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APPROXIMATIONS AND SELECTIONS OF MULTIVALUED
MAPPINGS OF FINITE-DIMENSIONAL SPACES

N. BRODSKY, ALEX CHIGOGIDZE, AND A. KARASEV

ABSTRACT. We prove extension-dimensional versions of finite dimensional
selection and approximation theorems. As applications, we obtain several
results on extension dimension.

1. INTRODUCTION AND PRELIMINARY DEFINITIONS

Finite-dimensional selection theorem of E. Michael is very useful in geometric
topology and it is one of central theorems in the theory of continuous selections
of multivalued mappings [R. A stronger selection theorem is proved in [BJ]
and a technique of its proof shows an interesting interference between selections
and approximations of multivalued mappings. In particular, finite dimensional
approximation theorem was used in the proof of selection theorem. However,
approximation theorem itself is widely applicable in mathematics, not only in

topology (see a survey [[g]).
There is a new approach in dimension theory exploiting a notion of extension

dimension [[J,[[4]. Let L be a CW-complex. A space X is said to have ez-
tension dimension < [L] (notation: e-dimX < [L]) if any mapping of its closed
subspace A C X into L admits an extension to the whole space X[|. It is clear
that dimX < n is equivalent to e-dimX < [S”].

The main purpose of this paper is to prove an extension-dimensional ver-
sions of finite dimensional selection and approximation theorems. Of course,
these versions have the original finite dimensional theorems as a partial cases.
And our proofs follow the ideas from the paper [BJ]. There is an extension di-
mensional approximation theorem for mappings of C-space [[J]. We are mainly
interested in the separable and metrizable situation. In the meantime proofs of
our statements without significant complications remain valid in a more general
case of paracompact spaces and we state our results for the latter class of spaces.

One can develop homotopy and shape theories specifically designed to work
for at most [L]-dimensional spaces. Absolute extensors for at most [L]-dimensional
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spaces in a category of continuous maps are precisely [L]-soft mappings. And
compacta of trivial [L]-shape are precisely UV H-compacta [J]. One can define
(see [, Theorem 2.8]) local [L]-contractibility in a standard way: a space X is
said to be locally [L]-contractible (notation: X € LC) if for any neighbour-
hood U of any point x € X there exists a smaller neighbourhood V' such that
the inclusion V' — U is [L]-homotopic to a constant map. We present a full
proof (see Theorem [L.T]) of a Dugunji-type theorem for such spaces.

We have several other applications of our results. We characterize local [L]-
softness of a mapping in terms of local properties of the family of its fibers
(Theorem [7.1]). This result was known for n-soft mappings [[J. Using idea
from [@] on extension of UV™-valued mappings, we prove Theorem [(.3 on ex-
tension of UVH-valued mappings. Also, we prove the following Theorem [ on
factorization: if the superposition f o g of mappings of Polish spaces is [L]-soft
and g is UV!H-map, then f is [L]-soft. For n-soft maps factorization theorem
is proved in [{].

Another application is a version of Hurewicz theorem for extension dimen-
sion. There are several approaches to such a generalization of Hurewicz theo-

rem (T3], (1], [T9], [2)-

Theorem 7.6. Let f: X — Y be a mapping of metric compacta where dimY <
00. Suppose that e-dimY < [M] for some finite CW -complex M. If for some
locally finite countable CW -complex L we have e-dim(f~'(y)x Z) < [L] for every
pointy € Y and any Polish space Z with e-dimZ < [M], then e-dimX < [L].

The classical Hurewicz theorem for a mapping f: X — Y of metric compacta
with dimY < m and dimf = sup{f~'(y): y € Y} < k follows from our result
by letting M = S™ and L = S**™. Indeed, note that dim (f~!(y) x Z) < k+m
for any point y € Y and any Polish space Z with dimZ < m. By our result,
e-dimX < S*¥* which means that dimX < k + m as required.

Section P of this paper is devoted to the approximation theorem. The graph
of a multivalued mapping F': X — Y is the subset I'r = {(z,y) e X xY:y €
F(x)} of the product X x Y. We say that a multivalued mapping F' admits
approximations if every neighbourhood of the graph of F' contain the graph of
a singlevalued continuous mapping.

Usually one constructs approximation as a composition of canonical mapping
into nerve of some covering and a mapping of this nerve, defining the mapping
of the nerve by induction on dimension of its skeleta. If the mapping is UV™"-
valued and the domain space X has Lebesgue dimension n, then every point-
image has trivial shape relative to X and relative to a nerve of some covering
of X, which allows one to construct a mapping from the nerve. If extension
dimension e-dim X = [L] does not coincide with Lebesgue dimension of X, then
UVE_compactum does not have trivial shape relative to a nerve of fine covering
of X, and one can not construct a mapping from the nerve.
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Therefore, we have to define the approximation directly. For some fine cover-
ing ¥ of X we consider the sets ©¥) = {x € X | ordgx < k + 1} and construct
an approximation extending it successively from X*) to L +1) Here %) plays

a role of ” k-dimensional skeleton” of the cover X. For elements sg, s1,...,8, € X
with non-empty intersection M}_ys; we consider the set (Ji_osi \ Uizo1.. , 5i 88
a closed "simplex” with vertices s, ..., s,. Also, we understand the set N}_;s;

as an interior of this simplex. These notions of "skeleton” and ”simplex” of
a covering allows us to proceed the proof in a usual way — by induction on
”dimension” of "skeleta”. Note that our proof gives better result even for UV "-
valued mappings: part (2) of Theorem was known only for metrizable space
X [ig].

Sections BHf are devoted to selection problem. The notion of filtration ap-
peared to be very useful in continuous selection theory (see [B3], [H]) and we
state our selection theorem in terms of filtrations of multivalued mappings.

