High speed excited multi-solitons in nonlinear Schrédinger equations
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Abstract

We consider the nonlinear Schrédinger equation in R?
10+ Au+ f(u) = 0.

For d > 2, this equation admits travelling wave solutions of the form e™!®(z) (up to a Galilean transfor-
mation), where ® is a fixed profile, solution to —A® + wd® = f(®), but not the ground state. This kind of
profiles are called excited states. In this paper, we construct solutions to NLS behaving like a sum of NV
excited states which spread up quickly as time grows (which we call multi-solitons). We also show that if
the flow around one of these excited states is linearly unstable, then the multi-soliton is not unique, and is
unstable.

Résumé
On considere I'équation de Schrédinger non-linéaire dans R?

i0yu + Au+ f(u) = 0.

Pour d > 2, cette équation admet des ondes progressives de la forme e“!®(x) (3 une transformation
galiléenne pres), ot @ est un profil fixe, solution de —A® + wd = f(P), mais pas un état fondamental. Ces
profils sont appelés états excités. Dans cet article, nous construisons des solutions de NLS se comportant
comme une somme d’états excités qui se séparent rapidement au cours du temps (nous les appelons multi-
solitons). Nous montrons aussi que si le flot autour d’un des états excités est linéairement instable, alors le
multi-soliton n’est pas unique et est instable.
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1. Introduction

Setting of the problem

We consider the nonlinear Schrodinger equation
iug + Au+ f(u) =0 (NLS)

where u : R x R? — C and f : C — C is defined for any z € C by f(2) = g(]z|?)z with g € C°([0, +00),R) N
C'((0,400),R).

*Corresponding author
Email addresses: cote@math.polytechnique.fr (Raphaél Cote), slecoz@math.univ-toulouse.fr (Stefan Le Coz)
IThe research of Stefan Le Coz was supported by the ANR, through project ESONSE.
2Current affiliation: Institut de Mathématiques de Toulouse, Université Paul Sabatier, 118 route de Narbonne, 31062
Toulouse Cedex 9, France.

Preprint submitted to July 6, 2011



Equation (NLS) admits special travelling wave solutions called solitons: given a frequency wg > 0, an
initial phase 7o € R, initial position and speed g, vy € R? and a solution ®, € H'(R?) of

— Adg +woPo — f(Po) =0, (1)
a soliton solution of (NLS) travelling on the line x = xo + vot is given by

Rapg s 0,w0,0 (1 ) 1= @ (1 — wpt — ag) (30w lvol tteotino) (2)

Among solutions of , it is common to distinguish between ground states, and ezcited states. A ground
state (or least energy solution) minimizes among all solutions of the action Sy, defined for v € H'(R?)
by

1 wo
So(v) = SIIVoll e ey + S 0 F2@ay — [ F(v)da,
2 2 R4

where F(z) = folzl g(s%)sds for all z € C. An excited state is a solution to which is not a ground
state. In general, we shall refer to any solution of as bound state. We also mention the existence of a
particular type of excited states, the vortices. A vortex is a special solution of which is non-trivially
complex-valued, i.e. with a non-zero angular momentum. Vortices can be constructed following the ansatz
described by Lions in [28]. We shall sometimes abuse terminology and call ground state (resp. excited state)
a soliton build with a ground state (resp. an excited state).

A multi-soliton is a solution of built with solitons. More precisely, let N € N\{0,1}, w1, ...,wn > 0,
Y1, YN € R, v, yony € RE 2y, 2y € RY and @4, ..., &y € HY(RY) solutions of (with wy replaced

by wi,...,wn). Set
N

Rj(tvx) = R‘I)jswj/ngvj,Ij (t,.f(:), R(tv‘r) = ZRj(twr)' (3)
j=1
Due to the non-linearity, the function R is not a solution of (NLS| anymore. What we call multi-soliton is
a solution u of (NLS)) defined on [Tp, +00) for some Ty € R and such that

Jim[u(t) = RO ety = 0.
In this paper, we are concerned with existence, non-uniqueness and instability of multi-solitons build on
excited states, which we will refer to as excited multi-solitons.

History and known results

Solitons and multi-solitons play a crucial role in understanding the dynamics of nonlinear dispersive
evolution equations such as Korteweg-de Vries equations or nonlinear Schrédinger equations (see e.g. [37]
for a general overview).

To fix ideas, consider the pure-power nonlinearity f(u) = |u[P~'u. Equation is L2-critical (resp.
subcritical, resp. supercritical) if p =1+ % (resp. p <1+ %, p>1+ %). The soliton resolution conjecture
states that, at least in the L2-subcritical case, a generic solution will eventually decompose into a sum of
ground state solitons and a small radiative term, in some sense we will not try to make precise. However,
this conjecture remains widely open, except when the equation is completely integrable (like the classical
Korteweg-de Vries equation u; + tzq, + v, = 0) and explicit solutions are known [26], 36].

Nevertheless, multi-solitons based on ground states are supposed to be generic objects for large time;
in contrast excited multi-solitons are believed to be singular objects of the flow of . However, their
existence shows that a global approach of the large time dynamics must take care of them.

The first existence result of multi-solitons in a non-integrable setting was obtained by Merle [32] for multi-
solitons composed of ground states or excited states for the L2-critical nonlinear Schroédinger equation. For
multi-solitons composed only of ground states, the L?-subcritical case was treated by Martel and Merle [30]
(see also Martel [29] for the generalized Korteweg-de Vries equation) and the L2-supercritical case by Céte,
Martel and Merle [13]. No excited multi-solitons were ever constructed except in the L2-critical case and
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our result (Theorem [1)) is the first in that direction: we construct excited multi-solitons based on excited
states which move fast away from one another.

Study of the dynamics around ground-states solitons and multi-solitons, in particular stability properties,
has attracted a lot of attention since the beginning of the 80’s (see e.g. [2l 8, 211 22, [38], 39, 40]). The main
result states that ground-states solitons are orbitally stable only in the L2-subcritical case.

So far, little is known about the stability of excited state solitons. All excited states are conjectured to
be unstable, regardless of any assumption on the nonlinearity. For results on instability with a supercritical
nonlinearity, see Grillakis [I9] and Jones [24] in the case of real and radial excited states and Mizumachi for
vortices [33] [34]. Partial results in the L2-subcritical case are available in the works of Chang, Gustafson,
Nakanishi and Tsai [10], Grillakis [20] and Mizumachi [35].

Here we show that under a very natural assumption of instability of the linearized flow around one
excited state, the excited multi-soliton is not unique, and unstable in a strong sense.

Statement of the results
We make the following assumptions on the nonlinearity (recall that f(z) = g(|2|?)z for z € C).

(A1) g € C%(]0,+0c0),R) N CL((0,+0),R), g(0) = 0 and limg_,0 sg’(s) = 0.

(A2) There exist C >0and 1 <p <1+ 3245 ifd >3,1<p < +ooif d = 1,2 such that [s?¢/(s*)| < CsP~!
for s > 1.

(A3) There exists so > 0 such that F(sq) > %

Remark 1. A typical example of a non-linearity satisfying (A1)-(A8) is given by the power type non-linearity

fz) =[Pz with1<p<1l+ 74 ifd>3,1<p<+o0ifd=12.

Assumptions (A1)-(A3) guarantee that, except in dimension d = 1 where all bound states are ground
states, there exist ground states and infinitely many excited states (see e.g. [3, 4] 5] 20} 25]). In particular,
excited states can have arbitrarily large energy and L>°(R%)-norm. Note that every solution of is
exponentially decaying (see e.g. [6]). More precisely, for all @4 solution to (1)) we have eV¥l#l(|®¢|+|V®o|) €
L>(R?) for all w < wp.

Assumptions (A1)-(A2) ensure well-posedness in H'(R?) of (NLS), see e.g. [7] (the equation is then
H'-subcritical). In particular, for any ug € H'(R?) there exists a unique maximal solution u such that
energy, mass and momentum are conserved. Recall that energy, mass and momentum are defined in the
following way.

1
E(u) := §||Vu||iz(Rd) —/ F(u)dz,
Rd
M(u) = ||ul|F2ra),

P(u) := ﬂ”/ uVudz.

Rd

Notice that (A3) makes the equation focusing.
Our first result is the existence of multi-solitons composed of excited states as soon as the relative speeds
v; — vy, of the solitons are sufficiently large.

Theorem 1. Assume (A1)-(A8). Let N € N\ {0,1}, and for j = 1,..,N take w; > 0, v; € R, v; € RY,
z; € RY and ®; € HY(RY) a solution of (with wo replaced by w;). Set

Rj(t,x) = Raj ;v 05,0, (8 @) i= (0 — vt — $j)ei(%vj'x_ilvjlzwwj”%)'
Let w, and v, be given by

1 1
Wy = §min{wj,j =1,.,.N}, wv,:= §min{|vj —vgl;gk=1,...,N,j #£k}.
3
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There exists vy := v4(P1,...,On) > 0 such that if v, > a’lvﬁ then the following holds.

There exist Ty € R and a solution of (NLS) u € C([Tp, +oc), H(R?)) such that for all t € [Ty, +00) we have

Also introduce o := sin ( ) (this constant appears naturally in Claim .

N 1
7010.}71)*
la(t) = 37 RBy(0)]| 1 ey < e .
7j=1

We now turn to the non-uniqueness and instability of a multi-soliton.
Assume that the flow around one of the R; is linearly unstable, i.e. has an eigenvalue off the imaginary
axis. As the R; all play the same role, we can assume it is R;.

(A4) L = —iA + iwy —idf (P1) has an eigenvalue A € C with p := Z.(\) > 0.

This assumption is very natural if one expects Ry to be unstable. Actually, (A4) holds for any real radial
bound state in the L?-supercritical case (see [19]). For excited states, (A4) is believed to hold for a wide
class of non-linearities.

Under assumption (A4), we are able to construct a one parameter family of solutions to that
converge to the soliton R; as time goes to infinity, as described in the following Theorem.

Theorem 2. Take w; >0, 71 € R, v; € R, 21 € RY and &, € HY(R?Y) a solution of (with wo replaced
by wy). Set

R1(t,$) = R‘I’17w17717U1,$1 (tvx) = (I)l(x — vt — ml)ei(%vllz_%‘v1|2t+W1t+’“)'

Assume g is C*° and (A1)-(A4) are satisfied.

