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Abstract

We consider the problem of minimizing the sum of two convex functions: one is smooth and
given by a gradient oracle, and the other is separable over blocks of coordinates and has a simple
known structure over each block. We develop an accelerated randomized proximal coordinate
gradient (APCG) method for minimizing such convex composite functions. For strongly convex
functions, our method achieves faster linear convergence rates than existing randomized prox-
imal coordinate gradient methods. Without strong convexity, our method enjoys accelerated
sublinear convergence rates. We show how to apply the APCG method to solve the regularized
empirical risk minimization (ERM) problem, and devise efficient implementations that avoid
full-dimensional vector operations. For ill-conditioned ERM problems, our method obtains im-
proved convergence rates than the state-of-the-art stochastic dual coordinate ascent (SDCA)
method.

1 Introduction

Coordinate descent methods have received extensive attention in recent years due to its potential
for solving large-scale optimization problems arising from machine learning and other applications
(e.g., [29, 10, 47, 17, 45, 30]). In this paper, we develop an accelerated proximal coordinate gradient
(APCG) method for solving problems of the following form:

minimize {F(z) © f) + U(z)}, (1)

z€RN

where f and ¥ are proper and lower semicontinuous convex functions [34, Section 7]. Moreover,
we assume that f is differentiable on RY, and ¥ has a block separable structure, i.e.,

n
U(z) = Z Wi(z;), (2)
i=1
where each z; denotes a sub-vector of x with cardinality N;, and the collection {x; : i = 1,...,n}

form a partition of the components of x. In addition to the capability of modeling nonsmooth
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terms such as ¥(z) = A||z||1, this model also includes optimization problems with block separable
constraints. More specifically, each block constraints xz; € C;, where C; is a closed convex set, can
be modeled by an indicator function defined as ¥;(z;) = 0 if z; € C; and oo otherwise.

At each iteration, coordinate descent methods choose one block of coordinates x; to sufficiently
reduce the objective value while keeping other blocks fixed. In order to exploit the known structure
of each U;, a prorimal coordinate gradient step can be taken [33]. To be more specific, given the
current iterate z(¥), we pick a block iy € {1,...,n} and solve a block-wise proximal subproblem in
the form of

hfY) = axgmin {<vikf<x<’f>>, )+ T2 Al + g (2 + h)} , 3)
heR 'k

and then set the next iterate as
k) | (k) .
(k+1) _ w) + by, i =i,
2 ®), if i £ iy,

: i=1,...,n. (4)
7

Here V,; f(z) denotes the partial gradient of f with respect to z;, and L; is the Lipschitz constant

of the partial gradient (which will be defined precisely later).

One common approach for choosing such a block is the cyclic scheme. The global and local
convergence properties of the cyclic coordinate descent method have been studied in, e.g., [41, 22,
36, 2, 9]. Recently, randomized strategies for choosing the block to update became more popular
[38, 15, 26, 33]. In addition to its theoretical benefits (randomized schemes are in general easier
to analyze than the cyclic scheme), numerous experiments have demonstrated that randomized
coordinate descent methods are very powerful for solving large-scale machine learning problems [6,
10, 38, 40]. Their efficiency can be further improved with parallel and distributed implementations
[5, 31, 32, 23, 19]. Randomized block coordinate descent methods have also been proposed and
analyzed for solving problems with coupled linear constraints [43, 24] and a class of structured
nonconvex optimization problems (e.g., [21, 28]). Coordinate descent methods with more general
schemes of choosing the block to update have also been studied; see, e.g., [3, 44, 46].

Inspired by the success of accelerated full gradient methods [25, 1, 42, 27], several recent work
extended Nesterov’s acceleration technique to speed up randomized coordinate descent methods.
In particular, Nesterov [26] developed an accelerated randomized coordinate gradient method for
minimizing unconstrained smooth functions, which corresponds to the case of ¥(x) = 0 in (1).
Lu and Xiao [20] gave a sharper convergence analysis of Nesterov’s method using a randomized
estimate sequence framework, and Lee and Sidford [14] developed extensions using weighted random
sampling schemes. Accelerated coordinate gradient methods have also been used to speed up the
solution of linear systems [14, 18]. More recently, Fercoq and Richtarik [8] proposed an APPROX
(Accelerated, Parallel and PROXimal) coordinate descent method for solving the more general
problem (1) and obtained accelerated sublinear convergence rate, but their method cannot exploit
the strong convexity of the objective function to obtain accelerated linear rates.

In this paper, we propose a general APCG method that achieves accelerated linear convergence
rates when the objective function is strongly convex. Without the strong convexity assumption,
our method recovers a special case of the APPROX method [8]. Moreover, we show how to apply
the APCG method to solve the regularized empirical risk minimization (ERM) problem, and devise
efficient implementations that avoid full-dimensional vector operations. For ill-conditioned ERM
problems, our method obtains improved convergence rates than the state-of-the-art stochastic dual
coordinate ascent (SDCA) method [40].



1.1 Outline of paper

This paper is organized as follows. The rest of this section introduces some notations and state
our main assumptions. In Section 2, we present the general APCG method and our main theorem
on its convergence rate. We also give two simplified versions of APCG depending on whether or
not the function f is strongly convex, and explain how to exploit strong convexity in W. Section 3
is devoted to the convergence analysis that proves our main theorem. In Section 4, we derive
equivalent implementations of the APCG method that can avoid full-dimensional vector operations.

In Section 5, we apply the APCG method to solve the dual of the regularized ERM problem
and give the corresponding complexity results. We also explain how to recover primal solutions to
guarantee the same rate of convergence for the primal-dual gap. In addition, we present numerical
experiments to demonstrate the performance of the APCG method.

1.2 Notations and assumptions

For any partition of z € RY into {z; € R :i=1,...,n} with 31" | N; = N, there is an N x N
permutation matrix U partitioned as U = [Uj - - - Uy ], where U; € RY*¥i such that

n
ﬂC:ZUﬂi, and z; = UZ-T$, i1=1,...,n.
i=1
For any x € RY, the partial gradient of f with respect to x; is defined as
Vif(x)=UIVf(z), i=1,...,n.

We associate each subspace RY:, for i = 1,...,n, with the standard Euclidean norm, denoted ||-||2.
We make the following assumptions which are standard in the literature on coordinate descent
methods (e.g., [26, 33]).

Assumption 1. The gradient of function f is block-wise Lipschitz continuous with constants L;,
1.€.,

HVZf(ac—irU,hz) —sz(x)HQ < Lith’HZ, Yh; € RNi, i1=1,....n, = GRN.
An immediate consequence of Assumption 1 is (see, e.g., [25, Lemma 1.2.3])
flx +Uihy) < f(z) + (Vif(x), hi) + ?”hi”% Vh, eRY, i=1,....,n, zeRY. (5)

For convenience, we define the following weighted norm in the whole space R:
n 1/2
lole = (L L) veerY. ©)
i=1

Assumption 2. There exists ju > 0 such that for all y € RN and z € dom (¥),
i
F) = f(@) +(V(2),y —2) + 5y — 7.

The convexity parameter of f with respect to the norm || - ||z is the largest p such that the
above inequality holds. Every convex function satisfies Assumption 2 with 4 = 0. If g > 0, then
the function f is called strongly convex.

Remark. Together with (5) and the definition of || - ||z in (6), Assumption 2 implies p < 1.



Algorithm 1 The APCG method
input: 2(*) € dom (¥) and convexity parameter x> 0.

initialize: set 2(9) = z(9) and choose 0 < g € [u, 1].
iterate: repeat for k =0,1,2,...