Definition 1.1. An increasingf] finite sequence of subspaces
Z()CZ1C"'CZnCZ

is called a filtration of space Z of length n. A sequence of multivalued mappings
{Fp: X — Y}, is called a filtration of multivalued mapping F: X — Y if
{Fr(x)}7_, is a filtration of F(x) for any z € X.

To construct a local selection we need our filtration of multivalued maps to be
complete and lower [L]-continuous. The notion of completeness for multivalued
mapping is introduced by E. Michael RT]].

Definition 1.2. A multivalued mapping G: X — Y is called complete if all
sets {x} x G(z) are closed with respect to some Gs-set S C X x Y containing
the graph of this mapping.

We say that a filtration of multivalued mappings G;: X — Y is complete if
every mapping G; is complete.

In section B we introduce a notion of local property of multivalued mapping.
To have a local property, multivalued mapping should have all fibers satisfy-
ing this local property, and, moreover, the fibers should satisfy this property
uniformly. An important example of local property is local [L]-connectedness.

Definition 1.3. Let L be a CW-complex. A pair of spaces V C U is said
to be [L]-connected if for every paracompact space X of extension dimension
e-dimX < [L] and for every closed subspace A C X any mapping of A into V
can be extended to a mapping of X into U.

We call a multivalued mapping lower |[L]-continuous if it is locally [L]-connected:

2We consider only increasing filtrations indexed by a segment of the natural series starting
from zero.
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Definition 1.4. A multivalued mapping F': X — Y is called [L]-continuous at
a point (x,y) € T'p of its graph if for any neighbourhood Oy of the point y € Y,
there are a neighbourhood O’y of the point y and a neighbourhood Oz of the
point x € X such that for all 2’ € Oz, the pair F(2') N O’y C F(2') N Oy is
[L]-connected.

A mapping which is [L]-continuous at all points of its graph is called lower
[L]-continuous. We say that a filtration of multivalued mappings is lower [L]-
continuous if every mapping of this filtration is lower [L]-continuous.

To construct a global selection we need our filtration of multivalued maps to
be fiberwise [L]-connected.

Definition 1.5. A filtration of multivalued mappings {G;: X — Y}, is said
to be fiberwise [L]-connected if for any point + € X and any ¢ < n the pair
Gi(x) C Gip1(x) is [L]-connected.

Now we can state our selection theorem.

Theorem 6.4. Let L be a finite CW -complex such that [L] < [S™] for some n.
Let X be a paracompact space of extension dimension e-dimX < [L]. Suppose
that multivalued mapping F: X — Y into a complete metric space Y admits
a lower |L]-continuous, complete, and fiberwise [L|-connected n-filtration Fy C
Frc---CcF,CF. If f: A—=Y is a continuous singlevalued selection of
Fy over a_closed subspace A C X, then there exists a continuous singlevalued

selection f: X —'Y of the mapping F' such that ﬂA = f.

Let us recall some definitions and introduce our notations. We denote by
IntA the interior of the set A. For a cover w of a space X and for a subset
A C X let St(A,w) denote the star of the set A with respect to w.

For a subset U of the product X x Y we denote by U(x) the subset pry (U N
{z} xY) of Y, where x is a point of X. For a multivalued mapping F': X — Y
we denote by FT'(z) the subset {z} x F(x) of X x Y. A multivalued mapping
F: X — Y is said to be upper semicontinuous (shortly, u.s.c.) if its graph is
closed in the product X x Y. We say that multivalued mapping is compact if it
is upper semicontinuous and compact-valued. A filtration consisting of compact
multivalued mappings is called compact.

A pair of subspaces K C K’ of a space Z is called UV -connected in Z if any
neighbourhood U of K’ contains a neighbourhood V' of K such that the pair
V C U is L-connected. A filtration {F;: X — Y}, of u.s.c. maps is called
UVIE_connected n-filtration if for any point € X and any i < n the pair
Fy(x) C Fyy1(z) is UV -connected in Y. We say that multivalued mapping F
is n-UVE_filtered if it contains an UV!"-connected n-filtration.

A compact metric space K is called UVH-compactum if the pair K C K
is UV H-connected in any AN R-space. Theorem [L.7 shows that this property
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does not depend on embedding of K in Polish AN E([L])-space. A multivalued
mapping is called UV -valued if it takes any point to UV F-compactum.

A mapping f: Y — X is said to be [L]-soft (resp. locally [L]-soft) if for any
paracompact space Z with e-dimZ < [L], its closed subspace A C Z and any
mappings ¢g: Z — X and g4: A — Y such that f o gy = g|a there exists a
mapping g: Z — Y (resp. g: OA — Y of some neighbourhood of A) such that
fog=g (resp. fog=gloa). Finally let AE([L]) (resp. ANE([L])) denote
the class of spaces with [L]-soft (resp. locally [L]-soft) constant mappings.

2. SINGLEVALUED APPROXIMATION THEOREM

We introduced in section [] the notions of "skeleton” and ”simplex” of a
covering. For a covering ¥ of X we denote by X*) its k-dimensional skeleton
{r € X | ordsz < k + 1}. For elements sg, s1,...,8, € ¥ with non-empty
intersection N ,s; we define a ”closed n-dimensional simplex”

[30,31,...,sn]:Usi\ U S;

i=0 i£0,1,...n

and its "interior” (sg,si,...,8,) = M gs; N XM, It is easy to check that the
n-skeleton consists of n-simplices

Z(n) = U{[Sim Sity e Sin] | mZZOSik 7é (b}

and that any ”simplex” consists of its "boundary” and its ”interior”
(S0, 815+ 8] = U[so,...,/s\m,...,sn] U (S0, 815 -« -5 Sn)-
m=0
Clearly, ) is closed in X and £ = X if the cover ¥ has order n + 1. The
following property is important for our construction: the ”interiors” of distinct
k-dimensional ”simplices” are mutually disjoint and

E(k) = U{<8i07 Sipy s Sin> ‘ QZ:OSZ}C 7£ (Z)} U Z(k_l) (T)

Suppose Z is any space and u is an open covering of Z. We shall denote
union of all elements of u by Uu.