There exists a function Y (t) such that ||Y (t)|| g1 ey < Ce™P" and e?*||Y (t)| g1 is non-zero and periodic
(here p is given by (A4) and Y (t) is actually a solution to the linearized flow around R;, see , )
For all a € R, there exist Ty € R large enough, a solution u, to defined on [Ty, +00), and a constant
C > 0 such that

V> Ty, |ua(t) — Ri(t) — aY (t)]| g ray < Ce.

In particular, Theorem [2] implies that the soliton R; is orbitally unstable, as precised in the following
corollary.

Corollary 2. Under the hypotheses of Theorem[3, Ry is orbitally unstable in the following sense. Let o > 0.
There exist € > 0, (Ty,) C (0,+0), (uon) C HY(R?) and solutions (uy) of (NLS) defined on [0,T,] with
un(0) = ug n, such that

ll}r_{l luo,n — R1(0)|| goray =0 and  inf  [Ju,(Ty) — VP (- — Y)|l2ray = € for allmn € N.

n yeERI YR

From Theorem [2] we infer the existence of a one parameter family of multi-solitons. As a corollary, we
obtain non-uniqueness and instability for high relative speeds multi-solitons.

Theorem 3. Let N € N\ {0,1}, and for j = 1,...,N take w; > 0, v; € R, v; € RY, z; € R? and
®; € HY(R?) a solution of (with wo replaced by w;). Set

Rj(tvx) = Rq’j’ij'Yj"Uj’ij (t>$) = (I)j(x — v;t — xj)ei(%vj‘x_%le|2t+th+ﬁ/j)'

Let v, := gmin{|v; — vl; 5,k = 1,...,N,j # k}. Assume g is C* and (A1)-(A4) are satisfied.

There exists vy == vy(P1,...,Pn) > 0 such that if v, > vy then the following holds.
There exists a function Y (t) such that ||Y (t)|| g1 (rey < Ce™P" and e?*||Y (t)|| 1 is non-zero and periodic (here
p is given by (A4) and Y (t) is actually a solution to the linearized flow around Ry, see (26), [27)). For all
a € R, there exist Ty € R large enough, a solution u, to defined on [Ty, +0), and a constant C' >0
such that

N
VE> Ty, lua(t) =Y Ri(t) — a¥ (t)|| ey < Ce 1.
j=1
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Remark 3. Notice that, in Theorem [3, if for a,b € R we have a # b, then u, # up. Indeed, for t large
enough we have

ua(t) = up ()l e gay = la = bIIY (1)]| 1 (ray — 2Ce™ .
Since ePt||Y ()| g1 is non-zero and periodic, this implies that ug Z up if a # b.

Corollary 4. Under the hypotheses of Theorem[3, the following instability property holds. Let o > 0, there
exists € > 0, such that for all n € N\ {0} and for all T € R the following holds. There exists I,,J, € R,
T < I, < J, and a solution w,, € € ([, J.], H*(R?)) to (NLS) such that

N
lim ||w,(I,) — R(I,)|| g =0, and inf Wy (Jp) — B (x — y;)e(zviot?s) >e.
(1) = RO e TN AR LTS lzeme
j=1,....N a

Remark 5. The fact that instability holds backward in time (i.e. with J, < I,) is an easy consequence of
Theorem[3 Hence the difficulty in Corollary[{] is to prove instability forward in time.

Remark 6. The classification of multi-solitons is now complete for the generalized Korteweg-de Vries equa-
tions (see [12,[29] and the references therein). In particular, uniqueness holds in the subcritical and critical
cases, whereas in the supercritical case the set of multi-solitons consists in a N-parameters family. To the
authors knowledge, no uniqueness nor classification result is available yet for multi-solitons of nonlinear
Schrodinger equations.

Scheme of proofs and comments

Our strategy for the proof of the existence result (Theorem [1f) is inspired from the works [13] [30, B2]:
we take a sequence of time T, — +oc and a set of final data u,(T},) = R(T,). Our goal is to prove that
the solutions u,, to backwards in time (which approximate a multi-soliton) exist up to some time 7}
independent of n, and enjoy uniform H'(R?) decay estimates on [Ty, 7T},]. A compactness argument then
shows that (u,) converges to a multi-soliton solution to defined on [Ty, +00).

As in [I3, 30], the uniform backward H!(R?)-estimates rely on slow variation of localized conservation
laws as well as coercivity of the Hessian of the action around each component of the multi-soliton. However,
this Hessian has negative “bad directions” on which it is not coercive. When dealing with ground states,
these were ruled out either by modulation and conservation of the mass (as in [30]) or with the help of
explicit knowledge of eigenfunctions of the operator corresponding to the linearization of around a
soliton (as in [I3]). In both cases, this could be done only because of the knowledge of precise spectral
properties for ground states; this does no longer hold when dealing with the more general case of excited
states.

Our remark is that the Hessian fails to be H'(R%)-coercive only up to a L?(R?)-scalar product with the
bad directions. Hence the first step in our analysis is to find uniform L2?(R?)-backward estimates without
the help of the Hessian. This rules out the “bad directions” and we can now take advantage of the coercivity
of the Hessian to obtain the H'(R?)-estimates. The main drawback of our approach is that the bootstrap of
the L2(R9)-estimates requires that the soliton components are well-separated. Thus we have to work with
high-speed solitons.

To obtain the one parameter family of Theorem 2] we rely on a fixed point argument for smooth functions
exponentially convergent (in time). This is possible because we now assume smoothness on the non-linearity.
The main difficulty is to construct a very good approximate solution to the multi-soliton. Actually we build
such a profile at arbitrary exponential order. This method is inspired by [15, 16} [I7, 18] in the case of a single
ground state, for the nonlinear wave or Schrédinger equations. It was also recently developed by Combet
[T, [12] for multi-solitons in the context of the L2-supercritical generalized Korteweg-de Vries equation.

However, an important difference in our case is that we consider excited states, and the linearized
flow around them is much less understood than that around a ground state soliton. For example, to our
knowledge, the exponential decay of eigenfunctions was not known in general (see [23] for a partial result).
We prove it in see Proposition Also, the unstable eigenvalue has no reason to be real, and
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this will make the construction of the profile much more intricate than in the ground state soliton case. This
is the purpose of Proposition Once the approximation profile is derived, the proofs of Theorem [2| and
follow from a fixed point argument around the profile.

The paper is organized as follows. In Section 2 we prove Theorem [I] Section 3 is devoted to the proofs of
Theorems [2] and [3] In we prove the exponential decay of eigenfunctions for matrix Schrodinger

operators and in we prove Corollaries [2] and [4]

Acknowledgement. The authors are grateful to the unknown referee for valuable comments and sugges-
tions.

2. Existence

In this section, we assume (A1)-(A3) and suppose we are given N € N\ {0,1}, and for j = 1,...,, N,
wj > 0,7 €R,v; € RY 2; € R and ®; € H(R?) a solution of (with wg replaced by w;). Recall that

(v x—2L|v|? ) )
Rj(t,z) = ®j(z — vt — :Cj)el(fvﬂ =g v ’5'i'°"Jt'i"YJ)7

1 1
Wy = imin{wj,jzl,...,]\f}, Uy = §min{|vj—vk|;j,k:1,...,N,j7ék},

).

and « := sin ( NPT(D)

2.1. Approximate solutions and convergence toward a multi-soliton

Let (T5,)n>1 C R be an increasing sequence of time such that T,, — +o00 and (u,,) be solutions to (NLS)
such that u,(T},) = R(T},). We call u,, an approximate multi-soliton.
The proof of Theorem [1| relies on the following proposition.

Proposition 7 (Uniform estimates). There exists vy := vy(®1, ..., ®n5) > 0 such that if v, > o~ vy then the
following holds. There exist ng € N, Tg > 0 such that for all n > ng every approzimate multi-soliton u,, is
defined on [Ty, T,,] and for all t € [Ty, T,] we have

1

—aw?2 v,
[un (t) = R(E)|| 1 ay < €7 " (4)

In this section, assuming Proposition [7, we prove Theorem 1 by establishing the convergence of the
approximate multi-solitons u,, to a multi-soliton u existing on [Ty, +00). Our proof follows the same line as
in [I3] 30].

From now on and in the rest of sectionwe assume that v, > a‘lvu, where vy is given by Proposition

Since the approximate multi-solitons u,, are constructed by solving backward in time, to prove
Theorem [1| we first need to make sure that the initial data w,(Tp) converge to some initial datum wug.

Lemma 8. There exists ug € H'(R?) such that, possibly for a subsequence only, w,(Ty) — ug strongly in
H*(R?) as n — +oo for any s € [0,1).

Lemma [§]is a consequence of the following claim.

Claim 9 (L?(R%)-compactness). Take § > 0. There exists rs > 0 such that for all n large enough we have

J/ lu (To) 2z < 6. (5)
|z|>7s

1
Proof. Let n be large enough so that the conclusions of Propositiothold. Let Ts be such that e« v+ Ts
\/g . Then, by Proposition we have

)

[un(T5) = B(Ts) || e ray <4/ - (6)
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Let ps be such that
)
/ |R(T5)|*dx < —. (7)
|z|>ps 4

From @— we infer
1)
/ lu, (T5)|?dz < —. (8)
|| >ps 2

We define a C' cut-off function 7 : R — R such that 7(s) = 0if s <0, 7(s) = 1 if s > 1, 7(s) € [0,1] and
|7'(s)| < 2if s € [0,1]. Let s to be determined later and consider

Yt) = | |ua(t)*r (”3'_”‘5) dz.

R4 Rg§

To obtain from we need to establish a link between Y(Tj) and Y(Tj). Differentiating in time, we
obtain after simple calculations (see e.g. [30, Claim 2])

2 _
T/(t) = — //é»/ @nVun . i’rl |:E| ps dx.
Ks Rd || Ks

Since ||t (t)|| g1 (rey is bounded independently of n and ¢, there exists

Co:= sup sup Hun(t)”?{l(ﬂkd) >0
neNte[To,Th]

such that o,
()] < =2,
7)<

Choose ks such that %T 5 < g. Then, by integrating between Ty and T5 we obtain

Y (To) — Y(T5) <

N

From we infer that

Y(Ts) = / |un (Ts)|*7 ('x — p5> dx < / [u, (T5) | dz < .
R¢ |z|>ps

a7

>

[NV}

Combining with @D we obtain
T(Tp) < 6.

