
thought of as the variables that are of interest to the user,
while the latent variables ¢ are auxiliary variables that serve
to represent functional relations among model variables.

A latent variable system >, induces a manifest system
Yina = (T, W, Binq) with behavior

Bina = {w | 3¢ such that (w, ) € B,}.

Hence, the trajectories of the induced system i,q simply
consist of the collection of projections of (w,£) € B, on its
manifest variables. We write ¥, = Xi,q to denote that X,
induces Xing.

Suppose that MV (or M if the signal dimension is clear
from the context) denotes a model class of dynamical sys-
tems. In this paper, we address the problem to find necessary
and sufficient conditions on the model class M and the latent
variable system X, € MW+£ 5o that the induced system Xinq
belongs to M. That is, we address the question when

Yoe MV — %4 € MY (1)

Whenever this is possible we will say that the latent variable
{ is eliminable from Y, in the model class M.

Eliminate ¢

Zg Eind

=1
=TT
=1

Fig. 1. PF.: Induce %jpq € MY from latent variable system 3, € MW1¢,
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We are not the first to consider this question. If M is the
model class of linear time-invariant complete systems with
discrete time sets T = Z or T = Z then (1) holds [9]. With
M the class of linear time-invariant systems whose behavior
can be represented as the infinitely smooth solution set of
a finite number of ordinary differential equations with real
coefficients, then the implication (1) has been proven in [5].
Similarly, [4] considered the model class of continuous time
systems whose behavior is defined as the locally integrable
solution set (i.e., elements w € L£1°°) of a system of ordinary
fixed coefficient differential equations.

In this paper, we address the elimination problem for the
model class M of systems whose behavior is a linear, shift-
invariant and closed subspace of Lo. This class of systems
has been studied in [3] and we will refer to them as Lo
systems. A precise definition of the model class is given
below. We provide necessary and sufficient conditions under
which the implication (1) holds for this model class. The
results will be compared with the ones obtained for C*°
smooth systems. We further propose an explicit algorithm to
eliminate latent variables from an Lo latent variable system,
whenever this is possible.

III. NOTATION

The space of infinitely differentiable functions f : R —
R™ is denoted by C>°(R,RR™). Let R[{] denote the set of
polynomials with real coefficients in the indeterminate &.
R™M*72[¢€] denotes the set of real polynomial matrices with
ny rows and ny columns. A polynomial matrix U € R™*"[¢]
is called unimodular if det(U(&)) is a non-zero constant.

The Hardy spaces H; and H, and the Hilbert space Lo
are defined using the function space

Ho(D)={f:T—=>C"| fis quadratic integrable on I'},

which has inner product (f,g) = [ fg(jw)dw.
Define:
Hy = H2(Cy), Hy :=H2(C_) and Ly := Hz(C).

Since Lo = Hi © H,, any f € Lo can be uniquely
decomposed as f = f + f_, where fy = Il f € Hy
and f_ := II_f € H;, with II, and II_ the canonical
projections from Ly onto H3 and H, , respectively.

The Hardy spaces H}, and H_ contain all functions that
are analytic on C, and C_, resp., with norm:

Ha={F 3 €€ [ = limsup [ 17(o+e)| <o)

where | - | denotes the Euclidean norm. With the prefixes R
and U we denote rational functions and units in HT, and
H . For the latter, this implies that RH_ :={f € H | f
is rational} and UH_ == {f e RHL | f~! € RH}. Note
that units are necessarily square rational matrices.