Further we will consider triples of the form (X, w, G), where G is a multivalued
mapping of X to Y and w € covX.

Definition 2.1. For a pair of spaces X’ C X a triple (X',w’,G’) is said to be
[L]-connected refinement of a triple (X,w,G) if for any W’ € w’ there exists
W e w with St(W’',w') € W such that the pair G'(St(W’,w')) € G(W) is
[L]-connected.

A sequence of triples {(Xj,wk, Gk)} r<n is said to be [L]-connected if for
each k < n the triple (Xg,wg, G) is [L]-connected refinement of the triple

(X1, Wet1, Grg1).
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Lemma 2.2. Let L be a CW-complex such that [L] < [S"]| for some n. Let
Xo C -+ C Xy be a filtration of spaces and X be a paracompact subspace of
a space Xg such that e-dimX < [L].

(1) If {( Xk, wi, Gi) }r<n 15 [L]-connected sequence of triples, then there exists
singlevalued continuous mapping f: X — G,(X,,) such that f(z) € G, (St(z,w,))
for each x € X.

(2) Suppose that {( Xy, wi, Gk) brk<nt1 5 [L]-connected sequence of triples. Let
A be a closed subset of X and g: A — Go(Xo) be a singlevalued continuous
mapping such that g(x) € Go(St(x,wg)) for each x € A. Then there exists
singlevalued continuous mapping f: X — Gni1(Xuy1) extending g such that
f(x) € Gpi1(St(z,wpi1)) for each x € X.

Proof. We shall prove the statement (2). The proof of (1) is similar.

Find an open locally finite covering ¥ of X such that closures of elements of
Y form strong star-refinement of wy|x and order of ¥ is <n + 1.

Put f_; = g. Let us construct a sequence of mappings {f.: S®JA —
Y}i__; such that fi extends fr_, and

fu(z) € Gry1(St(x, wypr)) for each z € B* (%)

Then we can let f = f, since 2 = X.

Suppose f has been already constructed. Since (}) holds, it suffices to de-
fine fr41 on the "interior” (o) of each "simplex” [o] = [so, 1, ..., Skt1]. Since
3} is locally finite and the ”interiors” of ”closed k-dimensional simplices” are
mutually disjoint we can consider each simplex independently.

Since wy is a star refinement of wy., 1, there exists V,, € wy1 such that [o] C V
Since the triple (Xyi1,wkr1, Gk1) is [L]-connected refinement of the triple
(Xpro, Wrro, Grao), there exists U, € wgo such that the pair Gy 1(St(V,, wrs1)) C
Gr2(Uy) is [L]-connected.

Let [o] = [o] (AU X®). For any = € [0]" we have z € V, and the property
(*) implies fix(2) € Gr1(St(w,wi41)) C Gry1(St(Vo, wi41)). Hence fi([o]') C
Gr41(St(Vy, wit1)) and therefore f; can be extended over [o] to a map fy: [0] —
Gry2(Us). Welet fiiilioy = frlio)

Let us check property (). Since wy,; refines wiyo, for all z € X*) we have
fin(@) = fi(z) € Graa(St(z, wiy1)) C Graa(St(z, wiy2)). By (1), any point
r € S*+HD\ 2 is contained in some ”interior” (o). Since (o) C U, € wyia, wWe
have fiy1(7) € Gre2(Us) C Grya(St(z, wit2))- O

Definition 2.3. For a multivalued mapping F': X — Y an open neighbour-
hood U € X x Y of a fiber F'® is said to be F-stable with respect to x € X
if there exists an open neighbourhood O, of the point x and an open subset
V. C Y such that I'p,, C O, x V, CU.

The neighbourhood U of the graph is said to be F'-stable if it is F-stable with
respect to every point in X.
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Definition 2.4. A multivalued mapping G: X — Y is said to be a stable
singular neighbourhood of F' if for each z € X there exist open neighbourhoods
O, of x in X and V, of F(x) in Y such that V, C ({G(2') | ' € Ox}.

Lemma 2.5. Let X be a paracompact space and L be a C'W -complex. Suppose
that {Fy}p<n is a UVIH-connected n-filtration consisting of multivalued map-
pings from X toY. Let w, be a covering of X and G, be a singular stable
neighbourhood of F,. Then for each k < n there exists an open covering wy of
X and a stable singular neighbourhood Gy, of mapping Fy, such that the sequence
{(X, wk, Gr) }r<n is [L]-connected.

Proof. We shall construct wy and Gy by reverse induction on k starting from
k =mn — 1. Since all inductive steps are similar we shall show the constructions
only for k=n — 1.

Since G, is stable, for each x € X there exist open neighbourhoods O, of x
in X and V] of F,(z) in Y such that V] C N{G,(2') | 2’ € O,}. Since {Fy}
is UV H-filtration there exist open neighbourhoods O, C O’ of x and V, of
F,_1(x) such that F,_1(O,) C V, and the pair V,, C V] is [L]-connected. We
may assume that the covering {O,},cx refines w,.

Let u € covX be a locally finite strong star-refinement of {O,},cx. For
each U € u find x(U) such that St(U,u) C Oyy. We shall also use notations
VU = V;(U) and OU = O:c(U)-

For each z € X we put G,—1(z) = ({W | * € U}. Let w,—1 be a strong
star-refinement of wu.