1. Compute oy, € (0, %] from the equation

n*aj = (1 — ap) W + akp, (7)
and set -
Yet1 = (1= ap)ve + arp, B = —. (8)
Yk+1
2. Compute 3y as
1
®) — = ( (k) (k))
y o= QY2+ V4127 ) 9
Ve + Y+l E Tkt (9)
3. Choose i € {1,...,n} uniformly at random and compute

. no
2 argmin{ "%z — (1 - 52— By |2 + (Vi FGW), ) + Uiy ()}
zeRN

4. Set
2D = 8 ey (2D — 0y 4 %(Z(k) —y"). (10)

2 The APCG method

In this section we describe the general APCG method, and its two simplified versions under different
assumptions (whether or not the objective function is strong convex). We also present our main
theorem on the convergence rates of the APCG method.

We first explain the notations used in our algorithms. The algorithms proceed in iterations,
with & being the iteration counter. Lower case letters z, y, z represent vectors in the full space RY,
and 2 y*) and 2(* are their values at the kth iteration. Each block coordinate is indicated with
a subscript, for example, xl(-k) represent the value of the ith block of the vector z(®). The Greek
letters «, (3, v are scalars, and ag, Or and i represent their values at iteration k. For scalars, a
superscript represents the power exponent; for example, n?, ozi denotes the squares of n and ay
respectively.

The general APCG method is given as Algorithm 1. At each iteration k, the APCG method
picks a random coordinate iy € {1,...,n} and generates y(k), z* D and z(k*tY . One can observe
that z**1) and z(**1) depend on the realization of the random variable

gk — {iO)ila o 7i1€}7

while y*) is independent of iz, and only depends on &_.
To better understand this method, we make the following observations. For convenience, we



define

~ . no 2
040 = argmin{ " [lz = (1 = 8= = By + (VA2 —yP) + @)}, (D)
z€R
which is a full-dimensional update version of Step 3. One can observe that z(**1) is updated as
~(k+1) o .
Z if 7 =1y,
e ) A ‘ (12)

(L= Bz + By i i # i
Notice that from (7), (8), (9) and (10) we have

2D = 5B 4 nay (Z(kH) — (1= Bp)2a® — ﬁky(k)> ,
which together with (12) yields

(k+1) yi(k) + nay (zgkﬂ) — zz-(k)) + % (z(k) — yz(k)) if ¢ =,

(2

z; = N
y i i g,

(13)

That is, in Step 4, we only need to update the block coordinates xl(lljﬂ) as in (13) and set the rest
to be y)
Yi -
We now state an expected-value type of convergence rate for the APCG method.

Theorem 1. Suppose Assumptions 1 and 2 hold. Let F* be the optimal value of problem (1), and
{a?(k)} be the sequence generated by the APCG method. Then, for any k > 0, there holds:

E., [Fz¥) - F* < min{( _ﬁ>k, < 2n )2}(F<x<°>>—p*+’;°za%),

n 2n + ky/0
where ot
lef . 0) _ .* 14
Ry = min 27 — 2™, (14)

and X* is the set of optimal solutions of problem (1).

For n = 1, our results in Theorem 1 match exactly the convergence rates of the accelerated full
gradient method in [25, Section 2.2]. For n > 1, our results improve upon the convergence rates of
the randomized proximal coordinate gradient method described in (3) and (4). More specifically, if
the block index i € {1,...,n} is chosen uniformly at random, then the analysis in [33, 20] states
that the convergence rate of (3) and (4) is on the order of

ofmf1-2)" 125}

Thus we obtain both accelerated linear rate for strongly convex functions (¢ > 0) and accelerated
sublinear rate for non-strongly convex functions (u = 0). To the best of our knowledge, this is the
first time that such an accelerated linear convergence rate is obtained for solving the general class
of problems (1) using coordinate descent type of methods.

The proof of Theorem 1 is given in Section 3. Next we give two simplified versions of the APCG
method, for the special cases of u > 0 and p = 0, respectively.




Algorithm 2 APCG with vg = >0

input: 2(*) € dom (¥) and convexity parameter x> 0.
initialize: set (0 = z(©) and a = %

iterate: repeat for k =0,1,2,... and repeat for k =0,1,2,...

B 2 rask)
1. Compute y*) = e
2. Choose ix € {1,...,n} uniformly at random and compute

z(k+1)
xzeRN

3. Set k1) = y(F) 4 pa(2k+H) — 2(B)) 4 pa2 (20 — k),

*argmm{—Hx— (1—a)z® — ayl HL (Vi F(y),

(k)

xlk - ylk

)+ i)}

Algorithm 3 APCG with p =0

Input: (9 € dom (¥).
Initialize: set 2(%) = 2(©) and choose a_; € (0, %]

Iterate: repeat for K =0,1,2,...

1. Compute o, = % (M - az_l) .

2. Compute y¥) = (1 —ay)z® + a2z,

3. Choose i € {1,...,n} uniformly at random and compute
7 = argmin{ " o {4 (90,06,
z; = argmin 5 T — 5
z€RN

and set z(kH) (k) for all ¢ # .
4. Set D = y(B) L nay (2D — 2(),

— o)+ (@)}

2.1 Two special cases

For the strongly convex case with y > 0, we can initialize Algorithm 1 with the parameter vy = pu,
which implies 74 = p and oy, = By = \/p/n for all k > 0. This results in Algorithm 2. As a direct

corollary of Theorem 1, Algorithm 2 enjoys an accelerated linear convergence rate:

k
Be [P - < (12 0) (Pa®) - 4 Gl - o)),

n

where x* is the unique solution of (1) under the strong convexity assumption.

Algorithm 3 shows the simplified version for u = 0, which can be applied to problems without
strong convexity, or if the convexity parameter p is unknown. According to Theorem 1, Algorithm 3

has an accelerated sublinear convergence rate, that is

Ee, ,[F(z™) - F* < (2”>2 (F<x<0>> — P

2n + knag

6

n @Ro)



With the choice of a_; = 1/v/n? — 1, which implies ap = 1/n, Algorithm 3 reduces to the APPROX
method [8] with single block update at each iteration (i.e., 7 =1 in their Algorithm 1).

2.2 Exploiting strong convexity in ¥

In this section we consider problem (1) with strongly convex W. We assume that f and ¥ have
convexity parameters py > 0 and pg > 0, both with respect to the standard Euclidean norm,
denoted || - ||2-

Let (0 € dom (¥) and 50 € 0¥ (2(?)) be arbitrarily chosen, and define two functions

f@) = @)+ 0a@®) + (52— 20) + Ella - 203

U(r) L W) - V) - (5,2 - 20) - Eljje — O3,
One can observe that the gradient of the function f is block-wise Lipschitz continuous with constants
L; = L; + py with respect to the norm || - ||2. The convexity parameter of f with respect to the
norm || - ||; defined in (6) is

pf+ Hw (
= . 15)
max {Li+ pw}

In addition, ¥ is a block separable convex function which can be expressed as ¥(z) = 327, ¥, (),
where

Ui(2;) = V(i) — Ui (ad) — (80,2 — 2?) — %PH%‘ — 2713, i=1,...,n.

As a result of the above definitions, we see that problem (1) is equivalent to

minimize {f(az) + \il(x)} , (16)

zeRN

which can be suitably solved by the APCG method proposed in Section 2 with f, ¥; and L; replaced
by f, ¥; and L; + pg, respectively. The rate of convergence of APCG applied to problem (16)
directly follows from Theorem 1, with x4 given in (15) and the norm || - ||z, in (14) replaced by || ||;.