Now set 75 := ks + ps. Then from the definition of 7 it is easy to see that
/ lun (To)[2dz < Y(Ty) < 6,
[z|>7s

which proves the claim. O

Proof of Lemmal[8 Since u,(Tp) is bounded in H!(R?), there exists ug € H'(R?) such that up to a subse-
quence u, (Tp) — ug weakly in H'(R?). Hence, u,,(Ty) — uo strongly in L2 (R%) and actually strongly in

loc

L?(R9) by Claim @ By interpolation we get the desired conclusion. O

Proof of Theorem[1} Let ug be given by Lemma [§ and let u € C([Tp,T*), H*(R?)) be the corresponding
maximal solution of (NLS). By (A1)-(A2), there exists 0 < o < 1 such that 1 <p <1+ 4~ and

1£(21) — f(22)| S C(Q+ |21 P71 + | 22|77 1) |21 — 22 for all 21, 29 € C.
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This implies that the Cauchy problem for is well-posed in H?(R?) (see [7, @]). Combined with
Lemma [§] this implies that w, (t) — u(t) strongly in H°(R?) for any t € [Ty, T*). By boundedness of u,, (t)
in HY(R?), we also have u,(t) — u(t) weakly in H'(R?) for any ¢ € [Ty, T*). By Proposition |7} for any
t € [Ty, T*) we have

1

. . _ 2
l®) = RO ety < Do it (8) = ROE) sy < €7 >+ (10)

In particular, since R(t) is bounded in H'(R?) there exists C' > 0 such that for any ¢ € [Ty, T*) we have
1

w(®) 211 ey < €7+ 4 | R(E) ]| g2 ey < C (11)

Recall that, by the blow up alternative (see e.g. [7]), either T* = 400 or T* < 400 and lim; 7« [[u| g1 (re) =
+00. Therefore implies that T* = 4o00. From we infer that for all ¢ € [T, +00) we have

1

lut) = ROl gy < e "
This concludes the proof. O

2.2. Uniform backward estimates

This section is devoted to the proof of Proposition [7] This proof relies on a bootstrap argument. Indeed,
from the definition of the final datum w,,(7;,) and continuity of u,, in time, it follows that holds on an
interval [tf,T,,] for ' close enough to T,,. Then the following Proposition shows that we can actually
improve to a better estimate, hence leaving enough room to extend the interval on which the original estimate
holds.

Proposition 10. There exists vy 1= v(®1,..., Pn) > 0 such that if v, > a‘lvﬁ then the following holds.
There exist ng € N, Ty > 0 such that for all n = ng every approxzimate multi-soliton u,, is defined on [Ty, T,).
Let t' € [Ty, Ty,] and n > ng. If for all t € [tT,T,] we have

len (£) = R |ty < €77 (12)

then for all t € [t!,T,] we have

1

lun (£) = R 1 zery < e (13)

1
2
Before proving Proposition [I0} we indicate precisely how it is used to obtain Proposition [7]

Proof of Proposition[ Let Ty, ng and vy be given by Proposition assume v, > a‘lvﬁ, and let n > nyg.
Since u, (T,) = R(T},) and u,, is continuous in H!(R?), for ¢ close enough to T}, we have

1

n (t) = R(t) || g1 ray < €% O, (14)
Let ¢t be the minimal time such that holds:
tT:= min{r € [Ty, T}.]; holds for all ¢ € [r,T,,]}.

We prove by contradiction that ¢t = Ty. Indeed, assume that t' > T,. Then

1
tn (¢1) = R | 1 oy < 7 ot

and by Proposition [10| we can improve this estimate in

1

_ 2 T
l[un (") — R(tT)”Hl(Rd) < 5€ aws vat!

Hence, by continuity of w,(t) in H'(R?), there exists Ty < t¥ < ¢ such that holds for all ¢ € [tF,¢1].
This contradicts the minimality of ¢/ and finishes the proof. O
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The proof of Proposition [10]is done in two steps. First, assuming we prove that we can control the
L?(R%)-norm of (u,, — R). To obtain the full control on the H*(R%)-norm of (u, — R) as in we use the
linearization of an action-like functional. This linearization is coercive (i.e. controls the H'(R?)-norm) up
to a finite number of non-positive directions that can all be controlled due to the L?(R%)-estimate.

Let Ty > 0 large enough and fix n € N such that T;, > Ty. For notational convenience, the dependency
on n is understood for u and we drop the subscript n. Set v :=u— R. Let t' € [Ty, T;,] and assume that for
all t € [t T,,] we have

1
—aw2 vt

o)l (ray < e :
Step 1: L*(R4)-control
Lemma 11. For all K > 0 and m € N\ {0} there exists vy = vy(K,m,®1,...,Ox) > 0 such that if
v, > a~tvy then for all t € [t1,T,) we have
1 1

2
e—aw* Vit

v(t 2 < .
H ( )”L (R4) \/2’[7’17

Notice that the reason why we introduce such K and m will appear later in the proof.

Proof. First note that by identifying C to R? and viewing f : R> — R? we can consider
df (2).w = g(|2|*)w + 2% (20)g'(|2|*) 2.

The function v satisfies
w + Ly +N(v) =0,

where
Lv:=Av+df(R)v

and the remaining nonlinear term N (v) verifies
| (iN(U)aU)m(Rd) | < 77(||U||H1(Rd))||UH12Hl(Rd),

where 7 is a decreasing function satisfying 7(s) — 0 when s — 0. Take any t € [tT, T,,]. We have

1d . )
5@““”%2@@) = (vtﬂv)Lz(Rd) = (ZL:UvU)L?(Rd) + (ZN(U)7U)L2(Rd)‘
We have
(iLv,0) 12 (ra)
=% / i (Av+df(R).v)) vdx,
R4
=R / i (Av+ g(|RI*)v + 2¢'(|R|*)%-(Rv)R) vdz,
Rd
= %’g/ i(—|Vol* + g(|RI?)|v|* + 2¢'(|R|*)%- (Rv) Rv)dx,
Rd
_ / 29/ (|R|2)%- (RD) 5 (R7)da.
Rd
Therefore,

[GL00) s | < [ 2/ (RPIRF o,

Cr 1o
< 7”7}“L2(Rd)7
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where this last constant Cz depends only on g and ||R||p-(gra). By the bootstrap assumption on v, this
(Re)
implies
| (L0, 0) gy | < Lee2oebont
Pl Lz(Rd) ~X 2
In addition, it is easy to see that
3 3

| (iN(0),0) 2 ray | < 01V ]| i ga) [0l Fr ray < m(e7 0 Pt)e 2w vt

1

In short, if T} is large enough so that n(e‘"‘”*2 vet) Cﬁ , we have obtained that

_ 3
< 20[;6 20w v*t.

d
£||U||i2(nw)

Therefore, by integration between ¢ and 7;, we get

CL — Ot(.d%’l) — aw%v
”U(t)H%Z(Rd) - Hv(Tn)||2L2(Rd) < ——(e Jawsuit _ gm2awividn ) (15)
QW Uy
Now, we take vy such that
O 1
2mK’

1
w? vﬁ
If v, > o lvy and since v(T,,) = 0 we get from ([15] that

1 3
v(t < e—aw* v*t7
H ( )||L2(Rd) N \/2’[’]17}(

which is the desired conclusion. O

Step 2: H'(R)-control

The idea of the second step of the proof of Proposition [L0]is reminiscent of the technique used to prove
stability for a single soliton in the subcritical case (see e.g. [21) 22, 27 39, 40]). Indeed, it is well-known
that the linearization of the action functional Sy (see the definition of Sy p. , whose critical points are the
solutions of (]}, is coercive on a subspace of H'(R?) of finite codimension in L?(R?). At large time, the
components of the multi-soliton are well-separated and thus it is possible to localize the analysis around each
soliton to gain an H!(R%)-local control, up to a space of finite dimension in L2(R%). But due to Lemma
we are able to control the remaining L?(R%)-directions, hence to close the proof. The idea of looking at
localized versions of the invariants of was introduced in [32] and later developed in [13] (29, (30, [31].
We shall therefore be sketchy in the proofs, highlighting only the main differences with the previous works.

We start with the case of a single soliton.

Lemma 12 (Coercivity for a soliton). Let wp >0, 70 € R, 29,00 € RY and a solution &y € Hl(Rd ) of (1 .
Then there exist Ko = Ko(®g) > 0, vo € N\ {0} and X4, ..., XY € LA(RY) such that for k = 1,...,v5 we
have || XE| 2 may = 1 and for any w € H'(R?) we have

Yo

||wHH1 (Rd) S < KoHy(t,w) + Ko Z (w Xk ))LQ(Rd) for allt € R,
k=1

where
XE(t) i=eiarom—ilvolfttwotto) Xk (n — g0t — 2p),

Hy(t,w) ::||Vw||2LQ(Rd) + <w0 + |4> ||w||2L2(Rd) — g - ﬂ;z/ wVwdz
Rd

— [ R wf? + 29 (1Rof2)2-(Ro )

and Ro(t, z) is the soliton given by .
10



Lemma [12] follows from standard arguments. We included a proof in for the reader’s
convenience.

We introduce now the localization procedure around each component of the multi-soliton.

We begin by the selection of a particular direction of propagation.

d—1
Claim 13. Let 0 < a < sin (%) Then there exists an orthonormal basis (e, ...,eq) of R? such
2

that for all j,k=1,..., N, we have

[(vj — v, €1)ra| = alv; — vl.

Proof. For j # k, set vjj = ﬁj:g’;‘. The claim will be proved if we show that the measure of the set
A= U {w € S¥ | (vjg, w)ga| < a}
k=1,...,N
itk

is smaller than the measure of the surface of the unit sphere S¢~1.
Take j,k = 1,...,N; j # k. Without loss of generality, assume that v;; = (1,0,...,0). Take w € Sé-1
and let (61, ...,04—1) be the spherical coordinates of w. Then we have

(Vjk, W)ga = cos by.

Therefore, after easy calculations we get

p({w € st |(Vjg, w)ra| < a}) < 2arcsin(a)r(d71)
2

d—1

m 2

d—1
N(==

where f1 is the Lebesgues measure on S~ and

is the area of the (d — 2)-unit sphere. By subadditivity
of the measure this leads to

w(A) < N(N — 1) arcsin(oz)rﬁi

Now, remember that

T —1
0 <o <sin V(5 )d
N(N = 1)I(5)
This implies
d—1 d
T2 T2
w(A) < N(N — 1) arcsin(a) ——— < ——— = pu(S?71).
L(3h)  T()

Therefore p(S?~1\ A) > 0 and we can pick up e; € S¢~! such that for all j,k =1,..., N, we have
[(vj — vk, €1)ra| = alvj — vyl
Completing e; into an orthonormal basis (eq, ..., eq) of R? finishes the proof. O

By invariance of (NLS|) with respect to orthonormal transformations we can assume without loss of

generality that the basis (ey,...,eq) is the canonical basis of R?. Up to a changes of indices, we can also
assume that v] < ... < vk where the exponent 1 in vjl- denote the first coordinate of v; = (vjl-, cees ’U;l).