Let us check that G,,_; is a stable singular neighbourhood of F,_;. Consider
any € X. Find open neighbourhood Ox of z which intersects only finitely
many elements of u. We may assume that Ox C Uz for some Ux € u. Put
Ve =({Vu | UNOx # @}. Since x € Ox C Uz it follows by the choice of
Oy that for all U such that U N Ox # @ we have x € Op. Hence, using the
fact F,,_1(Op) C Viy we obtain F,,_1(x) C V. Finally, we have ({G(z) | 2’ €
Oz} = Vv | 2 € U} | 2’ € Oz} = Vx by the definition of V.

Let us show that (X,w,_1,G,—1) is [L]-connected refinement of the triple
(X, wn, Gy,). Consider any W’ € w,,_;. Find U’ € u such that St(W',w,,_1) C U'.
There exists W € w,, with Oy C W. Take x € St(W',w,_1). Then G,_(x) =
(Vo | @ € U} C Vi and the pair Vyr C V] is [L]-connected. Finally,
observe that by the choice of {O}} and {V;} we have V] ) C [{Gn(2') [ 2" €
Oy} C Gp(W). O

Theorem 2.6. Let L be a CW -complex such that [L] < [S™] for some n. Let
X be a paracompact space of extension dimension e-dimX < [L].

(1) If F: X — Y s a multivalued mapping which admits UVH-connected
n-filtration, then any F-stable neighbourhood of the graph U'r contains a graph
of a singlevalued continuous mapping of X to Y.
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(2)Let A C X be a closed subspace. If F' admits UVH-connected (n + 1)-
filtration Foy C Fy C --- C F,, 11, then for any F-stable neighbourhood U of the
graph I'p there exists Fy-stable neighbourhood V' of the graph I'g,, such that
every singlevalued continuous mapping g: A —Y with I'y CV can be extended
to a singlevalued continuous mapping f: X — Y with 'y C U.

Proof. We shall prove statement (2). The proof of (1) is similar. Let U be
an arbitrary stable neighbourhood of the graph of F. Since U is stable, for
each x € X there exist open neighbourhoods O, of x and V, of F(z) such that
Lpl, € Op x Vp CU. Let wyy1 be a strong star refinement of {Oy }eex.

For each z € X we let G,,11(z) = ({U(2') | 2’ € St(z,wn11)}. Let us check
that G, 1 is a stable singular neighbourhood of F;,. Fix x € X and consider
W € wyy1 which contains x. Then

MGuni@) |2 € Wh= (UG | " € St(a'swnin)} | 2" € W}

S (V[ UE") | 2" € St(W,wni)} | 2/ € W} D V. D Fa)

where z € X is chosen so that St(W,w,.1) C O,.

Using Lemma .5, construct an [L]-connected sequence {(X,wy, Gi)}r<nt1-
Observe that since Gy is stable singular neighbourhood of Fp, the graph I'g,
contains an open stable neighbourhood V' of I'g,.

Suppose that g: A — Y is a singlevalued continuous mapping such that graph
of g is contained in V. Then g(x) € Go(x) for all z € A. Hence we can apply
Lemma P.7 and obtain singlevalued continuous mapping f: X — Y extending g
such that f(x) € G,41(St(x,w,41)) for each x € X. This fact and the definition
of G, 1 imply that graph of f is contained in U. O

Lemma 2.7. Let X be a subspace of a metric space M and U, be an open
neighbourhood of X in M. For a CW -complex L suppose that {Fy: X — Y }r<y,
is a UV _connected n-filtration. Let w, be a covering of Uy, and G,: U, — Y be
a stable singular neighbourhood of F,,. Then there exists [L]-connected sequence
{(Uy, wi, Gk) }r<n such that Uy is an open neighbourhood of X in M and Gy, is
a stable singular neighbourhood of Fy,.

Proof. We shall construct Uy, wy and Gy by reverse induction on k starting from
k =mn — 1. Since all inductive steps are similar we shall show the constructions
only for k=n — 1.

Since G, is stable, for each x € X there exist open neighbourhoods O, of x
in U,, and V/ of F,,(z) in Y such that V] C ({G.(2') | 2’ € O.}. Since {Fy} is
UV filtration there exist open in M neighbourhood O, C O’ of x and open
neighbourhood V,, of F,,_;(z) such that F, 1(0,) C V, and the pair V, C V!
is [L]-connected. We may assume that the collection {O,}.cx refines w,. Put
U,_1 = U{O:c | S X}
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Let u be a locally finite covering of U,,_; which is a strong star-refinement
of {O;}zex. For each U € w find x(U) such that St(U,u) C Oyq). For any
r € Up—q we put Gyq(x) = ({Vaw) | ¢ € U}. Let w,_; be a strong star-
refinement of u. Then similarly to the proof of Lemma P.J we obtain that G,,_,
is a stable singular neighbourhood of F,,_; and the triple (U,_1,wp_1, Gp_1) is
[L]-connected refinement of the triple (U, w,, G,,) O

Definition 2.8. A singlevalued continuous surjective mapping f: Y — X of
metric spaces is said to be approximately [L]-invertible if for any embedding of
f into the projection p: M x N — M of metric spaces where M € ANE([L])
the following condition is satisfied:

for any neighbourhood W of Y in M x N there exists open neighbourhood U
of X in M such that for any mapping g: Z — U of paracompact space Z with
e-dim(Z) < [L] there exists a lifting ¢': Z — W of g such that pg’ = g.

Theorem 2.9. Let L be a CW -complez such that [L] < [S™] for some n. Sup-
pose that for a continuous singlevalued surjective mapping of metric spaces f the
multivalued mapping F = f~' admits a compact UV -connected n-filtration.
Then f is approzimately [L]-invertible.

Proof. Consider an embedding of f into the projection p: M x N — M of metric
spaces where M € ANE([L]) and fix an arbitrary neighbourhood W of Y in
M x N. Let {F;}"_, be a compact UV"-connected n-filtration of FF = f~1.
Then the mapping F’ = pry o F admits a compact UV X-connected n-filtration
{F, = pry o B},

Since the mapping F is compact, W is a stable neighbourhood of the graph
I CM X N.