3 Convergence analysis

In this section, we prove Theorem 1. First we establish some useful properties of the sequences
{or}p2, and {}72, generated in Algorithm 1. Then in Section 3.1, we construct a sequence
{\i/k}zozl to bound the values of W(z*)) and prove a useful property of the sequence. Finally we
finish the proof of Theorem 1 in Section 3.2.

Lemma 1. Suppose yo > 0 and yo € [u, 1] and {ai}7, and {v}32, are generated in Algorithm 1.
Then there hold:

(1) {on}io and {vi}32, are well-defined positive sequences.
(it) Ji/n <o <1/nand p <y <1 forallk > 0.

(iii) {ar}pso and {yx}52, are non-increasing.



(i) v =n?ai_y for all k > 1.

(v) With the definition of
k—1
)\k = H(l - ai)? (17)
i=0
we have for all k > 0,

s () (s2) )

Proof. Due to (7) and (8), statement (iv) always holds provided that {a;}7°, and {v,}32, are
well-defined. We now prove statements (i) and (ii) by induction. For convenience, Let

g4(t) = n*t* — (1 —t) — pt.

Since ¢ < 1 and 7 € (0, 1], one can observe that g,,(0) = —y9 < 0 and

1 1
gyo<>—1—70(1—>—ﬂzl—7020.
n n n

These together with continuity of g,, imply that there exists o € (0,1/n] such that g, (o) = 0,
that is, oy satisfies (7) and is thus well-defined. In addition, by statement (iv) and 79 > u, one can
see ag > /f1/n. Therefore, statements (i) and (ii) hold for k£ = 0.

Suppose that the statements (i) and (ii) hold for some k£ > 0, that is, ag, v > 0, //n <
ar < 1/n and p <, < 1. Using these relations and (8), one can see that i1 is well-defined and
moreover jt < y,y1 < 1. In addition, we have 543 > 0 due to statement (iv) and oy > 0. Using
the fact u < 1 (see the remark after Assumption 2), 79 € (0,1] and a similar argument as above,
we obtain g, (0) < 0 and g+, (1/n) > 0, which along with continuity of g,, imply that there exists
a1 € (0,1/n] such that gy, (ag1) = 0, that is, agyq satisfies (7) and is thus well-defined. By
statement (iv) and ;41 > p, one can see that ag1 > /fi/n. This completes the induction and
hence statements (i) and (ii) hold.

Next, we show statement (iii) holds. Indeed, it follows from (8) that

Vet+1 — Ve = (it — Vi),

which together with v, > p and aj, > 0 implies that v;11 < 7% and hence {7;}32, is non-increasing.
Notice from statement (iv) and a3 > 0 that ap = \/yk;1/n. It follows that {ax}72, is also non-
increasing.

Statement (v) can be proved by using the same arguments in the proof of [25, Lemma 2.2.4],
and the details can be found in [20, Section 4.2]. O

3.1 Construction and properties of 0,

Motivated by [8], we give an explicit expression of #*) as a convex combination of the vectors
20 2 and use the coefficients to construct a sequence {¥;,}2 | to bound ¥(z(*).



Lemma 2. Let the sequences {ax}3,, {76150, {252, and {zM)}22 ) be generated by Algo-

rithm 1. Then each *) is a convex combination of 29, ..., 2. More specifically, for all k >0,
k
2 — Z@l(’f)z(l)7 (18)
1=0
where the constants Hék), e ,9,(€k) are nonnegative and sum to 1. Moreover, these constants can be
obtained recursively by setting 9(()0) =1, 0(()1) =1— nayg, 9%1) =nag and fork > 1,
nog l=k+1,
(k+1) _ _opY orvetmok_iver: _ (L—ag)y _
91 - (1 n) OCk:'Yk""W:Fl = noj; : l= k’ (19)
o Vel (k) _ _
(1-5) sost o0 1=0,....k—1

Proof. We prove the statements by induction. First, notice that z(9) = 2(0) = 9((]0)2(0). Using this
relation and (9), we see that y(©) = 29, From (10) and y(©) = 2(9, we obtain

PO BT <Z<1> _ Z(o>) LK (Z(o> _ y<o>)
n
= 204 nog (z(l) — 2(0))
= (1-nap)z® 4 nagz. (20)

Since ag € (0,1/n] (Lemma 1 (ii)), the vector 2! is a convex combination of 2(9) and z(!) with
the coefficients 0(()1) =1 — nay, 9%1) = nayg. For k = 1, substituting (9) into (10) yields

R G BN (Z@) _ z(1)> I % (zu) _ y<1>)
2.2
S (R g [(1 _Ey_om e —W} 20 1 a2,
n/ a1 + 72 n/ a1 + 72 nag

Substituting (20) into the above equality, and using (1 — a1)y1 = n?a? — aju from (7), we get

L) _ (1 _ ﬁ) (= nao) () [(1 _ ﬁ) oy (1- al)m] 20 4 nay 2@, (21)
n/ a1y + 2 n/ a1y + 72 nay ~~

05> 62

6%

From the definition of «952) in the above equation, we observe that

)2 _ (1 B g) am +nagye  (1—a)n
! n)  aiv+7% nay
_ (1 B H) a171 (1 — nag) + nag(ar1y1 + ¥2) B nQa% — a1
n a1y + 2 naog
= %<1—H>(1—710[())4—(1—&)77,040—710[14-&
a1y1 + 2 n n n
_ am ( u) ( M) 7
= ——  (1—-=)1—-—na)+ {1 =5 )n(ag—a1) + =(1 — nay).
P )« 0) ) lao —a1) + = ( 1)



From the above expression, and using the facts p < 1, ap > a1, 7% > 0 and 0 < ai < 1/n
(Lemma 1), we conclude that 9§2) > 0. Also considering the definitions of 9(()2) and 0%2) in (21), we
conclude that 91(2) >0 for 0 <[ < 2. In addition, one can observe from (9), (10) and (20) that z(!)
is an affine combination of z(9) and (M), y(@) is an affine combination of z() and (M), and =z is
an affine combination of y(*), z() and 2. It is known that substituting one affine combination
into another yields a new affine combination. Hence, the combination given in (21) must be affine,
which together with 9}2) > 0 for 0 <[ < 2 implies that it is also a convex combination.

Now suppose the recursion (19) holds for some k > 1. Substituting (9) into (10), we obtain
that

L4 _ <1 B ﬁ) S NN O {(1 B g) A ak)’Yk] A0 4 e (D).
n/ aEYk + Ve+1 n/ oYk + Y41 noy

Further, substituting z*) = nag_;2*) + Eé:ol GZ(k)z(l) (the induction hypothesis) into the above

equation gives

L) _ (1 B g) Vet g 0) {(1 B g) apye +nag_1yeyr (1 - ak)%] (&)
=0 N/ Ok + Vel n QkVE + Ve+1 nay,
gl(k+1) 91(5:-1)
+ nay 2*D, (22)
pUe+D)
k+1

This gives the form of (18) and (19). In addition, by the induction hypothesis, () is an affine
combination of z(9 ... 2(®¥) Also, notice from (9) and (10) that y*) is an affine combination of
) and 2®) | and 2+ is an affine combination of y*), z(®) and z(**t1). Using these facts and a

similar argument as for (), it follows that the combination (22) must be affine.
(k+1)

Finally, we claim 0, > 0 for all . Indeed, we know from Lemma 1 that y < 1, a > 0,
7 > 0. Also, Hl(k) > 0 due to the induction hypothesis. It follows that 91(k+1) >0foralll#k It
remains to show that 91(€k+1) > 0. To this end, we again use (7) to obtain (1 — ag)y = n?a2 — agu,
and use (19) and a similar argument as for 052) to rewrite Hl(fﬂ) as
g+ _ Ok Vk (1 _ g) 1— - (1 _ ﬁ) L Fo— '
h p— - (1 —nag_1) + - n(ag_1 — ag) + n( nayg)
Together with © < 1,0 < ap < 1/n, 9% > 0 and ag_1 > i, this implies that 9,&“1) > 0. Therefore,
21 is a convex combination of 2(9, ... z(**1) with the coefficients given in (19). O

In the following lemma, we construct the sequence {\ilk}zozo and prove a recursive inequality.