Let ¢ : R — R be a C* cut-off function such that ¢(s) = 0 for s < —1, ¥(s) € [0,1] if s € [-1,1] and
P(s) =1 for s > 1. We define

1
mj = 5(1)]1;1 +vj) for j =2,...,N,

Yi(t,z) =1, ¥;(t,z) == p(—=(z' —mj;t)) for j =2, ..., N.



Then we can define
¢] :wj _,(/Jj-i-l fOI'j = 17"'7N_ 1, (bN = wN

We introduce localized versions of the energy, charge and momentum. For j =1,..., N we define
1
E;(t,w) = f/ |Vw|2¢jdx—/ F(w)¢,dz,
2 Rd Rd
M;(t,w) ::/ lw|*¢;dz, Pj(t,w):= ﬂn/ (Vw)we,dz.
R4 Rd

We denote by S; a localized action defined for w € H'(R?) by

1 v;]? 1
Si(t,w) == Ej(t,w) + 3 <wj + | i' )Mj(t,w) — §Uj - Pj(t,w)

and by H; a localized linearized defined for w € H'(R?) by
Hj(t, w) = /Rd [Vw|*¢;dr — /Rd (9(B; ") |w]* + 29 (| R;|*) % (R;j0)?) ¢

12
+ (wj + [v5| ) / lw|?¢;dx — v; - ﬂ/z,/ wVwo;dr.
4 R4 Rd

We define an action-like functional for multi-solitons

N
S(t,w) == Z S;(t,w)
j=1
and a corresponding linearized
N
H(t,w) = ZHj(t,w).
j=1

We have the following coercivity property on H.

Lemma 14 (Coercivity for the multi-soliton). There exists K = K(®1,...,Px) > 0 such that for all t large
enough and for all w € H*(RY) we have

N vj
2
HwH?{l(Rd) < KH(taw) + KZZ (va]l‘(t))Lz(Rd) )

j=11=1
where (v;), (X]l) are given for each R; by Lemma .
Proof. 1t is a consequence of Lemma (see [31, Lemma 4.1]). O

Lemma 15. The following equality holds

1

— aw?v*
Si(t,u(t)) = Sj(t, Ry) + Hj(t,v) + O(e7** ") + o( ||l 3 ga))-
The proof relies on the following claim.

Claim 16. For all x € R and j, k = 1,...,N the following inequalities holds.

(IRt )| + |VRi(t, 2))65(t, 7) < Ce20 vute 55 lomvnt=anl for j £k,

1
1 u.)*z

([R; (£ 2)] + VR (£, 2)])(1 — 5 (t, 2)) < Cem 207 vetem S lomvyt=ayl,

12



Proof. The claim follows immediately from the support properties of ¢;, the definitions of w, and v, and
exponential decay of ®;. O

Proof of Lemma[15 The proof is done by writing u(t) = R(t) + v(t) and expanding in the definition of S;.
We start with the terms of order 0 in v. By Claim [16] we have

1

Sj(t, R) = S;(t, Ry) + O(e~ 10w vty (16)
We now look at the terms of order 1 in v. Still by Claim taking in addition into account that [|v|| g1 (ray =

1
O(e=“? vt} and remembering the equation solved by R; (see (C.1)) we obtain,

1 1

<S/ t R ’U> <S/ t R) >+O(€_3aw*2v*t) — 0(6_3aw*2v*t), (17)
(S5 (t, Ryv,v) = H;(t,v) + Ofe3owdvty 4 O(”U”%ﬂ(Rd))' (18)

Gathering — we obtain the following expansion

1

Sj(t,u(t)) = Sj(t Ry) + Hy(t,v) + O™ ") + o(|[v]| 371 ),
which concludes the proof. O
We can now write a Taylor-like expansion for S.

Lemma 17. We have

S(t,u) = S(t, R) = H(t,0) + o(|[vl| 1 ay) + O(e 7537 +1).

Proof. In view of Lemma [15] all we need to prove is
N 1
S(t,R) =" S;(t, R;) + O(e 2 :h),
j=1

which follows immediately from Claim O

Lemma 18. The following estimate holds.

Proof. We remark that

S(t,w) ) + EN: ( ( |vj2> M;(t,w) — %vj : Pj(t,w)> .

Jj=1

Since the energy E is conserved by the flow of (NLS)), to estimate the variations of S(¢,u(t)) we only have to
study the variations of the localized masses M, (¢,u(t)) and momentums P;(t,u(t)). Take any j = 2,...,N.
We have

2at/ [u(®) w5 (¢, 2)do

L (19)
(a0~ P ) (o gt

\[ Rd 4t Vi
13



Define I; := [m;t — Vi, m;t + V] x R¥1. From and the support properties of 1) we obtain

P
° /R )1, )i

C / 9 9
< — Vul|* + |u|“dz.
v AN
Similarly, for the first component of P; we have

10 [ -
251 /Rd udujda =
1 _oat+myt 1
T L (100 = gl + ) w0y ™5 ) (o )
1 1

1 2, .11
—@|u| ) (—t(x —myt)dr. (20)

Combining with the support properties of ¢ and (A1)-(A2) we obtain

‘gt/w adrupdr| < 5% /Ij \Vu|? + |u|?dz + (/17 |Vul? + |u|2dx>

Similar arguments lead for k£ > 2 to

0 _
‘815 /Rd ulguyp;dx

C / 9 9
< — | |Vu® + |u2dx.
7 Ij\ * + |ul
Now, we remark that
/1 (IVul® + [ul?) d g/l VR + |R%dz + |[u — R|3 ga)-

Recall that by hypothesis we have

1
7(10.)*2 Vit

lu— R g rey = vl ar@aey < e )
In addition, the decay properties of each ®; and the definition of I; imply
1
/ (|VU|2 + |’LL|2) dzr < Ce—Zawf it
I

Consequently,
1
9 < Ee—2aw?v*t’

0
9 2., o[ o
ot /Rd ;¢ @)da) + ‘87& /Rd wWuydz| S =7

Note that the previous inequality is trivial for 7 = 1 since ¥»; = 1 and the mass and momentum are conserved.
Plugging the previous into the expressions of M; and P; gives

9 C o sawlv
51 () 4 i) < Gt
and the desired conclusion readily follows. O

Proof of Proposition[I0, Let K = K(®1,...,®x) and m := Zjvzl v; be given by Lemma Since HXJ’?(t)HLZ(Rd) =
1 for any t, j, k, by Lemma there exists vy = vy(®1, ..., ® ) such that if v, > a~1vy we have for j = 1, ..., N,
k=1,...,v; that

2 ey < 0Oy < e e (21)
L2(R) L2RY) S o K :

14

(v(t), X5 (®))



Using Lemma [18| we obtain

Tn s, u(s 5
S(t,u(t)) — S(To, u(T)) < /t 83(8’3”)‘ ds < \%e—?% wt, (22)
Note that since u,(T},) = R(T;,) we have

By Lemma — imply

1
Cef2aw*2 Vit

H(t,v) < G + 0(”””3{1(]1@))' (24)
Combining - and Lemma [14| we get
C 1\ _,..%
oy < (S 5 ) €72 4 o0l o)

and we easily obtain the desired conclusion if Ty is chosen large enough. O

3. Non-uniqueness and instability

In this section, we assume g € C* and (Al)-(A4) are satisfied. We take N € N\ {0,1}, and for
j=1,...N,w; >0,v; € R, v; € RY z; € RY and ®; € H'(R?) a solution of (with wg replaced by w;).
Recall that

(Lo g 110.12 . .
Rj(t’;z;) = (I)](gg — ’th _ xj)el(va z— vl tJFWJt+'YJ)7

1 1
Wy = §min{wj,j =1,..,.N}, v, = §min{|vj — vl k=1,..,N,j #k}.
3.1. Construction of approximation profiles

Since is Galilean invariant, we can assume without loss of generality that vy = 0,7, = 0,27 = 0.
For notational brevity we drop in this subsection the subscript 1 indicating that we work we the first excited
state. Hence we will write (in this subsection only) Ri(t,z) = R(t,z), 1 = @, etc.

Note first df (z).w = g(|z]*)w + 2%.(2w)g'(|2|?)z is not C-linear. This is why we shall identify C with

R? and use the notation a + ib = (a,b € R), so as to consider operators with real entries. Given a

a
b
vector v € C2, we denote v and v~ its components (so that if v represents a complex number, v* is the
real part and v~ the imaginary part). To avoid confusion, we will denote with an index whether we consider
the operator with C, R?, or C2-valued functions.

Thus, as we consider

Zev = —iAv —idf (R).w, Lcv = —iAv + iwv — idf (P).v,
and the non-linear operators

Ae() =if(R+v) —if(R) —idf (R).v,
Me(v) = e N () = if (B +v) — if (®) — idf (®).v,

I \ J A—w+I7\ (vf
B2\~ ) T\ A+ w1+ —J v ]
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with ®* and &~ the real and imaginary parts of ® and
_ 2
J=20707g'(|0f), IF = g(|0f) + 20 4 (|2f).

Now Lg> is as an (unbounded) R-linear operator on H?(RY,R?) — L2(R%,R2). So as to have some eigen-
functions, we can complexify, and we are interested in L2 : H2(R%,C?) — L?(R%, C?), which is a C-linear
operator with real entries.

Let a > 0 be the decay rate given by Proposition [25 for eigenfunctions of L with eigenvalue A (see (A4)).
Possibly taking a smaller value of o, we can assume « € (0,/w). For K = R,R?,C or C2, denote

A (K) = {v e H®(RY, K)| e?l*l| D] € L°(R?) for any multi-index a}. (25)

We have gathered in the following proposition some properties of L¢2 that shall be needed for our analysis.
Proposition 19 (Properties of L¢2).

(i) The eigenvalue A = p +i0 € C of L2 can be chosen with mazimal real part. We denote Z(x) =

(Z+(x)) € H?(R%,C?) an associated eigenfunction
Z(x) ’ J '

(ii) ® € A (R?) and Z € 5 (C?).

(iii) Let u ¢ Sp(Lge), and A € 5(C?). Then there exists a solution X € #(C?) to (L — ul)X = A, and
(L — )™t is a continuous operator on (C?).
Exponential decay of eigenvalues of L is a fact of independent interest. Hence we have stated the

result under general assumptions in the [Appendix Al (see Proposition . Notice that we treat all possible
eigenvalues (in particular without assuming |%.\| < w, as it is the case for example in [23]).