For each z € X find open neighbourhood O, of x in M and open subset V,
of N such that 'y, C Oy x V, C W. Let U, = | J{O, | v € X} and w, €
covU, be a strong star refinement of {O,}.cx. We can define a stable singular
neighbourhood G,, of F letting, as before, G, (z) = (\{W(2') | 2" € St(z,w,)}
for all € U,. By Lemma R.7 we can find [L]-connected sequence of triples
{(Uy, wi, Gk) }r<n Where G Uy, — N is a stable singular neighbourhood of FJ.

Put U = Uy and show that the pair (W, U) satisfies lifting property. Consider
an arbitrary mapping g: Z — U where Z is a paracompact space with e-dimZ <
[L]. We may assume that g is embedded into a projection p': M x E — M for
some Tychonov space F such that Z € M x E. For each kK = 0,1,...,n we
let U;, = (p')~'U, and define open in M x E covering wj, = (p/)*wy, of U and
multivalued mapping Gj.: U, — N letting G).(z) = Gi(p'(2)) for all z € Uj.. Tt is
easily seen that the sequence {(U},w;., G})}k<n is also [L]-connected. Hence we
can apply Lemma P-4 to obtain a map h: Z — N such that h(z) € G, (St(z,w),))
for all z € Z.



10 N. Brodsky, A. Chigogidze, A. Karasev

Now we can define lifting map ¢’ on Z letting ¢'(z) = (g(2), h(2)). Clearly
pg’ = g. It is easel seen from the construction and definition of G, that ¢’ maps
Z into W. U

3. LOCAL PROPERTIES OF MULTIVALUED MAPPINGS

We follow definitions and notations from [[Ig].

Definition 3.1. An ordering « of the subsets of a space Y is proper provided:

(a) If WaV, then W C V;
(b) If W C V, and VaR, then WaR;
(¢) If WaV, and V C R, then WaR.

Further we will not mention the space on which the proper ordering is defined.

Definition 3.2. Let « be a proper ordering.

(a) A metric space Y is locally of type « if, whenever y € Y and V is a
neighbourhood of y, then there a neighbourhood W of y such that WaV'.

(b) A multivalued mapping F': X — Y of topological space X into metric
space Y is lower a-continuous if for any points z € X and y € F(z) and
for any neighbourhood V' of y in Y there exist neighbourhoods W of y in
Y and U of z in X such that (W N F(2'))a(V N F(2')) provided 2’ € U.

For example, if WaV means that W is contractible in V', then locally of type
a means locally contractible. Another topological property which arise in this
manner is LC™ (where WaV means that every continuous mapping of the n-
sphere into W is homotopic to a constant mapping in V'). For the special case
n = —1 the property WaV means that V' is non-empty, and lower a-continuity
is lower semicontinuity.

If WaV means that the pair W C V' is [L]-connected, then locally of type «
means local absolute extensor in dimension [L]. And we call lower a-continuity
of multivalued mapping as lower [L]-continuity.

Lemma 3.3. Let F': X — Y be lower a-continuous multivalued mapping of
topological space X to metric space Y. Consider a point y € F(x). Then for
any € > 0 there exist 6 > 0 and neighbourhoods O, of the point y in'Y and O,
of the point x in X such that for any points ' € O, and y' € F(z') N O, we
have (O(y',0) N F(2')a(O(y',e) N F(z')).

Proof. Since the mapping F' is lower a-continuous, there are positive § < /4
and a neighbourhood O, of the point x such that (O(y,20)NF(z’))a(O(y,e/2)N
F(2")) for every point 2’ € O,. Put O, = O(y, d). Then for every 2’ € O, and
every y' € F(x') N O, we have inclusions O(y’,d) C O(y,20) and O(y,e/2) C
O(y',€). Therefore, (O(y',d6) N F(x'))a(O(y',e) N F(x')). O
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Lemma 3.4. Let F: X — Y be lower a-continuous multivalued mapping of
topological space X to metric space Y. Consider a compact subset K of the
fiber F'(x). Then for any ¢ > 0 there exist 6 > 0 and neighbourhoods OK of
compactum K in'Y and O, of the point x in X such that for any points x' € O,
and y' € F(2') NOK we have (O(y',6) N F(z"))a(O(y',e) N F(x')).

Proof. For every point y € K take a number ¢, > 0 and neighbourhoods Oy of
the point y and O,z of the point = by Lemma [B.J. Choose a finite subcovering
{Oy;}1, of the cover {Oy}, ek of compactum K and consider the corresponding
numbers 91, ..., d,, and neighbourhoods Oz, ..., O,,x of the point z. Clearly,
we can put

m

OK = gOyi’ 0= 1I§I}1§r:n i, Oz = QOZ:E

The lemma is proved. O

Lemma 3.5. Suppose that lower a-continuous multivalued mapping F: X —
Y of paracompact space X to metric space Y contains a compact submapping
H: X — Y. Then for any continuous positive function €: X — R there exist
a continuous positive function d: X — R and a neighbourhood U of the graph
Uy such that for any points x € X and y € F(x) NU(x) we have (O(y,d(x)) N

F(z))a(O(y, e(x)) N F(x)).

Proof. Using Lemma B.4, we can find for every point x € X a number o(z) and
open neighbourhoods Oz of the point x and OH (z) of the compactum H (x)
such that (O(y',o(z)) N F(2")a(O(y',e(x)/2) N F(2')) for any points 2’ € Ox
and y' € F(2') N OH(x). Moreover, we may take a neighbourhood Oz to be so
small that H(Ox) is contained in OH (x) and sup,,.p,c(2") < 2 -infyecoe(2’).