Lemma 3. Let U, denotes the convex combination of U(z(), ... U(z®) using the same coeffi-
cients given in Lemma 2, i.e.,

Then for all k > 0, we have ¥(z®) < ¥, and

N

Ei [Wr1] < apPERY) 4 (1 - ap) ¥y (23)

10



Proof. The first result ¥ (z(*)) < ¥ follows directly from convexity of ¥. We now prove (23). First
we deal with the case k = 0. Using (12), (19), and the facts y(© = 2(9) and ¥y = ¥(z©)), we get

A

E,[i] = E, [nao‘ll(z(l))+(1—nao)\I’(z(O))]

= E; [nao (lPiO(Ei(Ol)) + D it \I/](z?)ﬂ + (1 — nog) T (2(0)
= aU(EM) + (n— 1)ag®(z?) + (1 — nag) v (z)

= (") + (1 - ag)¥(a)

= Oéo\lf(g(l)) + (1 — 040)\110.

For k > 1, we use (12) and the definition of 5 in (8) to obtain that

E;, [q;(z(k+1))] — E, [ (k+1 +Z‘I' k+1:|

J#ik
_ Ly (1 _ 1) o ((1—0%)% (k) , CH y(k)> ' (24)
n n Ve+1 Ye+1
Using (8) and (9), one can observe that
1-— 1-—
A=) ol oy — (L= 0% gy Qe (cr =) + 1z ®)
Vr+1 Vr+1 Vi+1 Y1 (ke + V1)
_ (1 _ akﬂ) SR R k)
RV + Vk+1 QRVE + Y+l
It follows from the above equation and convexity of W that
o (ﬂ—owfz<k> N wyw)) < <1 _ W) B0 4 — R ),
Vr+1 Ve+1 QkVk + Vi+1 QkVk + Vk+1
which together with (24) yields
1 1
E;, [q;(z(kﬂ))} < —w (s 4 <1 _ > [(1 _ W) L) N T eH O
n n Ve + Ve+1 QkVk + Vk+1
(25)
In addition, from the definition of ‘ifk and 0,&’6) = nay_1, we have
Z H(k (z0) = Uy — naj_1 (2. (26)
Next, using the definition of W), and (19), we obtain
By (Gn] = noyly, [0(:600)] + {(1 - H) e e RCL)
e " n Yk + V1 nay,
HY Vel (l)
+(1-5) 0! 27
OV + Vk+1 Z 27)

11



Plugging (25) and (26) into (27) yields

A - Q[ k) Qg (k)
E; [V < ak\llz(k+1)+n—1ak[<1—>\lfz( + —U(z
in[Vir] ( )+ ) QRVE + Vht1 QkYVE + Vht1 @)
_ 1-—
N [(1 B ﬁ) Vet nag—1ves Oék)’Yk] (=) (28)
n oKVE + Vk+1 noy
+ (1 — ﬁ) S 2 — (@lk — nak_l\lf(z(k)))
n/ Yk + Yk+1
—1)a? - .
oKVE + Vk+1
r
1 _
+ [(n — 1)ay, <1 _ W) + (1 _ H) KTk _ (1 — ag) \I/(Z(k)),
OkVE + Ve+1 n/ oY + Yi+1 nog

A

where the second inequality is due to ¥(z(*)) < U,. Notice that the right hand side of (25) is an
affine combination of W(2*+1) w(z(*)) and ¥(z*)), and the right hand side of (27) is an affine
combination of W(z(®),... w(z( 1), In addition, all operations in (28) and (29) preserves the
affine combination property. Using these facts, one can observe that the right hand side of (29) is
also an affine combination of ¥(Z*+1)) ¥ (z(*)) and ¥y, namely, a + A +T = 1, where A and T
are defined above.

We next show that I' = 1 — o, and A = 0. Indeed, notice that from (8) we have

QkVE + Vh1 = Qpfh+ Vi (30)

Using this relation, vg+1 = n?af (Lemma 1 (iv)), and the definition of I in (29), we get

(n—1ogp+ (1 — &)y _ (n —Dajp+ Yes1 — v

r =
QEYE + Vi+1 OkYE + Vi+1
_ (n — Dogp + e41 — & (n*a3) _ k11— app
aEYe + Ve+1 Yk + Vk+1
(6%
aEYe + Ve+1

where the last equalities is due to (30). Finally, A = 0 follows from I' = 1 —aj, and ap + A+T = 1.
These together with the inequality (29) yield the desired result. O

3.2 Proof of Theorem 1

We are now ready to present a proof for Theorem 1. We note that the proof in this subsection can
also be recast into the framework of randomized estimate sequence developed in [20, 14], but here
we give a straightforward proof without using that machinery.
Dividing both sides of (7) by nay gives
1 -«
noy = (A= o) + £ (31)

nay n

12



Observe from (9) that

(k) _ o (k) — _ kAL (k) ()
z y P (m Yy > : (32)

It follow from (10) and (31) that

Y 5 I (S a7 VLW (ORI (5

noy n?
= gty - L)% oy (L) 1) e
noy noy, n ’

which together with (31), (32) and v411 = n?a? (Lemma 1 (iv)) gives

2

N B (A =)yt (x(k:) _ y(k)> ~ nogy™®
nOék

= nopz® Y 401 — o) (2P — y*)) — nagy®
= n [O&k(z(kJrl) _ y(k)) +(1— ak)(x(k) _ y(k))} .

Using this relation, (13) and Assumption 1, we have

2

k+1 k L; k+1 k
D) < py®) 4 (Vi f®), af T =y S ol - )
= 1)+ 0 (T 60, [an(H - )+ (1 - e - )] )
Uk
2Li 2
EF [ |ar Y =y ®) 4 (1= )@ —y®)]
2 ik ||o

= (=) [Fu™) +n (Vi fu), @ — o)

o [ F@®) + 0 (Ti ™), G - )]
2

(D — ) 4 (1= )@@ — )]

1k

2

Taking expectation on both sides of the above inequality with respect to i, and noticing that
zi(fﬂ) = 21(:;“), we get

IN

E;, [f(x(kﬂ))} (1—ay) [f(y(k)) n <vf(y(k))7 () _ y(k))ﬂ
+ag :f ™) + <V Fy®), (3D _ y(k))ﬂ
+ (ak(i(’““) —y®) 4 (1= ap)(z® — y(k))Hi

(1= ) f(z®) + oy [f(yw)) n <Vf(y<k>), (kD) _ y(k))ﬂ

2
|an (26 —y®) 4+ (1= ag) @) — )|

|3

IN

+ (33)

|3

L 9

where the second inequality follows from convexity of f.
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In addition, by (8), (32) and yg+1 = n?a; (Lemma 1 (iv)), we have

2

n - 2 n N ap(l —a
2 an 0 ) + (1 = @ =y = B (et g0 - B0y
L YE+1 L
2 2
L P N (5 N k7Y LN (O N O
2 Ye+1 L
= Dk | sGe1) _ (1 — ar)m (k) _ OkH y® ’ (34)
2n Ve+1 VE+1 L’

where the first equality used (32), the third one is due to (7) and (8), and Y411 = n?aj. This
equation together with (33) yields