Proof. (i) It is well known that the spectrum of L¢:2 is composed of essential spectrum on {iy,y € R, |y| >
w} and eigenvalues symmetric with respect to the real and imaginary axes (see e.g. [I9, 23]). The set
of eigenvalues with positive real part is non-empty due to (A4). As Lc¢z is a compact perturbation of

0 A—w . . . .
(_ At w 0 ) there exists an eigenvalue A with maximal real part.

(ii) Exponential decay of ®, V® is a well-known fact (see e.g. [7]). Then using the equation satisfied by
®, one deduces that ® € J#(R?). The decay and regularity of the eigenfunction Z rely essentially on the

decay and regularity of ®. Therefore, we leave the proof to Proposition 25 and Proposition 30]
(iii) Regularity of X follows from a simple bootstrap argument. For the exponential decay, we use the

properties of fundamental solutions of Helmoltz equations (see Proposition . O

To conclude with the notations, we define the decay class O(x(t)), which we will use for functions
decaying exponentially in time.

Definition 20. Let ¢ € C®°(RT, H*(RY)) and x : R* — (0,400). Then we denote
E(t) =0(x(t)) ast— +oo,
if, for all s > 0, there exists C(s) > 0 such that
VEZ0, @) mere < C(s)x(1).

+ 0o (7
Let Y, :=%.(2) = <gg_;> and Yy := 4. (Z) = (ig?;) Then Y1, Yz € #(R?), and
L]Rzifl = pY1 — 9)/27
L]RZ Y2 = 9Y1 + ng
Denote
Y (t) = e **(cos(6t)Y; + sin(6t)Ys). (26)
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Lemma 21. The function Y wverifies for allt € R the following equation.
0Y + Lr2Y = 0. (27)
Proof. Indeed, we compute
0y (e P (cos(0t)Y1 + sin(0t)Y3)),
=e "' ((—pcos(ft) — Osin(0t))Y1 + (—psin(0t) + 0 cos(0t))Ya),
Lg2 (e~ (cos(0t)Yy + sin(0t)Y3)),
= e P(cos(Ot) LY, + sin(0t)LY>)),
= e Pt (cos(0t)(pY1 — 0Ys) + sin(0t)(0Y1 + pYa),
= e "((pcos(6t) + 0sin(6t))Y] + (psin(0t) — 6 cos(6t))Ys.
So that (9, + Lg2)(Y (t)) = 0. O

Proposition 22. Let Ny € N and a € R. Then there exists a profile WNo € C*([0, +00), #(R?)), such
that as t — 400,
OWNo 4 LpaWhNo = s (W) + O(e=# N0t

and WNo () = aY (t) + O(e=2rt).

Remark 23. Notice that WM (¢, x) is a real valued vector. If we go back and consider W™No as a function
taking values in C, we then have, by definition of A , with UNo(t) = R(t) + e™tWNo(t),

i0,UN + AUN 4 f(UNo) = O(emP(Not Dy,

For the proof of Proposition we write W for W (for simplicity in notation) and we look for W in
the following form

Z e Pkt Z A; () cos(jbt) + Bj () sin(j6t) |, (28)

Af Bt
where A; ) = <A7_*k> and Bj, = (Bj_’k) are some functions of ' (R?) to be determined.
j?k jfk

We start by the expansion of .Z (W).

Claim 24. We have
Mz (W Z e Pt Z ( )cos(j0t) + Bj . (x )sin(j@t)) + O(e=Wotbrty

where AJ H,B € A (R?) depend on Apn and By, only forl <n <k —1.

Proof. First we use a Taylor expansion. Due to smoothness of f and ® € s (R?), and as .#: is at least
quadratic in v, there exists a polynomial Py, € #(R?)[X,Y] with coefficients in J#(R?), and valuation at
least 2, such that :

No m m—j
s (0) = Py 007+ 00y = 33 (Bl o,

m=2 j=0 Qj»m(m)v+v_
where Pjp,, Qjm € A (R).

17



Consider now the term W{W™ ™" and use . It writes

No k "
(Z e PH <Z A?,_k cos(10t) + B:k sin(l&t)) )

k=1 1=0
No b m—n
X (Z e~ Pkt (Z A cos(lt) + By sin(l@t))) .
k=1 1=0

Now, the multinomial development gives

| —n)! L
Z — n.' ' (7'77, {’./L)"efptzi\;ol k(lkJrjk)
i1+ +ing=n 127 INg: J1m T I Ny
Jitting=m—n

No k ik
<I1 (Z (A;k(x)cos(wt) + B} (2) sin(zet))>
k=1

=0

=0

k Jk
X (Z (Al_k(x) cos(l0t) + By () sin(l@t)))

Fix some (ix)k, (ji)r and define the decay rate k = Zé\’il k(ix + jr). Then

No
n}Z(ik—l—jk):n—l—(m—n):mQQ.
k=1

The product factor is a trigonometric polynomial in ¢, it can be linearized into a sum of sin and cos with
frequency ¢0 and ¢ < ), k(ix + ji) = k.

Of course, as W € #(R?), the higher order terms (i.e. with x > Ny + 1) all fit into O(e~(No+1rt),

It is now clear that A; . and B, are polynomial in A;x, Bjx, Ppm, and Q, . It remains to see that
the A; or Bj that intervene (i.e iy + ji > 0) come with & < £ — 1. Let a be the maximal index such that
ia +Ja > 0. Recall iy +---+in, + 51+ +in, =m = 2. If iy + jo, = 2, we have 2a < a(ig + jo) < K S0
that (ask 2m >2) a <k —1. If i, + j, = 1, there exist b > 1, b # a, such that i, + j, > 1 and

K= k(ix+ji) > alia + ja) +bis +jy) > a+ L.
k

Finally the product has the desired properties. O

Proof of Proposition|[23 By definition of W, we can compute:

Ny k
(O W + Lg=2W) = Z e PR Z(L]RQAJ'JC + jOB; i, — kpA, 1) cos(j6t)
k=1 =0

+ (LRQBij — jGAj,k — kijJc) sin(j@t)) .

From the computations of Claim it suffices to solve for all 0 < j < k < Ny

{ Lg2Aj+ jOBj i, — kpAj i = Ajk, (29)
L]Rsz,k - jHAj,k - k‘ij7k = Bj,k-

18



Obviously, one starts to solve for k = 1, then from this k = 2 etc. so that at all stages /Nlj’k and Bj,k are
well defined (remark that A;; = B, 1 = 0).

We initialized the induction process by setting A; 1 = aY7, B = aYs, and Ap; = By = 0. Assume
that A; and B; are constructed up to k < kg — 1 and belong to A (R?), we now construct Aj ko Bjko
for all j < ko. By Claim all flj’ko and Bj’ko are constructed for j < ko and belong to 57 (R?).

Consider now the operator L, = Le2 — (kop +ij0)1d, Ljy, : #(C?) — #(C?). Ase=p+if is an
eigenvalue of L¢2 with maximal real part, for all kg > 2 and all j, kop+ij0 ¢ Sp(L) so that L, j, is invertible.
Let X = L} (Ajr, 4 iBj,), and define C := % (X) = (t%(Xﬂ) D= 4%.(X) = (‘gx(XJr)) so that

Jisko \* IR0 J:ko /s %(Xf) ) ﬂ;z(Xf) ’
C,D € #(R?) and X = C +iD. Then we compute
Aj ko +1Bj ke = Lj i, (C +1iD)
= Lg2C +iLg2D — kopC — ikoD —ij6C + j0D
= (Lg2C — kopC + jOD) + i(Lg2D — jOC — kopD).
Hence A, = C and Bjx, = D are solutions to the system (29). O

We now switch back notation from vector valued functions to complex valued functions and summarize
what we have obtained. We use again the subscript 1. Hence we can consider VlN o UlN ° defined by

ViNo(t,x) = etwiNo(t,x), UNo(t,x) = Ry(t,x) + V"o(t, z).
Then we define
Erro(t,x) == i0,U]" + AUY + f(UN0)
= iV + AV 4 F(Ri(t) + Vi) = f(Ri (1)
= i@V + 2V — (V)
= et QWMo L LeWNo — ate(WH0)).

By Proposition Errdo(t, ) = O(e=WNot ety - Also, from we deduce VY0 (t) = ae™tY (t) + O(e~2),
so that for all s > 0, there exists C'(Np, s) such that

vt >0, [[ViV(t) g may < C(No,s)e . (30)

3.2. Proofs of Theorems[q and[3

Proof of Theorem[3 Let Ny to be determined later, we do a fixed point around UlN0 (t). Suppose u =
UNo(t) + w(t) (with w(t) — 0 as t — +00) is a solution to (NLS)), then

0w + Aw + f(UN +w) — f(UN) — Errio(t) =0
From this, Duhamel’s Formula gives, for ¢t < s,

w(s) = A Du() +i / 8 (F(UN +w)(r) = FUN (7)) — Breo(r)) dr,

so that
e~ Bup(s) = e~ By (p) +i/s o—iAT (f((UlNO +w)(1)) = f(UNo (7)) = Errio (T)) dr.

t

Letting s — 400, as w(s) — 0, we are looking for a solution to the fixed point equation

+oo
w(t) = *i/t AU + w)(7)) = FUT (7)) = Erry (7)) dr.
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Hence, we define the map
+oo
v V(o) = _i/ AT (F((Ry+ VY 4 0)(1) = F((B + Vi™)(7)) = Erry” (7)) dr.
t

Fix o > ¢, so that H°(R?) is an algebra, and let B, Tj) to be determined later. For w € C((Tp, +00), H? (RY))
define

p oo+ oy
T,

lwlxg, ., = tS; ()] e (ray,

0
to be the norm of the Banach space
XF, 0 = {w € C((To, +00), H(RY)|[wlxz, < +00} .

To,Ng

Consider the ball of radius B of X%O, No

[[wllxs,

7o < B}.

X5, 5, (B) = {w € X7,
By (30), we can assume Ty is large enough so that
||V1N°||HU(R4) < 1 and also Be~No+1eTo 1,

Our problem is to find a fixed point for ¥, we will find it in X7 y, (B) for adequate parameters.