Let us refine a locally finite cover w = {Wj},ea into the cover {Oz},ex
and for every A € A take a point x, such that W, is contained in Ox,. Let
0: X — R be a continuous positive function such that for every point z € X we
have §(x) < min{o(xy) | x € Wy}. Put U = UyeaW x OH (). Since H(W))
is contained in OH (x,) and the sets W) cover X, then U is a neighbourhood of
the graph I'y.

Consider an arbitrary point {x} x {y} € U NT'p. By the construction of U,
there is a set W) containing = such that {z} x {y} € W\ x OH(x),). Then
(O(y,o(zy)) N F(z))a(O(y,e(xy)/2) N F(x)). Therefore, since e(x) > e(xy)/2
and 0(z) < o(zy), we have (O(y,d(x)) N F(x))a(O(y,e(x)) N F(x)). O

In what follows we are going to work with covers of the product X x Y of
paracompact space X and metric space Y. It will be convenient to work with
"rectangular” covers. And we consider covers of the form w X ¢ where w is a
covering of X and €: X — R is a continuous positive function. Precisely, the
covering w X ¢ consists of all products {W x O(y,e(z))|x € W € w, x € X}.



12 N. Brodsky, A. Chigogidze, A. Karasev

Remark 3.6. A real-valued function e: X — R is called locally positive if for
any point z, there exists a neighbourhood on which the infimum of the function
is positive. For any locally positive function £(x) on a paracompact space, there
exists a positive continuous function which is less than this function. Indeed,
consider a partition of the unity {¢,(z)} subordinated to a locally finite covering
{W,} of this paracompact space where the function ¢(x) is greater than some
positive number ¢, on each element W, of this covering. Then the function
Y o Ca - Palx) is the desired continuous function.

The following lemma shows that if we have a graph 'y C X xY of a compact
multivalued mapping H: X — Y of paracompact space X to metric space Y,
then we may consider only "rectangular” covers of this graph of the form w x ¢.

Lemma 3.7. For any open cover v of the graph 'y C X XY of a compact
multivalued mapping H: X — Y of paracompact space X to metric space Y
there exist an open cover w € covX and a continuous positive function e: X —
R such that the cover w x € of the graph Iy refines .

Proof. Consider a point = € X. For every point {z} x {y} € {z} x H(z) we fix
its open neighbourhood O,z x Oy refining . Take a finite subcover {Oy;}¥,
of the cover {Oy}ycn(s) of the compactum H(z) and let 2X\(x) be its Lebesgue
number. We put

N

Oz = ((\Oy2) N{z' € X | H(z') C O(H(x), \(z))}

i=1
Then for any points ' € Oz and y' € H(2') the set Ox x O(y/, A(z)) refines 7.
Consider an open locally finite cover w € covX refining the cover {Oz},cx. For
every W € w we fix an element Oxy of the cover {Ox},cx such that W C Oz .

Since the cover w is locally finite, the function £'(x) = rrvl‘i/n Azw) is locally
zeWew

positive. Let & be any positive continuous function which is less than &’. Then

we define w x e = {W x O(y,e(x)) |z € W €w,y € H(x) C Y}. O

In what follows we shall construct for a given positive continuous function
0: X — R an open covering w € covX such that the function § vary within any
element of the covering w less than by half (i.e. sup,cy0(z) < 2-inf e d(x)).
The following lemma shows the reason for such construction.

Lemma 3.8. Suppose that a positive continuous function 6: X — R wvary
within any element of the covering w € covX less than by half. Then for any
points po = {xo} X {yo} € X XY and p = {z} x {y} € St(pg,w x 0) the star
St(po, w X 9) is contained in the product St(xg,w) x O(y, 16 - d(x)).

Proof. For any point =’ € St(xg,w) we have §(z') < 2-d(xy) < 4-6(x). Then
the distance between points yy and y is less than 8-46(x). Clearly, every element
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of the cover w X ¢ containing the point pg lies in the set St(xg,w) X O(yo, 8 -
d(z)). Therefore, the star St(pg,w X J) is contained in the product St(xg,w) X
O(y,dist(y, y0) + 8 - 0(x)). The lemma is proved. O

Let a lower semicontinuous mapping ®: X — Y contain a compact submap-
ping W. Let us define the notion of starlike a-refinement, relative to a pair
(¥, @), of coverings of the form (w x €), where w € covX and ¢ is a positive
continuous function on X.

Definition 3.9. A covering (w' x £’) is called starlike a-refined into a covering
w X ¢ relative to a pair (¥, ®) if for any point z € St(I'y,w’ X £’) there exists
an element W x O(y,e(x)) of the cover w X e containing the star St(z,w’ x €’)
and such that

(St(z, ' x &)(z') N @(2")a(O(y, e(x)) N ("))
for any point 2’ € pry(St(z,w’ x €’)).

Lemma 3.10. Suppose that lower a-continuous multivalued mapping F: X —
Y of paracompact space X to metric space Y contains a compact submapping
H: X — Y. Then for any continuous positive function €: X — R and any
open cover w € covX there exist a continuous positive function 6: X — R and
an open cover w' € covX such that the cover W' x § is starlike a-refined into a
covering w x ¢ relative to a pair (H, F).

Proof. By Lemma B.J there exist a neighbourhood U of the graph I'; and con-
tinuous positive function o: X — R such that 160 < ¢ and for any points
x € X and y € F(x)NU(x) we have (O(y, 160(x)) N F(x))a(O(y,e(z)) N F(x)).
By Lemma B.7 there is a covering w” x v of the graph I'y such that the star
St(I'y, w” xv) is contained in . Define a continuous positive function §: X — R
by the equality §(z) = 3 min{o(z), v(x)}. Consider a covering w’ € covX which
is starlike refined into w and w” and such that the function ¢ vary within any
element of the covering w’ less than by half.