B, [/ )] £ (1= a)f@®)+ap [ F6®) + (V1 0), 2050 - y®))

4 DR

ey (Lman)me g awp o
2noy,

VE+1 VE+1

2
L ] .
Using Lemma 3, we have

E;, [f(fﬂ(k+l)) + ‘i’k-i-l} < E;, [f@®N] + ap TEED) 4 (1 — ag) Ty

Combining the above two inequalities, one can obtain that

E;, {f(ﬂf(k“)) + \iijrl} < (T—ayg) (f(w(k)) + ‘i’k> + gV (EFHY), (35)
where
1 — o)k Qg pl ?
Vi) = Fy®) 1+ (V@) o —y® ¢ 2t |- (=) gy ®| 4w,
() = F&) + (VAW =y ™) + " et Al IR
Comparing with the definition of 2**1) in (11), we see that
) = argmin V (z). (36)

zeRN

Notice that V has convexity parameter % = nay, with respect to || - |[|[r. By the optimality

condition of (36), we have that for any a* € X*,

x> 17 (5(k+1) VE+1 % =(k+1) 2
Vi) 2 V(ERD) 4 g - )

Using the above inequality and the definition of V', we obtain

VEST) < V() - JE e - 2]

B 2nay
2
= @)+ (W) am -y @)+ L g A=) gy _ ki x
2nayg Vi+1 Vg1 .
oy TRy e s(k41) )2
+W(x*) Dy, |lz* — 2 2.
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Now using the assumption that f has convexity parameter p with respect to || - ||, we have

1_ 2
V(g(kJFl)) < f(.T*) . HH:C* i y(k)H% + V41 T — ( ak)')/k Z(k) _ QgH y(k) + \I/(LU*)
2 2nay, Vi+1 Vi+1 L
Ve+1 ~
*%Hx* _ Z(k+1)||%'
nag
Combining this inequality with (35), one see that
. . a
Ei [f@®) + 0] < (1—an) (F@0) +00) + bt = SR =y @) (37)
1_ 2
+’Yk+1 o (1 — ag)ve L) _ QEH (k)| _ DR+l [ 2(k+1)”%
2n Vk+1 V+1 L 2n
In addition, it follows from (8) and convexity of || - || that
o @) okt wll? A m )Wy 2 L kB . g2
z* — 2 - ——y < ——— a7 =2V + —ll=" —yL. (38)
VE+1 VE+1 I VE+1 k+1

Using this relation and (12), we observe that

2
E, [Mllx* _ z(k+1)||%} S KA PR € T2 o N (O NI ()| R N PO AU
2 2 n Vi+1 Vik+1 L N
2
_ Wena(n—1) ‘ o (- ) gy awp 0| e sy
2n V41 V+1 L 2n
2
B e N €l e N (O N TN )
2 Ve+1 Vh+1 L
2
e |- ARy awk Vel 5412
2n Vi+1 Vh+1 L 2n
(1 — ag)yk et
< et 207 + - lle* = y M7
1 — 2
_’715+1 > — ( Oék)’sz(k) _ QkM y(k) V41 lJa* — Z~(k:+l)”%7
n Vek+1 Ve+1 L 2n

where the inequality follows from (38). Summing up this inequality and (37) gives
By [£@H0) + i+ 2 o — V] < (1= an) (£) + B Efle” = 2O)) + o
Taking expectation on both sides with respect to £, yields
Eg, |f(zD) + Gy = F*+ L ar — 2ED3] < (1—an)Bg, , [£@®) + 8y — P+ Lfla* — 203 ]
which together with ¥ = ¥(z(©)), 20 = (0 and )\, = (1 — a;) gives
Ee,_, |[f(z®) + b= F* + Llla* =203 | <A [F@0) = F* + Dot =23 ]

The conclusion of Theorem 1 immediately follows from F(2®) < f(z®)) + ¥, Lemma 1 (v), the
arbitrariness of * and the definition of Ry.
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Algorithm 4 Efficient implementation of APCG with vg = > 0
input: 2(*) € dom (¥) and convexity parameter x> 0.

initialize: set o = % and p = %’ and initialize u(®) = 0 and v(©) = 2(0),
iterate: repeat for k =0,1,2,...
1. Choose i € {1,...,n} uniformly at random and compute

Rk — arg min {nO;Lik Hh||§ + <Vikf(pk+1u(k)—l—v(k)), h> + U, (—pk+1u(k)+v(k)+h)} .

1k 1k 1k
N;
heR 'k

2. Let ubtD) = 48 and v+ = v*) and update

B o Lo nag i ey ) 1A

73 ik ka—l-l i i i 9 (I

(39)

output: ) = phtly (1) 4 g (k+1)

4 Efficient implementation

The APCG methods we presented in Section 2 all need to perform full-dimensional vector operations
at each iteration. In particular, y*) is updated as a convex combination of z(*) and z(*), and this
can be very costly since in general they are dense vectors in RY. Moreover, in the strongly convex
case (Algorithms 1 and 2), all blocks of 251 also need to be updated at each iteration, although
only the 7;th block needs to compute the partial gradient and perform an proximal mapping of ¥;, .
These full-dimensional vector updates cost O(IN) operations per iteration and may cause the overall
computational cost of APCG to be comparable or even higher than the full gradient methods (see
discussions in [26]).

In order to avoid full-dimensional vector operations, Lee and Sidford [14] proposed a change
of variables scheme for accelerated coordinated gradient methods for unconstrained smooth min-
imization. Fercoq and Richtérik [8] devised a similar scheme for efficient implementation in the
non-strongly convex case (u = 0) for composite minimization. Here we show that full vector op-
erations can also be avoided in the strongly convex case for minimizing composite functions. For
simplicity, we only present an efficient implementation of the simplified APCG method with u > 0
(Algorithm 2), which is given as Algorithm 4.

Proposition 1. The iterates of Algorithm 2 and Algorithm 4 satisfy the following relationships:

2B ) )
Yy 0 4 ) (40)

for all k > 0. That is, these two algorithms are equivalent.

Proof. We prove by induction. Notice that Algorithm 2 is initialized with 2(®) = 2(© and its
first step implies y(©) = % = z(9); Algorithm 4 is initialized with «(?) = 0 and v(©) = 20,
Therefore we have
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which means that (40) holds for £ = 0. Now suppose that it holds for some k£ > 0, then

1-a)® 4 ay® = (1-a) (_pkuw) + U(k)) +a <pk+1u<k> n U(k))
= —p"((1—a)=ap)u® + (1 — a)p® + av®
7pk+1u(k) + v(k) (41)

So h,gf) in Algorithm 4 can be written as

hg:):argmin{ 2zk||h||2+<v%f( ), h) 4+, ((1_a) ()+ay( )+h>}

N; *h
heR™ 'k

Comparing with (11), and using [ = «, we obtain

h(k) — (k+1) ((1 _ ) ( )—l-ocyff))

'Lk

In terms of the full dimensional vectors, using (12) and (41), we have

2D = (1= a)z®) 4 ay® Uzkhg:)
= —pFtlye) 4 k) 4 Ukhgk)
1-— 1+ na
_ k+1, (k k (k) 4 (k)
= —pFtlyR) 4 k) 4 UZkhzk 5 ——Uih;,
1-— 1 —|— no
_ k-+1 k (k) k (k)
= —p <u( ) — 2pk+1 Uzkhlk > (v( 4 U by )
= Rty (D) (kD).
Using Step 3 of Algorithm 2, we get
gD = k) na(z(kﬂ) _ Z(k)) + na2(z(k) _ y(k))