Notice that for t > Ty, ||[V{¥® ()]l #r=may < 1. Hence, we will always work in the H?(R?)-ball of radius
To = ||®1 o ray + 2. Due to C7! smoothness of f, there exists a constant K, such that

Va,b € Byo(ra)(rs), [1f(a) = f(O)llge@e) < Kolla — bl o (ra)-

In particular, for all ¢,
£ (Ra(t) + Vi (1) +0) = F(Ra() + Vi ()| 1o () < Kol|0]| 1o (ma)-
Hence, as '2(t=%) is an isometry in H? (R?), for any v € X%O,NO(B) we have
1V (v) () | e (rey

“+oo
< / (1f (By + V™ + ) = f(Ry+ Vi) o ey + | By (7) || o ) Jdr
t

+oo
/ A=) [f(Rl + VlNO +v)— f(Ry + VlNO) — Err{v"} (r)dr
t

He (R4)

400
< [ allollo sy + CWo,0)e M0 ar
t

K,B + C(No, 0) e—(No+1)pt.
(No+1)p

First choose Ny large enough so that (Nf(ﬁ < % Then choose B = Z(C]\(,ﬁ(_’&)) Finally choose T} large

enough so that  C(Np,o)e T < 1. Hence we get
1% (0) (8)]] 1o (ray < Be™ VoDt
This shows that ¥ maps X¢, y, (B) to itself. Let us now show that ¥ is a contraction in X2 v (B). Let

v,w € X7, y,(B) then we have

+oo
W(v)(t) — W (w)(t) = —i / A=) (F(Ry + VYo +0) — f(Ry + VN +w))ds.

t
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As previously, we have

N (o)1) = () () e sy

+oo
_ e(N()+1)pt / elA(t—s)(f(Rl +‘/1N0 +U) _ f(Rl +‘/1N0 +w))d8
t

He (RY)

—+o0
< e(NUH)Pt/ 1F(Ry+ Vi 4 0) = f(R1 + Vi + w)|| o mayds
t

+oo
< e(No+1)pt/t Kollv(s) — w(s)| o mayds

—+o0
gKae(No-H)Pt/ e—(No+1)PS||U wl|xe  ds

p To,Ng
e_(NOJ"l)pt

<Kol 0wl e

v

S v Tl —wxg
(No+1)p ”

To,No

Taking the supremum over ¢t > Ty, we deduce that

K,
(0) — ¥, ., < eyl v, 5, < Sllo—wlxg, ..

Hence, W is a contraction on X7, . (B), and has a unique fixed point . Notice that we have obtained
a unique fixed point for any o > %: from this we deduce that ¥ does not depend on o, and hence, v €
C>([Ty, +00), H*®(R?%)). Then @ = Ry + V;¥° 4 7 is the desired solution. O

Proof of Theorem[3 The proof is essentially a generalization of that of Theorem [2] Let v, to be fixed later
and assume that v, > vy. Let Ny to determined later and a € R, from this we dispose of a profile VlNO (t),
UNo(t), an error term Erriv (t) associated to Ri(t), and an eigenvalue A = p + 0 of L. We look for a

solution of the form wu(t) = UM (t) + > js2 Rj(t) +w(t). Then w satisfies
10w + Aw + f(UN° +ZR +w) — F(UL°) Zf — Errle =0.
j=2 §>2

Hence considering the map

+oo
v W) = —i/t AU F(UT° + DRy +0)(9)) = fUT°(5) = D F(Ri(s)) = Brry®(s))ds,

j>2 i>2

we are looking for a fixed point for ¥, in the set X7, v (B ) (defined in the proof of Theorem [2]) for adequate
parameters Ty, Ng, B,o. Let o > g. As previously, let Ty large enough so that HVlNO( M as@ey < 1 for
> Ty, and Be~WNotDrTo < 1 50 that we remain in a ball of radius 1 in H"(Rd).

Using exponential locahzatlon of the solitons R; and of the profile U1 , we deduce as in the proof of
Theoremlthat for some Koy = K(f, [|UN°| g0 &) T 250 1Rl o ey + 1), we have

1A + D7 By +0)) = FU) = D F(R) ooy < Kool oy + O(e20V50"1),
j=2 j=2

possibly by taking a smaller value of w, such that w, < aq, where oy is the (exponential) decay rate of UIN 0.
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Notice that a; is independent of Ny, due to the construction of U1N°. Hence we have as in Theorem

@)D e ®e)

+oo
- / A= (FUN 437 Ry +v) - F(UN) = S F(Ry) — Errl)ds,

j=2 j=2 He (R%)

+oo
< /t AU + ZRj +v) — f(UT°) Zf M e may + | Erry | fro (rayds

j=2 j=2
—+oo
g/ (Ko [0ll 0 ety + C(No, 0)e™NorDes 1 O(g)em2ev/@rens) ds
t

- K,B+ C(Ny,0) e~ (No+1)pt | _Clo)
(No+ 1)p 2/t

—2a /Wit

= and set B := 3¢Wo.0) . Recall that v, > v;. We chose vy

First choose Ny large enough so that iy +1) NotD)p

large enough so that from the choice of wy, v,, we have
C(o B
ﬁ < 3 and 2a/w, v, = (Ng + 1)p.

Finally choose Ty large enough so that
Be~WotDrTo <1 and  C(Np,o)e ?T0 < 1.

From this, || (v) ()] gogay < Be”NotDPt for ¢ > Ty, ie. W maps X v (B) to itself. Similar computations
show that ¥ is a contracting map, so that it has a unique fixed point w. Again as in Theorem [2} w
does not depend on ¢ and @ € C*([Tp, +00), H*(R?)). Then @ = U}° + > iz Bj(t) + w(t) fulfills the
requirements. - O

Appendix A. Exponential decay of eigenfunctions to matrix Schrodinger operators
We consider an operator L : H?(R%, C?) c L*(R?,C2?) — L?(R%,C?) of the form
I = ( wh A 4w+ V1>
A—w+Vy Wy
where w > 0 and Vi, Vo, W7, W5 are complex-valued potentials satisfying the following assumptions.
(VW1) There exists ¢ € (max{2, 4}, +00] such that Vi, W}, € L49(R?) for k = 1,2.
(VW2) lim|g|— 400 Vi(2) = limz 400 Wi(z) = 0 for k = 1,2.

Assumptions (VW1)-(VW2) are probably not optimal, but they are sufficient in the context in which we
want to apply the following Proposition 25

Our goal is to prove that if L has an eigenvalue which does not belong to the set {iy,y € R, |y| > w}
(which is the essential spectrum of L, see e.g. [23]) then the corresponding eigenvectors are exponentially
decaying at infinity. Note that it was previously known only for eigenfunctions corresponding to eigenvalues
lying in the strip {z € C,|%-(z)| < w} and with a restricted class of potentials (see [23]).

Proposition 25. Assume that (VW1)-(VW2) hold. Take u,v € H*(R%,C), A € C\ {iy,y € R, |y| > w},
and suppose that for U := <:j) we have LU = AU. Then there exist C > 0 and o > 0 such that for all

x € R% we have
u(z)] + o(x)| < Ceml,

Our proof consists in obtaining estimates on fundamental solutions to Helmholtz equations and consid-
ering the eigenvalue problem LU = AU as an inhomogeneous problem.
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Appendiz A.1. Fundamental solutions
For a given u € C, a fundamental solution of the Helmholtz equation in R? is a solution of

(—A — gl = bo.
Setting v := % fundamental solutions of the Helmholtz equation are given by

gu(). m (\F| D

where H is the first Hankel function (see e.g. [I]). For pu = pe® with p > 0 and 6 € [0,27) we defined /1t
by /i = p%e’%. Defining /- in this way ensures in particular that gff is square integrable for ;4 ¢ R*. The
fundamental solutions gz verify the recurrence relation

o .d
gd+2( ) _ 7Wgu(m)
" 27 ||

We deduce the following formula for the fundamental solution. For d = j+ 2] where j = 1,2 and [ € N\ {0},
we have

]+21 Za (k)|m| 2tk (A1)

where the coefficients (af) are positive and the exponent (k) denotes the k' derivative.

Lemma 26 (Estimates on fundamental solutions). Let u € C\ RT. Then there exists 7 > 0 and C > 0
such that

\gZ(m)| < CgiT(x) for all z € R? \ {0}.

In particular, gl‘f is exponentially decaying at infinity with decay rate \/T, i.e. |gl‘f(x)| < Ce V7l for |z|
large enough.

We separated the proof of Lemma [26] into two proofs depending on the oddness of d.
Proof for odd d. We have /i = p%ei%. Choose 7 > 0 such that /7 = p% sing. It is well-known that

g;(x) = \i/ﬁei\/m”‘. It follows from easy computations that
—p2 sin 7|x\
‘gﬂ ‘ = 2f
Since )
e p—

2\/,5511&%

this readily implies that for all € R? we have

g, (x)] < Cgl (),

which proves the lemma for d = 1.
Similar calculations lead to

(g0 < C(=1)F(g2 )™ for all k € N. (A.2)
Assume now that d > 3 and take [ € N\ {0} such that d = 1 + 2. Combining (A.T)) and (A-2)) gives
19421 (@)] < CgM 2 () for all w € R\ {0},

which is the desired conclusion. O
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Proof for even d. Let v € N and z € C. We have the following asymptotic expansions on the Hankel
functions (see [1]).

2
iH} (2) = - In(z) for |z| close to 0,

for |z| close to 0,v # 0,

2 L vn_ =
Hl(z) =/ —e*=% =9 for || close to + co.
Tz

Therefore, we can infer the following estimates on the fundamental solutions. Recall that d = 2 4+ 2v and
i0
H=pe.

|gi(m)| < (| ln(p%\m|)\ for |x| close to 0, (A.3)

|gZ(m)| < Clz|™" for |z| close to 0,v # 0, (A.4)
1

|gff(ac)| < Olz|~HYer? sin(g)lel - for || close to + oo. (A.5)

g2 (z) ~ C|In(r?|z])| for |z| close to 0, (A.6)

g (z) = Clz|™ for |x| close to 0,v # 0 (A.7)
1

g% (x) ~ Clz|~ " Ve 212l for |z| close to + co. (A.8)

Choose 7 > 0 such that 72 = V/psing. Then we infer from (A-3)-(A8) and the continuity of fundamental
solutions that there exists C' > 0 such that

|g,‘f(x)| < Cg?_(z) for all z € RY\ {0},
which finishes the proof. O
Appendiz A.2. Ezxponential decay
We start with a regularity result on eigenfunctions.
Lemma 27. Assume that (VW1) is satisfied. Take A € C\ {iy,y € R,|y| > w}, u,v € H*(R? C) and
assume that for U := <Z> we have LU = A\U. Then u,v € W27 (RY) for any r € [2,q]. In particular,
u,v € CO(RY) and im g 400 u(2) = limz 400 v(z) = 0.