Elements in RHI, and R, define Laurent operators,
e.g. when P_ € RH and P, € RHZL,, we have for w €
Lo, Hi or Hy that (Piw)( ) := Py(s)w(s), implying:

P+Z£2—>£2, P+:7‘[;_—>H;_, P+IH2_—>£2,
_Zﬁg—>£2, P_ZH;_—>£2, _HQ_—>H2_

IV. ELIMINATION IN Cs, AND L9 BEHAVIORS

As mentioned in Section II, the problem of elimination
has been solved for infinitely smooth systems. From [5], [9]
we know to describe these systems as ¥ = (T, W, B), where
T = R, is the time axis, the signal space equals W = RY
and the behavior is given by:

B={weC®Ry,RY) | R($H)w =0} = ker R(E), (2)

with B € RP*W[{]. We call these systems infinitely
smooth since the trajectories in the behavior are elements
of C*° (R4, R™). The class of all infinitely smooth systems
M; is given by

M, = {¥ = (Ry,R", B) | IR € RP*¥[¢] s.t. B = ker R}.

A latent variable system in M is a system X, =

L€ (R+, RWx
R¥, By) € M, where

By = {(w, ) € C®(Ry,R¥x R®) | R(&)w = M(L)0}

= ker[R(5) —M()). &)

with R € RP*¥[¢] and M € RP*€[¢], the manifest variables
w and the to-be-eliminated latent variables ¢. This yields
the problem of elimination for infinitely smooth systems:

Problem 4.1: Given X, = (T, WxL, B;) € M; with By as
in (3). Provide conditions under which the latent variables ¢
can be eliminated from X, in the sense that the behavior
of the induced system Xing = (T,W,Binq) € M, is
represented as a kernel of a polynomial matrix and only
contains trajectories w. |

This problem is solved in [4], [5] and its solution is
shown in this paper to make a comparison with results
obtained for the class of Lo systems.

Theorem 4.1 (Elimination in C*° behaviors): Given is
the latent variable system ¥, = (T, Wx L, Bg) € M; with
By as in (3). Then, ¥ing = (T, W, Bmd) € M. Moreover,
there exists a unimodular matrix U € RP*P[£] such that
/
=[] i vn= 2],
where M has full rank. The induced behavior Bi,q is given
by

md = {w € COO(R-HRW) | R/(di) = 0}7
50 Bind = ker R'(%) and Sinq € M. |

The proof of this theorem can be found in [4], [5].
An important fact used to prove this theorem is that the
trajectories can be differentiated an infinite number of times.

Another system class, where we will focus on in the
remainder of this paper, are Lo systems. We define them
as triples ¥ = (T, W, B), where T C C is the frequency
axis instead of the time axis. These systems are called
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Lo systems since their behaviors are closed subspaces of
either Lo, H3 or H; . Since the Laplace transform defines
an isometry between square integrable time and frequency
domain signals, these systems correspond to behaviors of
square integrable trajectories, on time sets R, R, and R_
respectively. Depending on the choice of function space, we
define

B={weLy | P(s)w(s) =0} =ker P,
By ={weHs | P(s)w(s) € Hy } =kerII P, (4)
B_ ={weH; | P(s)w(s) =0} = ker P,

where P € RH_ is a rational operator. In this paper we
focus on systems whose behavior consists of ’H,;r trajectories,
and therefore define the class of Lo systems as:

My := {E£=(C4,C",B) | 3P € RHZ, s.t. B =ker Il P}.

For simplicity of notation, we omit the subscript ;.. The
results in the remainder of this paper can also be obtained
for behaviors containing Lo or H; trajectories. It is also
possible to represent the behaviors of Lo systems as null
spaces of operators in RHL [2], [3].

The number of independent restrictions that are imposed
on the system are reflected by the output cardinality. For
dynamical systems ¥ € My, the output cardinality of their
behavior B is defined as the number p(B) = rowrank(P).
It is easily shown that p(B) is, in fact, independent of the
representation P and that p(B3) can be interpreted as the
dimension of the output variable in one (or any) input-output
representation of . Similarly, the input cardinality of B is
the number m(B) = w — p(B), which represents the degree
of under-determination of the restrictions that the system
imposes on its w variables.