Then for every point py = {0} X {yo} € St(I'y,w’ x J) the star St(pg, w’ X J)
is contained in Y. Indeed, the star St(zp,w’) is contained in some element V'
of the cover w”. Take a point p = {z} x {y} € T'y N St(pg,w’ X 4). By the
construction of the cover w” x v the set V' x O(y,v(z)) is contained in U. By
Lemma B.§ the star St(po,w’ X §) is contained in V' x O(y, 164(x)).

Consider an arbitrary point &’ € St(zg,w’) and suppose that the intersection
of the set St(pg,w’ x §)(2') with the fiber F(z') is not empty and contains a
point y'. Then this intersection is contained in O(y’, 166(z")). Since the point
{z'} x{y'} lies in U, then (O(y',160(z")) N F(x))a(O(y,e(2’)) N F(z')). Fix an
element W of the cover w containing the star St(zg,w’). Clearly, the element
W x O(y',e(2")) of the cover w X e contains the star St(pg,w’ X J) (we apply
Lemma B.§) and the set {2’} x O(y/,e(2")). O
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The set
st(A,w) = J{U €w| A C U}

is the small star of a set A relative to a covering w. The proof of the following
lemma is easy (actually, it is Lemma of Continuity of Star Trace from [2J])

Lemma 3.11. Let w be an open covering of a metric space Y, let F': X —'Y
be a compact multivalued mapping, and let : X — Y be complete lower «-
continuous mapping. Then the multivalued mapping G which assigns the set
O (z) Nst(F(z),w) to the point x € X is complete and lower a-continuous.

Proof. The multivalued mapping G’ which assigns the small star st(F'(z),w) to
a point x € X has the open graph in the space X x Y. Indeed, for a point
{z} x {y} € I'¢s there is an element W € w containing the image F'(z). Then
by the upper semicontinuity of F, for some neighbourhood Ox C X of the
point z, the image F(Ox) is contained in W. Then the set Ox x W is an open
neighbourhood of the point {x} x {y} in the graph I'c.

Now the completeness and the lower a-continuity of mapping ® imply these
properties for the mapping G = G’ N ® by the openness of the graph I'r. O

4. [L]-SOFT MAPPINGS

In this section we prove several important technical results about [L]-soft
mappings. In particular, these results allows us to show that UV H-property of
compactum does not depend on embedding of this compactum into AN E([L])-
space.

Theorem 4.1. Let L be a locally finite countable CW -complex such that [L] <
[S™] for some n. Then for a Polish space Y property Y € LCW implies Y €
ANE([L)).

Proof. By Proposition A3, it suffices to check property Y € ANE([L]) for
Polish spaces. Since any Polish space X with e-dimX < [L] admits closed
embedding into Polish AE([L])-space of extension dimension < [L] [§], we may
assume that X € AE([L]).

Let A be a closed subspace of X and f: A — Y be a continuous mapping.
There is an open covering w of X\ A with the following property: (i) for any
point a € A and any its neighbourhood O, in X there exists a neighbourhood V,
of a in X such that for all W € w if WNV, # @ then U C O, [, Theorem 3.1.4].
Since dim(X\A) < n there exists an open refinement u = (J;/_, ux of w where
uy, is a countable discrete system of open disjoint sets [[L7].

For each U € wugy choose a; € A such that dist(a;, U?) < sup{dist(z, A) |
xr € UP} and define a mapping fo on Wy = U{U? | U? € up} U A as follows:
fola = fla and fo(U?) = f(a;). Tt is easily seen that fy is continuous.

By induction on £ = 1,...,n we shall find neighbourhoods Wj of A in
U?:o{Uij | U/ € u;}JA and using f_; we shall extend f to fi: W — Y.
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Since u covers X'\ A the mapping f, extends f to the neighbourhood W, of A
in X.

Suppose that f,_; has been already constructed. Since Y € LCW, for each
a € A there exists a neighbourhood O, of a in X such that fy_i|o, is [L]-
homotopic to a constant map in Y. Applying to O, property (i) of u find
neighbourhood V, C O,. Put Vj, = J{V, | a € A} and W}, = U{UF | UF C
Vi} UW,_;. Observe that for all UF € uy, we have: (i) fre—tluraw,_, s [L]-
homotopic to a constant map in Y provided UF C V.

We shall define f; as an extension of f;_; from the set W;_,\(U{UF | UF C
Vi}). Since the system wy, is disjoint, we can define f; independently on every
UF C V. Consider an arbitrary UF € uy, such that UF C Vy. If Wy \UF is
open in X, choose a point a; € A such that dist(a;, UF) < sup{dist(z, A) | z €
UF} and define f(UF) = f(a;). Otherwise let G; be an open neighbourhood of
Wi_1\UF in Wy._; U UF such that G; N (UF\W,,_,) = @. Let F; = G; N UF.

Observe that UF N Wy_1 is ANE([L]) as an open subspace of AE([L])-space
X. Hence Cone(UF N'W,,_,) is AE([L]) and therefore inclusion of Fj into the
base of the cone can be extended to a map of UF into this cone. By (ii) there
exists an extension of fi_i|r to the set UF. Let x|y be an extension of fi_1|r,
such that diam(fy(UF)) < 2 - inf{diam(g(UF)) | g extends fx_1|r}.