= y® fna <z<k+1> — (1= a)z® + ay(m))
= y(k) + ’I’LO(UZkhZ(::),

where the last step used (12). Now using the induction hypothesis y*) = p*+1u®) 4 () we have

I O T (0 SN (0 B ! +”O‘U ¥

k",

1-— 1 + no
ket k (k) k (k)
= p + (u( ) _ 2pk+1 UZkh“C > <v( ) 4 Ulkh“C >

" k)

kg

P (D) (D),

Finally,

1
(k+1)  _ (k+1) (k+1)
y 14+« (x oz )

_ b (pk+1u(k+1) + v(km) + (_pk“u(’““) + U(Hl))
14+« I+«
_ I_ka—&-lu(k—i—l) I ﬂv(kﬂ)
1+« I+a
_ pk+2u(k+1) +U(k+1)_

We just showed that (40) also holds for k + 1. This finishes the induction. O
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We note that in Algorithm 4, only a single block coordinates of the vectors u*) and v
are updated at each iteration, which cost O(XV;, ). However, computing the partial gradient
Vi, (0" u® +0*)) may still cost O(N) in general. In Section 5.2, we show how to further exploit
problem structure in regularized empirical risk minimization to completely avoid full-dimensional
vector operations.

5 Application to regularized empirical risk minimization (ERM)

In this section, we show how to apply the APCG method to solve the regularized ERM problems
associated with linear predictors.

Let Aj,..., A, be vectors in R, ¢, ..., ¢, be a sequence of convex functions defined on R,
and ¢ be a convex function defined on R¢. The goal of regularized ERM with linear predictors is
to solve the following (convex) optimization problem:

minimize {P(w) o iZ(bi(A?w)—i—/\g(w)}, (42)

d
weR im1

where A\ > 0 is a regularization parameter. For binary classification, given a label b; € {£1} for
each vector A;, for ¢ = 1,...,n, we obtain the linear SVM (support vector machine) problem by
setting ¢;(z) = max{0,1 — b;z} and g(w) = (1/2)|lw||3. Regularized logistic regression is obtained
by setting ¢;(z) = log(1 + exp(—b;z)). This formulation also includes regression problems. For
example, ridge regression is obtained by setting ¢;(2) = (1/2)(z — b;)? and g(w) = (1/2)||w||3, and

we get the Lasso if g(w) = ||w||1. Our method can also be extended to cases where each A; is a
matrix, thus covering multiclass classification problems as well (see, e.g., [39]).
For each i =1,...,n, let ¢; be the convex conjugate of ¢;, that is,
¢i(u) = max {zu — ¢(2)}.

The dual of the regularized ERM problem (42), which we call the primal, is to solve the problem
(see, e.g., [40])

maximize dﬁf l iAx (43)

z€R n < AT An ’

where A = [Ay,...,A,]. This is equivalent to minimize F(x) def —D(z), that is,

D def 1~ 1
minimize {F(x) = n;qﬁi(—xz)-i-)\g (MAx>} (44)

The structure of F'(x) above matches our general formulation of minimizing composite convex
functions in (1) and (2) with

f@) = g (jnAx) v = 1Y 6w, (45)
=1

Therefore, we can directly apply the APCG method to solve the problem (44), i.e., to solve the dual
of the regularized ERM problem. Here we assume that the proximal mappings of the conjugate
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functions ¢; can be computed efficiently, which is indeed the case for many regularized ERM
problems (see, e.g., [40, 39]).
In order to obtain accelerated linear convergence rates, we make the following assumption.

Assumption 3. Fach function ¢; is 1/v smooth, and the function g has unit convezity parameter 1.

Here we slightly abuse the notation by overloading v and A, which appeared in Sections 2
and 3. In this section ~ represents the (inverse) smoothness parameter of ¢;, and A denotes the
regularization parameter on g. Assumption 3 implies that each ¢ has strong convexity parameter y
(with respect to the local Euclidean norm) and g* is differentiable and Vg¢* has Lipschitz constant 1.

In order to match the condition in Assumption 2, i.e., f(x) needs to be strongly convex, we can
apply the technique in Section 2.2 to relocate the strong convexity from W to f. Without loss of
generality, we can use the following splitting of the composite function F(z) = f(x) + ¥U(z):

* 1 i 2 1 . * Y 2
1) =" () + el W@ =23 (o7 m) - Jleild). o
Under Assumption 3, the function f is smooth and strongly convex and each V¥, for i = 1,...,n,

is still convex. As a result, we have the following complexity guarantee when applying the APCG
method to minimize the function F(x) = —D(z).

Theorem 2. Suppose Assumption 3 holds and ||A;lla < R for alli=1,...,n. In order to obtain
an expected dual optimality gap E[D* — D(z®)] < € using the APCG method, it suffices to have

2

k> (n + n;i) log(C/e). (47)
where D* = max,ern D(x) and
C:D*—D(x<°>)+2lux<0> — 2|2 (48)
n

Proof. First, we notice that the function f(z) defined in (46) is differentiable. Moreover, for any
xz € R" and h; € R,

|Vif(x+ Uih;) — Vif(x)|l2

1 1 1
n An n

n 2
A 1 1
< m Vg | —A(x+Uhi) | = Vg* | —Ax +l”hi”2
n AN n 9 M
A; 1
< 4l ~—Aihi +1HhiH2
n An L

A3 |
< (22 ) e,
< (B 1) n

where the second inequality used the assumption that g has convexity parameter 1 and thus Vg*
has Lipschitz constant 1. The coordinate-wise Lipschitz constants as defined in Assumption 1 are

112 2
1Aills v o BAdm

Li =
An? - An?

3
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The function f has convexity parameter 1 with respect to the Euclidean norm || - [|2. Let p be its

convexity parameter with respect to the norm || - ||z defined in (6). Then
v /R?+ Myn Ayn
Bz = / = .
n An? R? + \yn

According to Theorem 1, the APCG method converges geometrically:

E[D*—D(gﬂk))} < ( —\/’7>kc < exp (—{fk;) c,

n

where the constant C'is given in (48). Therefore, in order to obtain E[D* — D(z(*))] < ¢, it suffices
to have the number of iterations k to be larger than

n R2Z + \yn nR2 nR2
ﬁlog(C'/e) < n\/Tlog(C’/e) = 1/n2+vlog(0/e) < (n—i— A’Y) log(C/e).

This finishes the proof. O

Let us compare the result in Theorem 2 with the complexity of solving the dual problem (44)

using the accelerated full gradient (AFG) method of Nesterov [27]. Using the splitting in (45)

2
and under Assumption 3, the gradient V f(z) has Lipschitz constant H;;L”f, where [|Al|2 denotes the

spectral norm of A, and ¥(z) has convexity parameter I with respect to || - ||2. So the condition
number of the problem is
o / v _ Al
an? /[ n Ayn

Suppose each iteration of the AFG method costs as much as n times of the APCG method (as we
will see in Section 5.2), then the complexity of the AFG method [27, Theorem 6] measured in terms
of number of coordinate gradient steps is

nllAl3 n?R?

O (nvklog(1/e)) = O > log(1/e) | < O< > log(l/e)).

