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Abstract. Based on the secant equations proposed by Zhang, Deng and Chen, we propose a new nonlinear
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1. Introduction

Conjugate gradient method plays a specific role in solving large-scale nonlinear minimization problems.
Some good references of the conjugate gradient methods can be found in many research. In the past few
years, many efforts have been made to research new conjugate gradient methods which process not only the
global convergence property for general functions but also good numerical performances. Many of these new
conjugate gradient methods are based on the secant equations ([10,11]).

In this paper, we present a conjugate gradient method to solve the following unconstrained optimization

problem
min f(x) )

xeR"
where f :R" — R is a smooth nonlinear function.
The iterative formula is
X1 =X+, S = dy, (2)
where ¢, is the step size which is computed by some line search([1]). The search direction d, is defined by
-0y, k=0,
d, = (3)
-9, +44d,, k>1,
where /3, is ascalar and g, = Vi (x) is the gradient of f(x).
Remark Here, we use the strong Wolf line search condition (see[1]), that is, the step size «, satisfies

(% +ady ) f(x )< dor, gid,

‘g(karO‘dk)Tdk‘g_GgIdk’ (4)

where 0<o <o <1
The gradient method proposed in this paper is based on a modified secant equations. Therefore, let us
introduce shortly the secant equations firstly.

Note G, = V*f (Xk ) the matrix B, is the approximation of G, .
The secant equations is defined as follows:
ByiaSc = Vi (5)
where s, =X, — X, Y« =01 — 9, (5)sometimes is said to be the standard secant equations.
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Definition 1 A twice continuously differentiable function f is said to be uniformly convex on the nonempty
open convex set S if and only if there exists some constant M >0 such that

(9(x)-g(y)) (x=y)=M[x—y|*, ¥xyeS.

2. The new conjugate gradient method and the global convergence

In this paper we assume g, # 0, otherwise the current point X, is the stationary point of the problem (1).
Definition 2 It is said that the descent condition holds for the conjugate gradient method, if
g,d, <0, Vk>1,
and sufficient descent condition holds for the conjugate gradient method, if
g,d, < —c||gk||2, vk >1,
To discuss the validity and the global convergence of the new conjugate gradient method, we make the
following basic assumptions for the objective function.
H 1 The level set L = {xl f(x)<f (xl)} is bounded, that is, there exists a constant B such that
[x|<B, wxeL. (6)
H 2 In some neighborhood N of L, L =N , the function f is continuously differentiable, its gradient is
Lipschitz continuous, that is there exists a constant L such that
[VF ()= ()| < Llx—y], ¥xeN. 7
The following proposition is obtained by [5] directly.
Proposition 1 If f the satisfies assumptions H 1 and H 2, then there exists a constant >0 such that
IVf(x)| <», vxeL. (8)

For any conjugate gradient method which satisfies the strong Wolf line search conditions, we have the
following general conclusions, see[3].
Lemma 1 Assume that the assumptions H 1 and H 2 hold. For the conjugate gradient method (2)-(3) ,

where d, is the descent direction, «, is computed by the strong Wolf line search conditions, if

S, (0)

2 —
K>1 dk”

then
l!m”gk” =0. (10)

Firstly, let us describe the modified secant equations in [6,7], it has better theory properties than the
standard secant equations ([8]). Based on the modified secant equations, the relevant conjugate gradient
method is proposed, and then the global convergence is discussed.

Supposed that the objective function f is smooth enough. We make its Taylor expansion at point

X1 = X = S

1 1
fa=fi—S,0+ 5 St 4GSy 1 — 6 Sk1 (Tksk—l )Sk—l + OQ|SI<—1||4)'

1
S:—lg k-1~ Sg—lgk - SzfleSkfl + E S:—l(Tk Sy )Sk—l + OQ|SK—1"4)

where
9% f(x _
SI—l(Tk Sk-1 )Sk—l = .,Z:lW(JakX)I Sk—lskj—lsII<—17 (11)
The formula can be written as (see Zhang and Xu [7])
S-kr—lGSk—l = SLlkal +6.1, (12)
where
O = 6( fia— fi )+ 3(gk—l — Ok )T Sk-1- (13)
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Recently, Yabe and Takano([5]) considered the following modified secant equations by embedding a
parameter p,

