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Abstract: 

In this article, based on the homotopy analysis method (HAM), a new analytic technique 

is proposed to solve systems of fractional integro-differential equations. Comparing with 

the exact solution, the HAM provides us with a simple way to adjust and control the 

convergence region of the series solution by introducing an auxiliary parameter h . Four 

examples are tested using the proposed technique.  It is shown that the solutions obtained 

by the Adomian decomposition method (ADM) are only special cases of the HAM 

solutions. The present work shows the validity and great potential of the homotopy 

analysis method for solving linear and nonlinear systems of fractional integro-differential 

equations. The basic idea described in this article is expected to be further employed to 

solve other similar nonlinear problems in fractional calculus. 

Keywords: Homotopy analysis method; Systems of fractional integro-differential 

equations; Caputo fractional derivative 

 

1. Introduction 
 

The objective of this paper is to propose a new analytic technique, based on the 

homotopy analysis method (HAM), to solve systems of fractional integro-differential 

equations 
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where iD
α
*  is the derivative of order iα  in the sense of Caputo and 

,1 mm i ≤<− α subject to the initial conditions   

.,...,3,2,1,1,...,1,0,)0(
)(

nimjax ji

j

i =−==  (2)   

 

Fractional differential equations and fractional integro-differential equations have been 

the focus of many studies due to their frequent appearance in various fields such as 

physics, chemistry, biology, engineering, and other applications [1-5]. Most systems of 

fractional integro-differential equations do not have exact analytic solutions, so 

approximation and numerical techniques must be used. The homotopy perturbation 

method [6-8], the Adomian decomposition method [9-11], the variation iteration method 

[12], and other methods have been used to provide analytical approximation to linear and 

nonlinear problems. However, the convergence region of the corresponding results is 

rather small.  

The homotopy analysis method (HAM) is proposed first by Liao [13] for solving linear 

and nonlinear differential and integral equations. This method provides an effective 

procedure for explicit numerical solutions of a wide and general class of differential 

systems representing real physical problems. Based on homotopy of topology, the 

validity of the HAM is independent of whether or not there exist small parameters in the 

considered equation.  HAM has been used to investigate a variety of mathematical and 

physical problems [14-19]. HAM contains a certain auxiliary parameter ,h  which 

provides us with a simple way to control and adjust the rate of convergence of the series 

solutions.  

The objective of the present paper is to modify the HAM to provide symbolic 

approximate solutions for linear and nonlinear systems of fractional integro-differential 

equations. Moreover, we illustrated for several examples that the Adomian 

decomposition solution is a special case of the homotopy analysis solution when 1−=h .   
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2.  Basic definitions  

We give some basic definitions and properties of the fractional calculus theory which are 

used further in this paper [1-3]. 

Definition 2.1: A real function 0,)( >xxf , is said to be in the space RC ∈µµ ,  if 

there exists a real number µ>p  such that )()( 1 xfxxf p= , where ),0[)(1 ∞∈ Cxf . 

Clearly µββµ ≤⊂ ifCC . 

Definition 2.2: A function 0,)( >xxf , is said to be in the space 

µµ CfifNmC
mm ∈∪∈ )(,}0{, . 

Definition 2.3: The left sided Riemann-Liouville fractional integral operator of order 

0≥α ,  of a function 1, −≥∈ µµCf , is defined as  
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Definition 2.4: Let }0{,1 ∪∈∈ − NmCf m  then the Caputo fractional derivative of )(xf  

is defined as 
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Hence, we have the following properties  
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3. Homotopy Analysis Method 

3.1. Zeroth-order deformation equation:  

Let i�  denote auxiliary linear operators that satisfy 0)0( =i�  and )(0 txi  are initial 

guesses that satisfy the initial conditions (2). Following Liao [13], the zeroth-order 

deformation equation for the system of fractional integro-differential equations (1) can be 

constructed as follows: 
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(3)   

subject to the initial conditions:  

nimjaq ji

j

i ,...,3,2,1,1,...,1,0,);0()( =−==φ , (4) 

where ]1,0[∈q  is an embedding parameter, 0≠ih  are auxiliary parameters and );( qtiφ  

are unknown  functions.  