Latent variable systems in the class of Lo systems M, are
represented as 3, = (C, CWx Ct, Be) € My with behavior:

B ={(w,0) e #f | P(s) [4)] € 13
= {(w,0) € H | Puls)uls) + Pa(s)L(s) € 15 }
:kerH+[P1 PQ], (5)

where P = [Py P»] € RH_, is partitioned accordingly
with the variables w and ¢. The problem to eliminate the
latent variable ¢ in Lo systems is formalized as follows:

Problem 4.2: Given the latent variable system X, =
(T, W x L, B;) € My with By represented using P € RH__
as in (5). Provide conditions under which the latent variable
¢ can be eliminated from Y, in the sense that the behavior
of the induced system Xing = (T,W,Binq) € My is
represented as the kernel of a rational Pe RH_, and only
contains trajectories w. |

In the following result, we provide necessary and sufficient
conditions for this problem.

Theorem 4.2 (Elimination in £5 behaviors): Given is
¥ = (T,WxL,B;) € My with B, as the kernel of
P =[P, P;] € RHZ asin (5). Consider the equation:

Q=[P P [)I(} : (6)

Then X, € My implies Zipng = (T, W, Bina) € My if
and only if 3X € RHI such that Q € RHS and
rowrank(Q) = p(B;) — rowrank(Pz).

Moreover, the corresponding behavior Bj,q is represented
by:

Bina = {w € 1 | Q(s)w(s) € Hy } = ker [1,Q,
where Q € RH. [

The proof of this theorem can be found in the appendix
of this paper.

From this result, we can make some notifiable remarks:

1. The rational operator X € RHZ, defines a mapping
from w > ¢ according to the multiplication ¢ = Xw.
Hence, the behavior of the latent variable system can
be described by:

By = {(w,0) € Hy | T1(Pr + P X)w =0,

and ¢ = Xw}, n

which is equal to By in (5).

2. We can extend these results to all types of L, systems,
where the behaviors consist of £, or #H, trajectories,
i.e. B and B_ as in (4). Similar results can be ob-
tained when describing these behaviors using rational
elements in RHT.

3. Contrary to the results shown in Theorem 4.1, we do
get conditions for eliminability of latent variables in
the context of Lo systems. In particular, Theorem 4.2
shows that elimination of latent variables in Lg systems
is not always possible.

4. In the next section we derive an algorithm that con-
structs, if it exists, an explicit kernel representation for
the behavior of the induced system X q.

V. ALGORITHM FOR Lo ELIMINATION

In this section we derive an algorithm that results in
an explicit representation of the induced L, behavior
for a given latent variable system ¥, = (T, W x L, B,)
with the behavior as in (5). We will use the following lemma:

Lemma 5.1: Suppose P’, P” € RH_, have full rank and
represent 73 behaviors B’ and B” as in (4), respectively.
Then, B’ = B” if and only if there exists U € UH, such
that P = UP". [

For the proof of this lemma, we refer to [2]. In particular,
Lemma 5.1 shows that there exists U € UH_ such that UP
assumes the form:

)

UP=U[P, P)= [Pll Pl?]

Py 0
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which means that the latent behavior (5) equals:
By = {(w,é) S H;_ | Pyw+ Piol € HQ_ and Pyw € HQ_}

For the construction of X € RHZL in Theorem 4.2, we will
focus on the first restriction:

z = P11w+P12€€H;. (9)

Since P € RH_, is rational, also P;; and Py are rational,
which means that there exist matrices A, By, Bo, C, D1 and
Dy such that (9) admits the representation:

{:z*: = A& + Byt + B,

. . . - (10)
2=C2+ Diw + D/,

where Pi1(s) = C(sI — A)™1By + D1, Pia(s) = C(sI —
A)"'By 4 Dy and A(A) C C,. Here (i, ) in (10) are the
inverse Laplace transforms of (w,¢) in (9), and &(¢) € R"
is the state variable.