O,
BiSii = Zkar Zea = Yia +p%u, (14)
k-1
where ueR" is any vector which satisfies SLUiO. And the following conjugacy condition was
represented:

dkT Lyq = _tg-krsk—l(t 2 0)- (15)
They obtained a new formula about g, as:
0,2, 19,5,
(1) -2t 05 12 0) (6)
k-1%ka
Based on the formulae (14)-(16), we get the extension about the equation (14):
—x = o, O,
BeSka =Y Yia=Yeat P lk—1| Y +(1_pk—1) |Tk 1| Sk-1s (17)
Sk-1Yk1 3515k

where p,_, €[01}
The new conjugacy condition is established as follows:

dkT 3_/;—1 = _tg;—sk—l’ (t = O)' (18)
A new f, is obtained by (3):
B S U
,Bk(t)= Ok yk;l _t*gk Sk (t > 0)_ (19)
dk—l yk—l

Obviously, we have the following result.
02 Y1 200y, 2—0-0)d0 0, (20)
Theorem 1 If d,y,, #0, d, =—g, + B, (t)d,,, B, (t) is defined by (19), then|g7d,|>c g,
C, = min{l,‘l—%‘}, where Q =2L+3 1+t >0,
Proof. When k =1, ‘g[dk‘:”gk”z.
When k > 2,

‘ggdk‘ = ‘9;(_ 9 +Ek(t)dk—1l

2 |p T
ngk” _ﬂk(tx‘gkdk—l‘
_ 2 gl yiatolsca | T
= llo. ] - [#te=tslgid, |
k-1 Yk
2
> |(2vateaudiseall
2 ”gk” - T |g:dk—l‘
M s ‘I
2 |Qlad’
> llau | 7%
_ Q 2
=& {lo”

Thus

grc |2 min{ g il | = o
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c-o)lad”
Lo

Proof. By the assumption H 2 and the strong wolf condition, we have that g, ,d, > og,d, .
So

Theorem 2 If the assumptions H 1 and H 2 hold, then there exists ¢, > > 0 satisfies (4).

(1—0ngdk‘ =(O-_1)gldk S(g|<+1_gk)Td|< S||gk+1_gk”'”dk”S Lak”dk”21

that is

t-o)oid| -0k ol

> 2
Ud L

o >

The proof is completed.
Algorithm
Step 0 Given a starting point x, and the precision & > 0.

Step 1 Choose d, =—Vf (x,), if [Vf(x,)|< &, stop. Otherwise, set k =0, go to Step 2.

Step 2 Solve «, , such that f(x, +a,d, )— f(x )>dxg,d,,and ‘9 X +ad, ) d ‘< —00,d,, set
X1 = X +,d, go to Step 3.

Step 3 If [Vf (X,,,)|< &, stop, the minimal point is X,,,. Otherwise go to Step 4.

Step 4 Set dy,; =—VF (X )+ Bia(t)d, B (t) is defined by (19). Set k =k +1, go to Step 2.

The following conclusion is obtained by the above algorithm.
Lemma 2 If the assumptions H 1 and H 2 hold, 6, ; is defined by (13). Then

2
Gl < 3L (21)
where L is defined by (7).
Corollary 1 If the assumptions H 1 and H 2 hold, ?/k _, is defined by (17). Then

<235 e (22)
Proof. By Definition 1 we have
dkT—l Y12 dl;r—lyk—l 2 Mali1”5k—1"2- (23)
Considering Lemma 2, If the assumptionsH 1 andH 2 hold, p, ; € [0 1] we have
. 0,
R Bl o ba) g "T l s
k-1 k -1 k 1 k -1
3Ljs
<Us, -+ ” ” I+ "” k ﬁ” .
k -1 k -1

3L
(2+——jQBkm

The proof is completed.
Now, for the uniformly convex function, we consider the global convergence of the new conjugate

gradient method with 5, = ﬁk(t).
Theorem 3 If the assumptions H 1, H 2 and the descent condition hold, choose S, :,Bk(t) in the conjugate

gradient method which is defined by (2), (3), where ¢, is computed by the strong Wolfe line search
condition that is defined by (4). If the objective function is uniformly convex on Z (L is introduced by (6),
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then i =0.
lim|g, =0

Proof. Due to the descent condition, it hold that d, = 0. By Lemma 1, it is enough to prove that |d, | is
bounded. By Corollary 1 and Proposition 1, we have

P
< gkykfl

r—* 7
gkyk—l - fgksk,l

7
+ ‘tgksk—l‘

<leallyi-i] + dellsi-

3L
(o Bl o o

2
< (2L L tJyHSk_IH.

By (3), (23) and (24) we have
] = | &+ Alek] < Joi] + B

—
& Vi — LS,

The proof is completed.

3. Conclusions

We have introduced a nonlinear conjugate gradient methods for unconstrained optimization problems
which is based on a modified secant equation proposed by Zhang, Deng and Chen. We have proved that,
under some proper conditions, the proposed method is globally convergent for general functions.
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