It should be emphasized that one has great freedom to choose the initial guesses ),(0 txi  

the auxiliary linear operators ,
�

�  and the auxiliary parameters ih . 

Obviously, when 0=q , since )(0 txi satisfy the initial conditions (2) and 0)0( =i� , we 

have 

( ) ,,...,3,2,1,)(0; 0 nitxt ii ==φ  (5) 

and when 1=q , since 0≠ih , the zeroth-order deformation equation (3) and (4) are 

equivalent to (1) and (2), respectively,  provides 

( ) nitxt ii ,...,3,2,1),(1; ==φ . (6) 

Thus, as q  increases from 0 to 1, the solutions ( )qti ;φ  continuously varies from the 

initial approximations )(0 txi to the exact solutions )(txi  of system (1).  Define 

ni
q

qt

m
tx qm

i

m

im ,...,3,2,1,
);(

!

1
)( 0 =

∂

∂
= =

φ
. 

 

(7) 

 

Expanding ( )qti ;φ   in Taylor series with respect to the embedding parameter q , and by 

using (5) and (7), we have 

.,...,3,2,1,)()();(
1

0 niqtxtxqt
m

m

imii =+= ∑
∞

=

φ  (8) 

Assuming that the auxiliary parameters ih , the initial approximations )(
0

tx
i

 and the 

auxiliary linear operators i�  are properly chosen so that the series (8) converges at 1=q .  



Systems of Fractional Integro-Differential Equations      173 
 

Then the series solution (8) becomes  

nitxtxtx
m

imii ,...,3,2,1,)()()(
1

0 =+= ∑
∞

=

. 
(9) 

 

3.2 The mth-order deformation equation  

Define the vectors 

{ }.)(,...,)(,)(,)( 210 txtxtxtxx iniiiin =
r

 (10) 

Differentiating equations (3) m times with respect to the embedding parameter q , and 

then setting 0=q and finally dividing them by !m , we have the so-called mth-order 

deformation equations:  
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(14) 

Define 
*

i�  to be operators such that  

,,,.........3,2,1,),()()]([ **
niItKtxtx iiiii ==+= ����

��
  (15) 

where  I  is the identity operator then the mth -order deformation equations can be written 

as:  

nitKtxRtxtx imiimimimim ,...,3,2,1),())](([)()( )1()1( =++= −
∗

−

r
h

�
�χ ,  (16) 

 

subject to the initial conditions  

.,...,3,2,1,1,...,2,1,0,)0()(
nimjax ji

j

i =−==   (17) 



174    Zurigat, Momani, and Alawneh 
 

As long as the series solution (9), where ),(txim is governed by the high-order 

deformation equation (11) under the definitions (13) and (14), it must be a solution of 

system (1) (theorem 3.1 in [14]). 

 

4. Numerical examples 

To demonstrate the effectiveness of the proposed algorithm, four special cases of the 

system of fractional differential equations (1) will be studied. All the results are 

calculated by using the symbolic calculus software Mathematica 

Example 4.1. Consider the following linear system of fractional integro-differential 

equations: 
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(18) 

 

subject to the initial conditions    

.1)0(,1)0( −== yx
  

 

(19) 

 

The exact solution, when 121 == αα , is [9] 

.)(,)( tt ettyettx −=+=   (20) 

To solve Eqs. (18) and (19) by means of the standard HAM, we choose the initial 

approximations [9] 
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and the linear operators 
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Furthermore, we can construct the homotopy as follows  
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and the mth-order deformation equations for 1≥m  become 
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The first few terms of the HAM series are given by 
 

.