Proof. The result follows from a classical bootstrap argument. Let the sequence (r,) be defined by

To = 27
{ ol R R
where ¢ is given by (VW1). An elementary analysis of (r;) shows that there exists jo such that for all
0 < j < jo we have 741 > 1, d;f;j > 0 and d;f;jo < 0.

By induction, it is easy to see that for all j = 0, ..., jo we have u,v € W27 (R%). For j = 0 it is by

definition of u,v. Take any 0 < j < jo and assume that u,v € W2 (RY) . Since ddffj > 0, by Sobolev
J

s
embeddings we infer that u,v € L7775 (R%). Then, (VW1) and Hélder inequality imply

Wi, Viv, Vau, Wiv € L7+ (RY).
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Combined with U = (u,v)T satisfying LU = AU, this leads to u,v € W27i+1(R?),

dr

"o < 0, from Sobolev embeddings we infer u,v €

In particular, we have u,v € W20 (R%). Since :
J0

L>(R%). Then by (VW1) we get
Wiu, Viv, Vou, Wyv € L1 (Rd).

As before, combined with LU = AU, this leads to u,v € W?24(R?). The conclusion follows by interpolation.

O
For the rest of the proof, it is easier to work with the operator
. _ -A+w+V/ wy
r._ 1_ 1 1
L' :=4iPLP ( W} A—w—I—V2’>’
where P = G _ZZ> The potentials V{, V5, W{ W4 verify also (VW1)-VW2). The spectrum of L’ is

Sp(L') = Sp(iPLP~1) = iSp(L). Hence if A € C is an eigenvalue of L with eigenvector U then )\ := i) is
!/

an eigenvalue of I’ with eigenvector U’ = (:f, = PU.
Write L' — NI = H + K where

(At w—=N 0 o vrw
H.—< 0 AwX) andK.-(WQ, vy )

— () _ i (VHiu+Wiv
= <f2 = KU = Wou+Viv )

It is well known that we can represent v’ and v’ in the following way

Take

l d / d
w =92, xx*frand v = —g% ,_y * fo.

Let g1 := —w + XN and ps := —w — X. From the assumptions on X we infer that s, us satisfy the
hypothesis of Lemma Let 71, 72 be given by Lemma [26| and set 7 := min{r,72}. Take

r (3) = (),
=g« fiand 7 := g% x fo.
Claim 28. There exists C > 0 such that

[v/| < Cu and |v'| < Co.
Proof. This readily follows from Lemma O
Lemma 29. Set w:= 4+ 0. There exists C > 0 and a > 0 such that
w(z) < Ce=?®l for all 2 € RY.

The proof of Lemma [29| follows closely the proof of Theorem 1.1 in [I4].

Proof. Set f := fi + fo. We first note that w € C° (R%). Indeed, by definition w satisfies

—Aw+Tw = f. (A9)

Since, by (VW1) and Lemma f € L9(R?) this implies w € W24(R%) and in particular w € CO(R?).
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Now, we claim that there exists R > 0 such that for all € R? verifying |x| > R we have

Tw(x) — f(r) S : (A.10)

Indeed, setting T'(x) := (|V{| + |V3| + |W{| + [W3|), by Claim [2§ we have
fLT@) (W' + ') < CT(2)(@ + 9) = CT(z)w.
Therefore
Tw(z) — f(x)
w(z)
By (VW2), we can take R large enough so that CT'(x) < 7 for |z| > R, which proves (A.10)).

Note that w > 0 by definition. Since w € CO(R?) N W24(R?), there exists Cg such that for all 2 € R?
with |z| < R we have

> 71— CT(z).

0 < w(z) < Ckg.

Define ¢(z) := C’Re_\/g(m_m. It is easy to see that

— A+ %1/1 > 0 on R4\ {0}, (A.11)

w(z) —¥(z) <0 on {z € R |z| < R}.

Therefore we only have to prove that w(x) < ¢(z) for |z| > R. We proceed by contradiction. Assume that
there exists zo € R? with |z¢| > R such that w(zg) > 1 (z0). Define the set

Q= {z e R w(z) > ¥(z)}.

Then 2 is a non-empty open set, for all z € 2 we have |z| > R and for all x € 9 we have w(x) —¢(z) = 0.
On Q, by (A.9), (A.10) and (A.11]) we have

Alw—9Y)=Aw—-AYp=7w— f— Ay

:Tww_fwa¢>g(wf¢)>o.

By the maximum principle, this implies that w — ) < 0 on €, a contradiction. Thus, for all 2 € R? we have
w(z) < Yx) = C’Re*\/g(lzlfm = C’Re\/gRef\/glzl = Ce Vil
This ends the proof. O

Proof of Proposition[25. The statement is an immediate consequence of Lemma[27] Claim [28/and Lemmal[29]
O

Appendiz A.3. Higher regularity and decay

Upon assuming more regularity and decay, we can obtain more regularity and decay on the solutions to
(L— X)) =A.
The new assumption is the following.

(VW3) Vi, Vo, Wy, Wy € %(C)
Recall that # was defined in .
Proposition 30. Assume that (VW1)-(VW3) hold.

(i) Let A\,u and v be as in Proposition[25 Then u,v € 5#(C).
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(ii) Let X\ ¢ Sp(L) and take A € 52 (C?). Then there exists X € 5 (C?) such that (L — \1d)X = A.

Proof. (i) The assertion follows from similar arguments to those used in the proof of Proposition provided
we remark that (using the same notations) D' = g2\, * D*f1, D' = —g% |\, D®fy and D fy, D f,
satisfy the same properties as f; and fs.

(ii) Since A ¢ Sp(L) the operator L — A1d is invertible, hence the existence of X € H?(R?,C?) such that
(L — AId)X = A. Regularity of X follows from a standard bootstrap argument as explained in the proof
of Proposition (ii). We now recall that L = —iP~!L'P. Hence, if we define X’ = PX, X' = i\, and
A’ = iPA then

(L' = N1d)X' = A'.

ay

Recall that L' — NI =H + K. Set Y = <y1) = KX’ and A’ = (a
2

y > Then we can represent X’ = <$1>
2

€2
in the following way
T = gd_w+)\, * (y1 +ay) and xo = —gd_w_)\, * (y2 + az).

The terms gd_w+)\, x a; and g¢__,, * ay are clearly exponentially decaying, with decay rate a. Since
Vi, Vo, Wi, Wy € 5#2(C?), it follows that each component of Y is also exponentially decaying with rate .
Hence giw 4 *¥y1 and gdiwf w *Y2 are exponentially decaying with decay rate a. The decay rate of the deriva-
tives of X is follows immediately if we remark that for any multiindex a we have D%, = g¢ | v * D (yk+ar)
for k=1,2. O

Appendix B. Instability of solitons and multi-solitons

Since is Galilean invariant, we can assume in this section without loss of generality that v; =
x1 =7, = 0. Hence Ry (t,z) = e™1!®; ().

Recall that, as defined in Section Y (t) is of the form e *!(cos(6t)Y1(x) + sin(6t)Yz2(z)), where
Y1,Ys are smooth, exponentially decaying functions, along with their derivatives. Notice that if u(t,x) is
a solution to and 7,9 € R, then so is (T — t,z)e’”. The hypotheses of Theorem [2| are verified by
@, and therefore also by ®;. Hence the conclusion of Theorem [2 holds for Ry (t,z) := Ry(—t,z) = ™1t ®;.
Let u € €([Ty,o0), H (R?) be the solution constructed in Theorem [2| associated with the soliton R (%, )
and correction et (cos(0t)Y () + sin(0t)Ya(x)) + O(e~2¢!) (i.e. u = u; in the notations of Theorem . In
particular, for all ¢ > 0,

Vt>To, |Jut) — Ri(t) = Y (t)| gro(may < Ce 2"

Note that we construct u on ]:21 and not R; so as to have instability forward in time.

Appendiz B.1. Orbital instability of one soliton
First let us prove a modulation lemma.

Lemma 31. There exist € > 0, tg = To and M > 0 such that

. = it
yeﬁggeu@ [u(to) — ®1(z — y)e*||L2(B0,a)) =€ > 0.

Proof. Let to > Ty to be determined later. Up to increasing tg, we can assume that witg = 0(27).

Consider O(y,¥) = [|u(to) — 1(x — y)e™ || 2(ra). The function © is continuous on R, Notice that for
¥ =0 and y = 0, one gets ©(0,0) < Ce™Plo,

Now, we have that liminf|,|_, infyer O(y, ) > 2\@1||L2(Rd) — Ce~ P due to space localization of ®;,
so that, as © € R/277Z compact, if ¢ is large enough, inf,cga yer O(y, ) is attained at some point (yo, o).

Assume O(yo,Jg) = 0, i.e. u(tg) = @1 (z — yo)e'’o.
Claim: There exists a continuous function 7 such that n(0) = 0 and |yo| + |Jo| < n(e?%).

Indeed, first consider yo. Denote g(y) = |||®1] — |®1(- — y)\||%2(Rd). We have

0=0(yo,%0) = [l[uto)| — [P1(- = yo)lll L2 @ey = 1P1] = [®1(: = yo)ll L2(ra) — CIY (o)l 2 (ra).-
27



As [[Y (to)|l L2y < Ce P, we get g(yo) < C?e P, Now, due to space localization of 1, gly) —
2||<I>1||2LQ(Rd) > 0 as |y| = +oo. Let (y,) be such that g(y,) — 0, and y,, 4 0. Then up to a subsequence,
Yn — y> and g(y>) = 0, so that |®;] is periodic and as ®; € L?(R9), ®; = 0, a contradiction. This shows
that y — 0 as g(y) — 0, and it gives the bound on yy. For ¥y,

0 = [lu(to) = ®1(- — o)l 2ray = —[[u(to) — P1llr2rey + @1 — @1e™° | L2(ray — [| @1 — @1(- — yo) || L2 (ra)

As || @1 — ®1€™0|| p2pay = |1 — €0|||®1 || f2(ray, we deduce that [J| < Ce P + Cg(yo). This concludes the
proof of the claim.