The inequality above is due to || A||3 < ||A||% < nR?. Therefore in the ill-conditioned case (assuming

n < f—j), the complexity of AFG can be a factor of \/n worse than that of APCG.
Several state-of-the-art algorithms for regularized ERM, including SDCA [40], SAG [35, 37] and
SVRG [11, 48], have the iteration complexity

o ((n+ Y st

Here the ratio f—j can be interpreted as the condition number of the regularized ERM problem (42)
and its dual (43). We note that our result in (47) can be much better for ill-conditioned problems,

i.e., when the condition number %2 is much larger than n.
Most recently, Shalev-Shwartz and Zhang [39] developed an accelerated SDCA method which

achieves the same complexity O <(n + /%) log(1/ e)) as our method. Their method is an inner-

outer iteration procedure, where the outer loop is a full-dimensional accelerated gradient method
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in the primal space w € R%. At each iteration of the outer loop, the SDCA method [40] is called to
solve the dual problem (43) with customized regularization parameter and precision. In contrast,
our APCG method is a straightforward single loop coordinate gradient method.

We note that the complexity bound for the aforementioned work are either for the primal
optimality P(w(®)) — P* (SAG and SVRQ) or for the primal-dual gap P(w®)) — D(z(*)) (SDCA
and accelerated SDCA). Our results in Theorem 2 are in terms of the dual optimality D* — D(z(*)).
In Section 5.1, we show how to recover primal solutions with the same order of convergence rate. In
Section 5.2, we show how to exploit problem structure of regularized ERM to compute the partial
gradient V, f(x), which together with the efficient implementation proposed in Section 4, completely
avoid full-dimensional vector operations. The experiments in Section 5.3 illustrate that our method
has superior performance in reducing both the primal objective value and the primal-dual gap.

5.1 Recovering the primal solution

Under Assumption 3, the primal problem (42) and dual problem (43) each has a unique solution,
say w* and z*, respectively. Moreover, we have P(w*) = D(z*). With the definition

o= (). »

we have w* = w(z*). When applying the APCG method to solve the dual regularized ERM problem,
which generate a dual sequence z(¥), we can obtain a primal sequence w®) = w(:c(k)). Here we
discuss the relationship between the primal-dual gap P(w®) — D(z*)) and the dual optimality
D* — D(z®).

Let a = (ai,...,a,) be a vector in R™. We consider the saddle-point problem

max min {Q)(:r,a,w fof Z¢z a;) + Ag(w —*Zu’m A w — a; }, (50)

T a,w
so that

D(z) = min ®(z,a,w).

a,w

Given an approximate dual solution z*) (generated by the APCG method), we can find a pair of
primal solutions (a*),w®*)) = arg min, ,, ®(z™), a,w), or more specifically,

agk) = argmax{ :c az qﬁz(az)} € 8¢f(—w§k)), i1=1,...,n, (51)
w® = arg max {wT ()\1”141:('?)> — g(w)} = Vg* <)\1nAa:(k)) : (52)
As a result, we obtain a subgradient of D at (), denoted D’ (a:(k)), and
1 k) 2
1D @)= — 3 (ATw® — o). (53)
i=1

We note that || D’(z(*))||2 is not only a measure of the dual optimality of z(¥), but also a measure
of the primal feasibility of (a (K) (K )). In fact, it can also bound the primal-dual gap, which is the
result of the following lemma.
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Lemma 4. Given any dual solution ), let (a®),w®)) be defined as in (51) and (52). Then

1 2 n
(k)y _ (k) < T, (k) _ k) _ N
P®) - Da®) < 2717;:1:(14”0 o) = S ID )3

Proof. Because of (51), we have Vqﬁi(agk)) = —iL'Z(k). The 1/y-smoothness of ¢;(a) implies

1 n
Pl®) = =3 6i(ATw®) + ag(w®)
=1

IN

1 E <¢i(a§k)) v¢i(a§k))T (AZTw(k) agm)
n —|—
i—1

IS (g ) (g0 0N L () )2 (k)
= n;<¢l(ai ) —x, (Az-w a; )—1—27 (Aiw ai> + Ag(w'™)

1 < 2
— a(a® g0 )y L Tow 0
O\, a'™ w4+ o ;:1 (AZ w a; )
1 n
= By 4 — E Tk _ gk)y2
D(x\") + 5y izl(Al w a; ),

which leads to the inequality in the conclusion. The equality in the conclusion is due to (53). [

The following theorem states that under a stronger assumption than Assumption 3, the primal-
dual gap can be bounded directly by the dual optimality gap, hence they share the same order of
convergence rate.

Theorem 3. Suppose g is 1-strongly convex and each ¢; is 1/vy-smooth and also 1/n-strongly
convex (all with respect to the Euclidean norm || - ||2). Given any dual point ¥, let the primal
correspondence be w® = w(x®), i.e., generated from (52). Then we have

nn + || A3
(k)y _ (k)y < AN TNAN2 (px (k)
Pl®) - D) < = <D D(z )) , (54)
where || All2 denotes the spectral norm of A.
Proof. Since g(w) is 1-strongly convex, the function f(z) = Ag* (%) is differentiable and V f(x)

2
has Lipschitz constant H;:LHQQ. Similarly, since each ¢; is 1/n strongly convex, the function ¥(z) =

LS, ¢r(—a;) is differentiable and V¥(z) has Lipschitz constant 2. Therefore, the function
—D(z) = f(x) + ¥(z) is smooth and its gradient has Lipschitz constant

1A n _ dnn+ A3
An? n An? '

It is known that (e.g., [25, Theorem 2.1.5]) if a function F(x) is convex and L-smooth, then

F(y) > F(z) + VF(2)" (y — 2) + %IIVF(CC) ~VE@)l3
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for all z,y € R™. Applying the above inequality to F'(z) = —D(x), we get for all z and vy,
~D(y) = ~Dla) ~ VD) (y — ) + 5 o
- 2(Ann + [|A13)

Under our assumptions, the saddle-point problem (50) has a unique solution (z*, a*, w*), where
w* and x* are the solutions to the primal and dual problems (42) and (43), respectively. Moreover,
they satisfy the optimality conditions

IVD(x) = VD(y)|3- (55)

1
ATw* —af =0, a;y = Voi(—x7), w* = Vg* (/\nAm*> :

Since D is differentiable in this case, we have D'(z) = VD(z) and VD(z*) = 0. Now we choose z
and y in (55) to be z* and z(® respectively. This leads to

n 2
W@(ﬂ) ~D(a™)).

Then the conclusion can be derived from Lemma 4. O

IVDE®™)3 = IVD™) — VD)3 <

The assumption that each ¢; is 1/v-smooth and 1/n-strongly convex implies that v < 7.

2
Therefore the coefficient on the right-hand side of (54) satisfies M%HHAM > 1. This is consis-

tent with the fact that for any pair of primal and dual points w®) and z*), we always have
P(w®) — D(z®)) > D* — D(z*)).

Corollary 1. Under the assumptions of Theorem 3, in order to obtain an expected primal-dual gap
E [P(w(k)) - D(:z:(k))] < € using the APCG method, it suffices to have

2 2
Ay Ayn €

where the constant C' is defined in (48).

The above results require that each ¢; be both smooth and strongly convex. One example that
satisfies such assumptions is ridge regression, where ¢;(a;) = 3(a; — b;)? and g(w) = 3||w||3. For
problems that only satisfy Assumption 3, we may add a small strongly convex term ﬁ(A;fpw)Q to
each loss ¢;(A7w), and obtain that the primal-dual gap (of a slightly perturbed problem) share the
same accelerated linear convergence rate as the dual optimality gap. Alternatively, we can obtain
the same guarantee with the extra cost of a proximal full gradient step. This is summarized in the

following theorem.