We will identify the condition Q € RH_, in (6), for
X € RHZ,, with the solvability condition of a disturbance
decoupling problem for the system (10) in which the latent
variable £ is interpreted as a ‘“control” variable and the
manifest variable w is viewed as disturbance. Specifically:

Problem 5.1: The disturbance decoupling problem with sta-
bility (DDPS) is said to be solvable for (10) if there exists
a feedback F : R” — R% such that A + By F is stable and
the transfer function of the controlled system:

{g*c = (A+ ByF)i + By,

11
2 = (C + DyF)& + Db, (b

is zero. [ |

This problem has been well studied in geometric control
theory [13] and its solution relies on controlled invariant
subspaces. Specifically, ¥V C R™ is a controlled invariant
subspace of (10) if

AV C V—FHHBQ

It is well known that V is controlled invariant if and only if
there exists a F' such that (A+ByF)V C V. Call Vsar, C R”
a stabilizability subspace if there exists a F' such that:

(A + BQF)VStab C Vstap and )\(A + BQF) cC_.

We denote by V7, the largest stabilizability subspace for

which there exist F' such that:
i. (A4 BoF)V3,, C Vi, C ker(C + DoF),

sta sta
ii. A\(A+ ByF)cCcC_.

The relation between DDPS and eliminability of latent

variables is the main result of this section and is stated as

follows:

Theorem 5.1: Given is the latent variable system %, =
(T, WxL, By) € My, with By represented using P € RH__
as in (5), and a unit U € UH_ such that P is decomposed
as in (8). Let the state space representation (10) represent
Pj; and Pjs. Then the following statements are equivalent:

i. Xy € My implies Ying € My (see Theorem 4.2),
ii. The DDPS is solvable for the system given in (10),
iii. There holds that:

im Bl C Vs*tab’

iv. There exists a feedback F' : R® — R¥ such that (11)
is stable and has transfer function w — 2 to be 0,

v. There exists a rational operator X € RHZ such that
Py + P12 X =0, as depicted in Fig. 2. [ |

The proof of this theorem will be given at the end of this
section. With these results, we propose an algorithm that
constructs an explicit representation of the induced behavior
Binda of Xind = (T, W, Bina) € Ma:

Algorithm 1: Given is the behavior of ¥, € My, repre-
sented as the kernel of the rational operator P € RH__.
Aim: Induce ¥;,q € My with behavior Bj,g represented
using Pe RH, as in (4).

Step 1: Partition P = [Py P»] according to the variables w
and ¢. Pre-multiply P with U € UH_, such that the form in
(8) is obtained with Py full rowrank.

Step 2: Realize P;; and Pj5 in state space form as shown
in (10).

Step 3: Find the matrix F € R™*# such that DDPS (as
introduced in Problem 5.1) is solvable. If no matrix F' can
be found, we can not eliminate the latent variable ¢ and the
algorithm stops here.

Step 4: Construct the rational operator X as:

X(s) = F(sI — A— ByF)"'B; € RHL..

Result: The induced system X;,q € My has behavior Bing
with:

P(s) = Pi(s) + Py(s)F(sI — A — ByF)™ !By,

which is an element of RH_. |

We conclude this section with the proof of Theorem 5.1:

Proof of Theorem 5.1
(i = v): Given 3X € RH} such that Q € RH_, as in (6).
Hence, for units U € UH_ as in (8), we have that:

UQ=U[P P [)I(} = [?; P(;Q][)I(} — [Pll ‘;lelzX],

with UQ € RH,. Hence, rowrank(Q)) = rowrank(P) —
rowrank(Pi2), we know that P»; has full row rank and
therefore row rank of @) is equal to row rank P,;. Since

w z=0

Py j’

Elimination as disturbance decoupling problem w > z.

X 7

P12

Fig. 2.
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@ € RH_, represents the induced behavior, we can pre-
multiply with a unit U’ € UH_, without changing its
behavior, so:

Bina = keI‘HJrU/Q = kerIl; |;PO :|7
21

which results in the fact that Py; + P2 X = 0.

(it = iii): This is shown in [1].

(iii = 1iv): The geometric interpretation of the DDP is
discussed in Chapter 4 of [13].