,
)4(

2

)3()23(

)22()1()2(

)12(

)1(

)1(
1)(

,
)24(

2

)3(

)23()22()2(

2

)1()3(

2

)2(

1

)1(

)1(
1)(

3

21

22

21

222

2

2

2

2

2

21

21

2

2

2

2

32

1

12

21

1

22

1

112

1

11

21

1

21

12

1

1

11

1

21212

22122

121

1121

21111

+++++

++

+++

++++

+++

++Γ
+

++Γ
−

+Γ
+

+Γ
+

++Γ
−

+Γ

−
+

+Γ

+
−−=

+Γ
+

++Γ
−

+Γ
+

+Γ
+

++Γ
−

++Γ
−

+Γ
+

+Γ
+

+Γ

−
−=

ααααα

ααααα

ααα

αααα

ααααα

ααααα

ααααα

ααα

αααα

ααααα

ttt

ttttty

tt

ttt

tttttx

hhh

hhhh

hh

hhh

hh

  

 

 

 

 

 

 

(25) 

 

Setting ααα ==−== 2121 ,1 andhh  in Eqs.(25), then we have the same Adomian 

decomposition  solutions given by Momani [9]. This illustrates that the Adomian 
decomposition method (ADM) is a special case of the homotopy analysis method. Fig.1 

shows that the HAM approximate solutions with 8.0,85.0 21 −=−= hh are more 

accurate than ADM solutions. So the homotopy analysis method provides us with a 
simple way to adjust and control the convergence region of solution series by choosing 

proper values for the auxiliary parameters 1h and  2h  and by using the suitable 

auxiliary liner operators .*
iD

α=
�

� Fig. 2 shows the HAM approximate solutions for 

various values of  1α  and 2α . It is to be noted that only four terms of the HAM series 

solutions were used in evaluating the approximate solutions given in Figs.1-2. It is 
evident that the efficiency of this approach can be dramatically enhanced by computing 
further terms of )(tx and )(ty . 
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Figure 1. Plots of system (18) when 121 == αα    

,85.0:,1:,: 121 −=−==− hhhh linedottedlinedotteddashsolutionexactlinesolid

 

 

Figure 2. Plots of system (18) when .8.0,85.0 21 −=−= hh                                                                                  

5.0:,75.0:,1 212121 ==−==== αααααα linedotteddashlinedottedlinesolid

 

 

Example 4.2. Consider the following nonlinear fractional system of two integro-

differential equations 
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subject to the initial conditions     

   

.1)0(,0)0( == yx
  

 

(27) 

 

 

When ,121 == αα then the system (26) has the following exact solutions [6] 

 

.cosh)(,sinh)( ttyttx ==   

 

(28) 

 

 To solve the above system using HAM, we choose the initial approximations  
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and the linear operators (22). So the homotopy can be constructed as follows: 
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Consequently, the mth-order deformation equations become 

).())](([)()(

),())](([)()(

21221

11111

2

1

tKtyRJtyty

tKtxRJtxtx

mmmmm

mmmmm

++=

++=

−−

−−

r
h

r
h

α

α

χ

χ
      

 

(31) 

 

 The first three components of the homotopy analysis solution are derived as follows: 
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(32) 

 

 

Similarly, as in the previous example, we can get the best HAM series solution by 

choosing proper values for the auxiliary parameters 1h  and 2h . Figs. 3 and 4 show the 

HAM approximate solutions for system (26) obtained for different values of 

,,, 121 αhh and 2α . 
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Fig.3. Plots of system (26) when 121 == αα  

.1,2.0:,1:,: 2121 −=−=−==− hhhh linedottedlinedotteddashexactlinesolid
 

 

Fig. 4. Plots of system (26) when 1,2.0 21 −=−= hh                                                                                  

.5.0:,75.0:,1: 212121 ==−==== αααααα linedotteddashlinedottedlinesolid

 

 

 

Example 4.3. Consider the following nonlinear fractional system of two integro-

differential equations 
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When 221 == αα ,  system (33) becomes nonlinear integro-differential equations which 

has the following exact solutions [6]   
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,1)(,
)1(