Denote Tg, .# the tangent space of F = {®1(- — y)e’|(y,¥) € R?} at point ®;. Note that, due
to the Claim, .# is a manifold. It is easy to see that Ty .# C ker L¢ (by differentiating the relation
Ad(z—1y)+g(|P1(x —y)|2)P1(z —y) = w1 Py (z —y)). But for all ¢, (cos(0t)Y:(z) +sin(0t)Ya(z)) ¢ ker L
(as Y7,Ys are build on an eigenvector for an eigenvalue of positive real part of Lc). As u(ty) = @1 +
ePto(cos(0to)Y1(x) + sin(0tg)Ya(z)) + O(e=2P0), up to choosing tq + 2kn /0, (k € N large) instead of ¢(, this
proves that u(tg) ¢ %. We proved that for ¢ large enough,

inf u(ty) — @ - | > 0.
Jenith g 1u(to) = ®1(@ = y)e ey
Assume that this does not hold when we restrict to L2(B(0, M)), for any large M. This would mean that
for all m > 0, there exist y,, € R% 4, € R such that

1
L2(B(0,m)) & —-

to) — @1 (z — Y )e™m
[u(to) = @1 (2 = ym)e -

Then by localization arguments, (y,,) remains bounded, so that up to a subsequence, ¥m — Yoo, Vm — Veo-
Therefore [|u(to, z) — ®1(x — Yoo )€™ || L2 ey = 0, so that u(ty, ) = ®1(z — yo)e™’>, a contradiction. O

Proof of Corollary[4 Let to and ¢ be given by Lemma Take an increasing sequence (S,,) so that S,, —
400 as n — 400, and define T}, := S,, — to and

U (t, ) == 1(S, —t,x)e w15,
Then u,, € €([0,T,], H(R?)) is a solution of (NLS)), and

un (0, 2) = u(Sy, x)e—iwlsn = (z) + OHd(e—pSn)7

Un (Th, ) = ﬁ(to,x)e*i“’ls".

Therefore, ||u,(0) — R1(0)| o ray < Ce™?» — 0 as n — +oo. Due to Lemma we deduce that for all
n € N we have

inf (1) — PPy (- — > inf  Jlu(ty) — P1(z —y)e? > ¢,
yeﬂgg{ﬂeRllu( ) =P (- — y)|| p2(ra) yenéc?ﬂER"(O) Lz —9)e || 2o =€

which is the desired conclusion. O

Appendiz B.2. Instability of multi-solitons

Proof of Corollary[f Let T > 0, M be given by Lemma [31]and &, (u,), (T),) be given by Corollary

The idea is the following. We use the fact that u, (7T},) is e-away from the orbit of the soliton Ry. Given a
parameter I, we consider at time I an initial data w(I) which is u, (0) adequately shifted, denoted by @,,(I),
plus the sum of the R;(I), j > 2. (All the functions will depend on n and I, although we do not always
show this dependence for convenience in the notation). We aim at controlling w up to time I +T;,. The role
of I is to ensure that the interaction of w,, and the R; are small: as {u,(t)|t € [0,T,]} is compact and the
R;(t) (j > 2) are localized away from 4, (t), their interaction goes to 0 as I — +oo. Using a Gronwall type
argument, we are able to show that w(I +Ty,) is U, (I +T) + 25\22 Ri(I+T,)+ 0r—400(1). As u,(T},) is

28



g-away from the soliton family, we deduce that w(I +7T,,) is € — 071 00(1) = £/2 away from the family of a
sum of solitons.

Given I > T, define @ € €([I,1 + T,], H(R%)) by
U (t, ) = u,(t — I, 2).

Possibly increasing I so that wil = 0(27), we have ||, (1) — Ri(I)| go®e) = [[un(0) — R1(0)|| go ey — 0 as
n — +oo and i, (I+T5,) is e-away from the ®;-soliton family. Consider the solution w,, € € ([I,T*), H*(R%))
to (NLS) with initial data at time I

N

wn(I,2) = tn(I,2) + Y R;i(I,).

=2

If T* < 400, the blow-up alternative for automatically implies instability on the multi-soliton, hence
we assume T* = +oo. Let ¢ > d/2 be an integer. Notice that, as u,, € €([0,T,], H°(R?%)) and [0, T},] is
compact, the set {u,(t)|t € [0,T,]} is compact in H?(R?). In particular, supiepo, 1, 1un ()| go(z/>r) — 0 as
R — +4o00. Hence, as the R; are decoupling as time grows, there exists a function 7(I) such that n(I) — 0
as I — 400 and

Vte[LI+T)), Y lin(t)R;()] - < n().

j=2

Denote z;(t) = v;t + ;. Up to modifying the function n, we can also assume that the R;(t), j > 2, are far
away from z1(¢) = 0, and that the multisoliton R(¢) is near the sum of solitons Z;\le R;(t), that is

ZHR N e (B0,200)) + [|R(2) ZR N e ®ay < n(1).

Finally we denote J = I + T,, and

N
2(t) = wn(t) = (@n(t) + Y Ry(t)).
j=2
Now, as f is €, for all R > 0, there exists C'(R) such that
Va,b e B(0,R), [f(a+b)— f(a)— f(b)| < C(R)|alb]. (B.1)

Indeed, this expression is symmetric in a, b, so that we can assume without loss of generality that |b] < |al.
As f(0) = f/(0) = 0, we have that |f(b)| < C|b]*> < Clal|b], and a Taylor expansion shows that

1
[f(a+b) = fla)| = b/o [f"(a+tb)|dt < b s ()] < CPl(b] + |al) < Clal[b].

Now, as H?(R?) is an algebra, we deduce from (B.1]) that there exists a constant C' > 0 (depending only on
the ®;) such that for ¢ € [I, J],

N N N
£ (z(t) + @n(t) + Y Ry (1)) Zf e @y < Cl2O)l o @ey + C Y lin ()R (8) 1o (ma)-
Jj=2 Jj= Jj=2
The function z satisfies the equation
N N
izt+Az+f<z+an+ZRj> Zf
j=2 =2
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Since z(I) = 0, Duhamel formula for z gives
t N N
2(t) = / NG (f (z<s> Fin(s)+ Y Rj<s>) SICIOIEDS f(Rj(s))> s

Hence, for all t € [I, J]

o)l ey < € / (1=(5) Lo o) + m)ds < C / 25120y ds + () (¢ = 1),
By Gronwall’s Lemma, we deduce that for ¢ € [I, J], we have

2(6) || i ey < Cp(1) (¢ — 1)1 < Cn(I),
where C,, = CT,,e€T~. Thus for all n € N we have

N
Wy (J) — un(Th) ZRJ < Cun(D).
=2 He (RY)

Now choose I, such that Cp,n(I,) < /3 and set J,, = I,, + T,,. Then ||2(Jy,)||go(ray < €/3. Then, given
y; € RY, 9; € R, we have (denote ¢; = ¢;(t) = —1|v;[*t + w;jt +0)

[[wn () Z‘I’j ez # 0|
J=1
N N N
> ||un(Tn) + Z Z P;(- Z(zvj.mﬂ%) = [|wn(Jn) = un(Tn) — ZRj(Jn)
=2 =1 12 =2 L2
N
> [un (L) — @1z —y1)e™” + 3 (@(x — 2(J,))e 37 — (2 —y;)el3Urot99)) || — g3,
Jj=2 L2

Now consider y;, 9; that realize a near infimum, say |jwy(J,) — Z;\Ll Qi(-— yj)ei(%vi'“/’*ﬁf) Iz < 2e. Then
considering the L? norm on balls B(x;(J,), R) around each exited state R;, j > 2 (for some large and fixed
radius R), we see that, up to a permutation if two ®; or more are equal, we must have y; — z;(J,) = O(1)

for j > 2. In particular, this implies that

N
D (@5 = (Ja))elE ) — By (0 — yy)etEr ) = 05, 540(1) < /3,
J=2 He (B(0,M))
up to increasing again I,,. Thus,
N
inf fjwn(Jn) Z P ( ¢G> g (J,) — > (- Y1) T a0 ay)
y;€RY, 9, €R, j=1
j=1,...,N
> |lun(Tp) = ®1(2 = y1)e™ | L2(B0.01)) — 2¢/3
>e—2/3>¢/3,
where we used Corollary [2 on the last line. As
N
lwn (L) — R(In)| o (ray < [[wn(ln) ZRJ e @ey + |l ZR = R(In)| o ey — 0,
j=1
wy, I, and J, satisfies the conditions of Corollary @ O
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Remark 32. Notice that we did not use any high speed condition on the vj. The most delicate point here
is that we have no uniform spatial decay on u, (as well as on the multi-soliton constructed in Theorem @,
apart that coming from H?(R?) compactness. We conjecture it should be exponentially decaying (in space)
around the soliton (resp. every soliton R;); a proof of this should be related to uniqueness of the multi-soliton
in the L? sub-critical case, which is currently an open problem.

Appendix C. Coercivity for a soliton
This section is devoted to the proof of Lemma [12]
Proof of Lemma[13. We first remark that Ry is solution of

2
— ARy + (wo + |’UZ|) Ry — f(Rp) + ivgVRy = 0. (Cl)

Therefore it is a critical point of the functional Sy defined for w € H'(R?) by

. 1 1 o2 1 _
SMwaHVwﬁqW)+2(wo+4nwﬁﬂw)A;meMQMVJQA;wVwMa

The quadratic form Hy is precisely
Ho(t, w) = <§6’(Ro)w,w>.

Consider z such that w = e*i(%”"'w’%‘”°|2t+w°t+7°)z(x + vot + ). Then it is easy to see that
Ho(t,w) = Ho(2) = | V2|72 (g + woll 2l 72 ga) — /Rd (9(1@o])[2” + 29/ (|1 Po|*) % (902)?) .

It is well-known that up to a finite number of non-positive directions Hy(z) controls the H'(R%)-norm of
z. Indeed, the self-adjoint operator corresponding to the quadratic form Hy (viewed on H'(R? R?)) is a
—A+ wy 0

0 —A 4wy
spectrum is [wp, +00). Since in addition the quadratic form Hy is bounded from below on the unit L? (R%)-
sphere, the corresponding operator admits only a finite number of eigenvalues in (—oo,wy)) for any wj < wp.
In particular, there exist Ko > 0, vp € N and X}, ..., X2° € L*(R?) such that HX§|\L2(Rd) =1 for any k and

compact perturbation of ( >, hence its spectrum lies on the real line and its essential

. & N
el ey < Ko=) + Ko > (=, %F) |,
k=1

Since o2
3 3 Vo
IVwl|72 @y = §HVZ||%2(R4) 2 121172 ray

there exists Ky > 0 such that

vo
2

||w||§-11(]Rd) < KOHO(t?w) + KO Z (waX(])c(t))[}(Rd) )
k=1

where X% (t) := ei(%”("“”%‘“O‘QH“"’HV“)X(’;(CE — vot — xp).- O
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