(iv = v): If there exists a matrix F' such that the transfer
w — 2 equals 0 and when A + By F is stable, the Laplace
transform can be applied to obtain a rational operator X €
RHL:

X(s) = F(sI — A— ByF)™ ' By.
From (10) and the feedback F', we have:

z(s) = Pi1(s)w(s) + Pi2(s)l(s) and £(s) = Fx(s).

Using (11), we obtain x(s) = (sI — A — BoF)~ ! Bjw(s),
hence

2(8) = (P11(8) + Pia(s)F(sI — A — BoF) ™' By)w(s)
= (P11(8) + Pi2(s) X (s))w(s) = 0.

(v = 1): If 3X € RHZE such that Py + P2 X = 0, then
obviously @) = P»; that fulfills the condition in Theorem 4.2.
(v = ii): This implication is proved in [§]. g

VI. EXAMPLE

In this section, we will show that not all latent variable
Lo systems are eliminable. This is in contrast with infinitely
smooth systems as considered in e.g. [4], [5]. Consider the
latent variable system ¥, € My with behavior:

(s—3)(s—10)

=) =7 |w —
Sig O‘||:£:|€H2}’

By ={(w,0) € Hy |

P(s)

where the parameter « is a non-zero constant. The aim will
be to eliminate the latent variable ¢. This means that we need
to find a rational X € RHJL such that:

(s—3)(s—10) s—«
(s=T)(s=9) s—7

X(s) e RHS.

This is only possible when @ < 0, because only in that case
the rational element X has poles in C_. Therefore, when
3¢ € My, elimination of £ is possible if and only if o < 0.

In e.g. [6], [11], it is shown that one can also associate
a system in the class My, having a C*° behavior, with the
rational operator P. Indeed, if P = N~!'D is a left-coprime
factorization over the ring of polynomials then P defines the
C* behavior:

B=kerD(%)={weC>®|D(L)w=0}

Therefore, we can still use the elimination result of The-
orem 4.1 for the elimination of /. In our example, a left-
coprime factorization is given by

-1
RGO i S I S
so that 3 is defined by:

(& —4)p=0 and (L -3)w+(L-a)=0,
with @,/ € C>(R,,R*), By Theorem 4.1, the second

equation is redundant for all & # 0. When viewing the
mapping from 0 to ¢ as a “rational”, we infer:

£-3

N -3 . s—3

= ‘(iit w = {= w,
_dt_a S —«

which in the frequency domain would result in an unstable
mapping from w to ¢ when a > 0. This is not taken
into account when eliminating latent variables in infinitely
smooth systems, while this is done for Lo systems.

VII. CONCLUSIONS

In this paper, we discussed the problem of elimination
of latent variables in ¥, = (T, W x L, B,) such that we
induce a manifest system Yi,q = (T, W, Binq), where both
systems are in the same model class. We focused on the
class of Lo systems, where the behaviors of these systems
are represented as kernels of rational operators.

In Section IV, we have shown necessary and sufficient
conditions for solving this problem when using £, systems.
Remarkable is the fact that these conditions do not occur
when applying elimination to infinitely smooth systems as
discussed in e.g. [5]. This has been shown by an example,
where it is not always possible to apply elimination in Lo
systems, while it is the case for the infinitely smooth systems.
There is also shown that there exists a relation between
the problem of elimination for the class of L, systems
and disturbance decoupling problems, which has resulted
in an explicit algorithm that constructs the desired induced
system’s behavior as a kernel of a rational operator.

A. PROOF OF THEOREM 4.2

In the proof, we need to make a decomposition of the
latent system’s behavior given by P € RH_, using a pre-
multiplication with a unit U € UH__, which does not change
the behavior, as:

Py Pro
UP B)= [Pﬂ 0 }
such that
By = {(w,?) € HF | Priw + Pial € Hy, (12)
and Pyyw € IH;}
(=):
Suppose the system is ¢-eliminable, so we have ¥;,q € M.
Then for all w € Bj.g, there exists a ¢ € 7—{; such that
(w, ) € By. This implies that there exists a (possibly non-
unique) mapping X : Bina — H4 such that Vw € Bing, £ =
Xw is compatible with w in the sense that (w, Xw) € By.
We will first show that this mapping is linear.
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To verify linearity, take w;,ws € Biyq and take ¢; =
le,ﬂg = Xwsy. Then (wl,fl) € By and (’wg,ég) € By.
Take w := awi + Bws € Bijnq for o, 5 € R. In case of
linearity, there exists a £ such that (w, Z) € Bg. One can easily
see that this holds when choosing 0= aly + [B¢s, which
confirms that there exists a linear mapping X . Because w €
H;r and ¢ € HI, we can choose X € HY as a multiplicative
operator from Hy to Hj .

To verify that this operator is rational, we write the latent
system behavior as:

By = {(w,?) € HT | (w, P{v) + (¢, Pyv) =0, Vv € Hi},
where the introduction of ¢ = Xw yields:
Bina = {w € 13 | {w, (P} + X)) =0, Yo € Hi),

implying that X needs to be rational. The found expression
for the induced behavior is therefore given as:

Bina ={weH] | (P +PX)weH,}
=ker Il (P, + P,X) := ker IT, P.

When combining the partitioning in (12) with the found
linear mapping X, the induced behavior can be written as:

P+ PIQX]

Bing = ker I UP = kerII; [ P
21

where the output cardinality is given by:

P(Binda) = rowrank ([Pll + PX
Py

since we know that P has full row rank, and so P;5 and Py,
also have full row rank. Because we know rowrank(Py;) =
p(B¢) — rowrank(P,), we can see that p(Bina) > p(Be) —
rowrank(Pz). To complete this part of the proof, we have
to show that p(Bind) # p(B¢) — rowrank(Ps).

Since we are interested in the projected induced behavior
acting on w, we focus on the upper-part in the decomposition
of the latent variable behavior, namely

1{61‘1_14r [Pll Plg],

D > rowrank(Ps1),

where we would like to make an input/output partition using
the output cardinality p; = p(ker I[P Pi2]), which is
calculated using the row rank, and the input cardinality m; =
m(kerIT[P;; Pio]) = w + £ — p;. Since we know that
[P11 Pi2] as well as Pyo have full row rank, we must make
the partition such that the outputs are some of the variables
in £:

w

Yy o
Therefore, we know that w is part of the input, which implies
that there are no restrictions on it, and is therefore free.

Therefore, the upper-part of the partitioned full behavior does
not restrict the variable w and hence we can see that:

P(Bind) = p(B¢) — rowrank(Pz),

, where u = {;ﬂ and y = ¢,

which completes the proof.

Moreover, we know that a minimal representation of the

manifest behavior can be given by:

Bind = ker H+P21.
(=)
We claim that, given the existence of X € RHL such that
@ € RHL, and that the row rank condition is fulfilled, there
holds that B;,q = ker H+P21.

Take any w € Binq, so there exists a £ such that (w, ¢) €
B¢, which implies using (12) that Pyyw + P2l € Hy
and Pyyw € H,, so w € kerIl; Pp;. Therefore, Bing C
kerIT; P»1, so we have to show that Bj,q D kerlIl; Ps;.
Take w € kerIl, P»; and define ¢ := Xw, with the given
X € RHZ,. We then claim that (w, £) € By, so:

Pi P |w| _ |Pu P |1 w

Py 0 Y4 Py 0 X
P+ PeX|
- P21 w = Qw7

which should be in H;. We know that the row rank of Q
equals p(B¢) — rowrank(P2) = rowrank(Ps;), hence there
exists a unit U € UH_, such that

U {Pll +P12X] _ { 0 ]
Poy Por]|”
Multiplications with units do not change behaviors, so
U [Pn +P12X] w— [ 0
Py Py

because w S kerII4 P»;. Therefore _we have
Binga D kerII; Py; and we have shown that for Py, := Pa1,
Bing = kerI1; P>1, which concludes the proof. O

}wE'HQ,
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