Theorem 4. Suppose Assumption 3 holds. Given any dual point *), define

2
()Y — arg mi (k) IAllz, o2
T®) = arg iy { (V7). 2) + 521 - a8 4 9 | (56)
where f and VU are defined in the simple splitting (45). Let
w® = u(T(™)) = Vg* <)\1AT(x(’“))) . (57)
n

Then we have

P(w®) = D(T(z™)))



A3
)\77,2 )

Proof. Notice that the Lipschitz constant of Vf(x) is Ly =
T(z®). The corresponding gradient mapping [27] at 2(¥) is

which is used in calculating

2
G®) = Ly (2 - 7)) = ‘;”22 ()~ 7).

According to [27, Theorem 1], we have

| (1)) Hz <4 HG(QJ’“))Hz <81y (D@") - DE®)) = 8@'3 (D) = DE™)) .

The conclusion can then be derived from Lemma 4. O

2
Here the coefficient in the right-hand side of (58), 4!‘,3112, can be less than 1. This does not

contradict with the fact that the primal-dual gap should be no less than the dual optimality gap,
because the primal-dual gap on the left-hand side of (58) is measured at T'(z(*)) rather than z(*).

Corollary 2. Suppose Assumption 3 holds. In order to obtain a primal-dual pair w® and z(®)
such that E [P(w®) — D(T(x™))] <'e, it suffices to run the APCG method for

2 2
Ay Ayn €

steps and follow with a prozimal full gradient step (56) and (57), where C' is defined in (48).

We note that the computational cost of the proximal full gradient step (56) is comparable
with n proximal coordinate gradient steps. Therefore the overall complexity of of this scheme is
on the same order as necessary for the expected dual optimality gap to reach e. Actually the
numerical experiments in Section 5.3 show that running the APCG method alone without the final
full gradient step is sufficient to reduce the primal-dual gap at a very fast rate.

5.2 Implementation details

Here we show how to exploit the structure of the regularized ERM problem to efficiently compute
the coordinate gradient V;, f (y(¥)), and totally avoid full-dimensional updates in Algorithm 4.

We focus on the special case g(w) = 1[|w||3 and show how to compute V;, f(y*)). In this case,
g*(v) = 3||v||3 and Vg*(-) is the identity map. According to (46),

1

. (k
Vi f (™) = 5 AL (Ay®) + TyiP.

i
Notice that we do not form y* in Algorithm 4. By Proposition 1, we have

() — oty (k) o (k).

4 P

So we can store and update the two vectors
p(k) — Au(k), q(k) - Av(k),

and obtain

24



Algorithm 5 APCG for solving regularized ERM with p > 0

Ayn
R24+-Myn

input: z(9) € dom (¥) and convexity parameter y =

initialize: set a = % and p = 1;—0‘, and let u(9) =0, v = 2O p(O) =0 and ¢© = Az,

iterate: repeat for k =0,1,2,...

1. Choose i € {1,...,n} uniformly at random, compute the coordinate gradient

v = L (AT 1 ATg0) 4 T () 4 o).

23 )\n2 Zk 1k

2. Compute coordinate increment

k . [a(||As, |2 + Ayn & A
hi) = argrlrvl_ln{ (l kQH/\n D + (v W hy+ vy, ( ErLy ) ) +h)}. (59)
heR™ 'k

3. Let u*tD) = 4®) and v*+1) = (¥ and update

P (k) 12pk+ S, nP, g+ = g 4 1F naA%hEk)- (60)
output: approximate dual and primal solutions
PO gLy (1) | (k1) Wk % <pk+1p(k+1) n q(k+1)> '

Since the update of both u(*) and v(*) at each iteration only involves the single coordinate iy, we
can update p®) and ¢*) by adding or subtracting a scaled column A;,, as given in (60). The
resulting method is detailed in Algorithm 5.

In Algorithm 5, we use VZ(» ) to represent V;, f () to reflect the fact that we never form y(*)

explicitly. The function ¥; in (59) is the one given in (46), i.e
L,
i) = — 67 (—xi) — a3

Each iteration of Algorithm 5 only involves the two inner products Ai p*) and A;{Cq(k) in computing
V(»k), and the two vector additions in (60). They all cost O(d) rather than O(n). When the A;’s are

(2
Spgrse (the case of most large-scale problems), these operations can be carried out very efficiently.
Basically, each iteration of Algorithm 5 only cost twice as much as that of SDCA [10, 40].
In Step 3 of Algorithm 5, the division by p**! in updating «*) and p*) may cause numerical
problems because p*T! — 0 as the number of iterations k getting large. To fix this issue, we notice
that u® and p®) are always accessed in Algorithm 5 in the forms of p"““u(k) and pk“p(k). So we

can replace u¥) and p®*) by

k+1, (k)

Ak = i) 5k k)

P,
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which can be updated without numerical problem. To see this, we have

k1) k+2, (k+1)

a P

1—n«o
k2 k (k)

3 1 —n«a E

Similarly, we have

1 —na
D — o (p(k) -— Aikh(k)> )

ik

5.3 Numerical experiments

In our experiments, we solve the regularized ERM problem (42) with smoothed hinge loss for binary
classification. That is, we pre-multiply each feature vector A; by its label b; € {1} and let

0 if a >1,
pi(a) =< 1—a—3 ifa<l—n, i=1,...,n.
+(1—a)? otherwise,
5

The conjugate function of ¢; is ¢}(b) = b+ 3b? if b € [~1,0] and oo otherwise. Therefore we have

1 Yoo\ [ i€ [0,1]
Wile) = n (qbi (=) = 5”9%”2) N { oo  otherwise.
For the regularization term, we use g(w) = %|w||3. We used three publicly available datasets

obtained from [7]. The characteristics of these datasets are summarized in Table 1.

In our experiments, we comparing the APCG method (Algorithm 5) with SDCA [40] and the
accelerated full gradient method (AFG) [25] with and additional line search procedure to improve
efficiency. When the regularization parameter A is not too small (around 107%), then APCG
performs similarly as SDCA as predicted by our complexity results, and they both outperform
AFG by a substantial margin.

Figure 1 shows the reduction of primal optimality P(w(k)) — P* by the three methods in the
ill-conditioned setting, with A\ varying form 1075 to 10~%. For APCG, the primal points w(®)
are generated simply as w®) = w(z(*)) defined in (49). Here we see that APCG has superior
performance in reducing the primal objective value compared with SDCA and AFG, even without
performing the final proximal full gradient step described in Theorem 4.

Figure 2 shows the reduction of primal-dual gap P(w®)) — D(z(®) by the two methods APCG
and SDCA. We can see that in the ill-conditioned setting, the APCG method is more effective in
reducing the primal-dual gap as well.

datasets | source | number of samples n | number of features d | sparsity

RCV1 [16] 20,242 47,236 0.16%
covtype [4] 581,012 54 22%
News20 | [12, 13] 19,996 1,355,191 0.04%

Table 1: Characteristics of three binary classification datasets obtained from [7].
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Figure 1: Comparing the APCG method with SDCA and the accelerated full gradient method
(AFQ). In each plot, the vertical axis is the primal objective value gap, i.e., P(w®*)) — P*, and the
horizontal axis is the number of passes through the entire dataset. The three columns correspond
to the three data sets, and each row corresponds to a particular value of \.
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Figure 2: Comparing the primal-dual objective gap produced by APCG and SDCA. In each plot,
the vertical axis is the primal-dual objective value gap, i.e., P(w®)) — D(z®*)), and the horizontal
axis is the number of passes through the entire dataset. The three columns correspond to the three
data sets, and each row corresponds to a particular value of \.
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