2
1)( 0

1

0
1 −=

+Γ
+= tyttx

α

α
  

(36) 

we can construct the following homotopy 

,)]()()()([
4

1

)()1)(1()())((

,)]()()()([
2

1

)(')('
2

1
)1)(

3

1
1()())((

0

1

1

0

1

1

0

1

2

1*12

0

1

1

0

1

1

0

1

1

0

3

1*11

2

1

∫ ∑∑

∫ ∑∑

∑

−−

−

=
−−

−

=

−−−

−−

−

=
−−

−

=

−−

−

=
−−

−−

+−+−−=

+−

+−−−=

t

im

m

i

iim

m

i

i

mmmmm

t

im

m

i

iim

m

i

i

im

m

i

immmm

dyyxx

ttxttyDtyR

dyyxx

tytyttxDtxR

τττττ

χ

τττττ

χ

α

α

r

r

 

 

 

 

(37) 

 

Similar to the previous examples, we successfully obtain the first three components of the 

HAM approximate solutions  
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 Figs. 5 and 6 show the HAM approximate solutions for system (33) obtained for 

different values of  ,, 21 αα 1h  and 2h . Again, if we take 121 −== hh , then we obtain 

the ADM solution.   

 

 

Fig.5. Plots of system (33) when 221 == αα  

.9.0,45.0:,1:,: 2121 −=−=−==− hhhh linedottedlinedotteddashexactlinesolid  

 

Fig. 6. Plots of system (33) when 9.0,45.0 21 −=−= hh                                                                                  

.5.1:,75.1:,2: 212121 ==−==== αααααα linedotteddashlinedottedlinesolid  

 

 

Example 4.4. Consider the following nonlinear fractional system of three integro-

differential equations 
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subject to the initial conditions       
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When ,2321 === ααα the system (39) becomes nonlinear integro-differential equation 

which has the following exact solutions [6] 

.3)(,)(,)( 22 ttzttyttx ===  (41) 

According to the linear operators (22) and using the initial approximations 

,0)(,
)1(

1
)(,0)( 0

2

00
2 =

+Γ
== tzttytx

α

α
  

(42) 

 

the homotopy can be constructed as follows 
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and the mth-order deformation equations become 
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(44) 

 

 

The first few components of the homotopy analysis solution of the above system are 

derived as follows: 
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In Figs. 7 and 8 we plot the numerical results for the 4th-order HAM approximate 

solutions for different values of  ,,, 321 ααα ,, 21 hh  and 3h . The results in Figs. 7 and 8 

clearly  show the good accuracy of HAM.  As  the  previous  examples,  if  we  take  
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1321 −=== hhh , then we obtain the ADM solution. In addition, HAM avoids the need 

for calculating Adomian polynomials which can be complicated.   

                          

 
       

Fig.7. Plot of system (39) when 1321 === ααα   

8.1,01.0,6.0:,1:,: 321321 −=−=−=−===− hhhhhh linedottedlinedotteddashexactlinesolid

 
                    

 

Fig. 8. Plots of system (39) when 
8.1,01.0,6.0 321 −=−=−= hhh

                                                                                 

5.1:,75.1:,2 321321321 ===−====== αααααααα linedotteddashlinedottedlinesolid
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Conclusions 

In this paper, generally speaking, a powerful analytical technique is used for nonlinear 

problems, namely the homotopy analysis method [13-19]. This method is applied to solve 

linear and nonlinear systems of fractional integral-differential equations. The results of 

the test examples show that the Adomian decomposition method is a special case of the 

homotopy analysis method. The main advantage of this algorithm is to adjust and control 

the convergence region of solution series by choosing proper values for auxiliary 

parameter h , initial guess )(0 tx , and  auxiliary linear operator L. Finally, the proposed 

approach can be further implemented to solve other nonlinear problems in fractional 

calculus field. 
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