Since wuy is discrete system it suffices to check continuity of f; at every point
a € A. Fix e > 0. Since Y € LC™ and f;,_ is continuous mapping there exists
neighbourhood O, of a in X such that f;_1|o, is [L]-homotopic to a constant
map in ¢/5-neighbourhood of f(a). Applying property (i) of u to O, find
neighbourhood V, of a. Additionally, we may assume that V, = O(a, ¢) for some
§ > 0such that O(a,36) C O,. For all UF € uy, such that UF C Vy and UFNV, #
@ we have UF C O, by the choice of V. Therefore construction of fy| yr and
choice of O, imply diam(f(Uf)) < 2e. If Wj,_1\UF is open in X then by the
construction we have f(UF) = f(a;) where a; € O,. Hence dist(f(UF), f(a)) <
¢/5 in this case. Otherwise fk|UZk was obtained as an extension of f;_; from

nonempty set £ and it follows that dist(fx(UF), f(a)) < 3¢+ e = e. Therefore
dist(fx(Va), f(a)) < € as required. O

The following theorem shows an importance of the notion of lower [L]-continuity.
As an application of our selection theorem, we shall prove the converse state-
ment in section [i.

Theorem 4.2. Let L be a CW -complex. If a singlevalued continuous mapping
f:Y — X of metric spaces is locally [L]-soft, then the multivalued mapping
7' X =Y s lower [L]-continuous. If the mapping f is [L]-soft, then every
fiber f~Y(x) is AE([L]).

Proof. Suppose that the mapping f~': X — Y is not lower [L]-continuous at
the point {x} x {y} of its graph. Then there exist a positive ¢ and a sequence
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of mappings {¢g;: Z; — X, ¢i: A; — Y}2,, where A; is a closed subset of
paracompact space Z; of extension dimension e-dimZ; < [L], such that fog; =
gi|a,, the images g;(Z;) converges to the point x, the images g;(A;) converges to
the point y, and the mapping ¢; can not be extended to a mapping of Z; into
O(y, ¢).

We consider a topological space Z formed by the discrete union of all spaces
Z; and a point {p} with the following topology: an open base at the point p
consists of unions of this point and all but finite number of spaces Z;. Clearly,
the space Z is paracompact and e-dimZ < [L], while the set {p} UJ:, 4; is
closed in Z. Let g: Z — X be a mapping such that g|z, = g; and g(p) = z. Also,
let g: A — Y be a mapping such that ¢g|4, = g; and g(p) = y. These mappings
are continuous and f og = g|4. It is easy to see that we can not extend the
mapping g over neighbourhood of A in Z to a lifting of ¢ with respect to f.
Therefore, f is not locally [L]-soft. The first part of our lemma is proved.

Let the mapping f: Y — X be [L]-soft. We consider a point = and a map-
ping h: A — f~1(z) of a closed subset A of some paracompact space Z with
e-dimZ < [L]. Since f is [L]-soft, the constant mapping h': Z — {z} admits a
lifting h: Z — f~!(z) extending h. Thus f~!(z) € AE([L]). O

Theorem 4.3. Let L be a CW -complez such that [L] < [S™] for some n. Sup-
pose that F': X — Y is a lower [L]-continuous multivalued mapping of paracom-
pact space X to metric space Y. Let K be a compact subspace of a fiber F(x)
for some point x € X. Then for any € > 0 there exist 6 > 0 and open neigh-
bourhood Ox of the point x such that for each x' € Ox, for any paracompact
space Z with e-dimX < [L], for each closed subspace A of Z and for any map
[ (A Z) — (O(K,0) N F(2),O0(K,0)) there exists g: Z — F(2')(O(K,¢)
such that fla = gla and dist(f,g) < e.

Proof. Consider € > 0. Using Lemma .4 choose sequence {§_; < dy < §; <

- < 6y < Opp1 = €} of positive numbers and neighbourhoods {O;z}7,

of x such that for all + = —1,0,1,...,n and for any points 2/ € O;x and

y' € F(z')NO(K, 6;) the pair O(y',6;) (N F (') C O(y', 6i11/10) (N F(2') is [L]-

connected. Let {O(p;, d9/10) | i = 1,...,m} be a finite covering of compactum

K such that p; € K for all i and choose ¢ such that O(K,0) C |J O(p;, 60/10).
i=1

Let Oz = () O;x.

=1
Fix 2’ € Oz and consider f: Z — O(K,0) such that f(A) C F(z')(O(K,J)
where Z has extension dimension e-dimZ < [L]. Let v be an open covering
{V, = f7'O(p,00/10) | p = p1,...,pm} of Z. Find an open locally finite
covering ¥ of Z such that closures of elements of ¥ form strong star-refinement
of v and order of ¥ is < n + 1. For each s € ¥ find p(s) € {p1,...,Pm}
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such that St(s,¥) C V) € v and pick y, € O(p(s),d0/10) () F(2'). Note
that f(s) C O(p(s),d0/10). Letting g_; = f|a we shall inductively construct a
sequence of mappings {gy: X% U A — F(2/)}7__,, where ©*) was defined in
the beginning of Section 2, such that g, extends gx_; and

g(E® U A)Ns) C O(ys, Op41/2) for each s € & (%)

Since ¥ = Z and 6,,, = ¢, (x) implies g,(Z) C O(K,/10+¢/2) C O(K, ¢).
Moreover, g, is e-close to f, since for any s € ¥ we have dist(f|s, gnls) <
dist(f|s, p(s)) +dist(p(s), ys) +dist(gnls, y(s)) < d0/104+60/10+¢€/2 < €. There-
fore, letting g = g,, we shall obtain desired mapping.

Suppose that g; has been already constructed. It suffices to define gy, on the
“interior” (o) of each ”simplex” [0] = [s0, 51, - . - , Sk11]- Let [0] = [o]N(ZFUA).
By property () of gy we have dist(gx([0]"), Ys,) < k41/2 + Ilflallx{dist(ym, Ysi) }-

Further, since f(s) C O(p(s),dp/10) for any S and sy N's; # &, we have
dist(p(so), p(s:)) < 2d0/10. Since ys, € O(p(s;), d0/10), we therefore obtain

k+1 . . . .
max{dist (oo, Y, )} < dist(yaps p(s0)) + dist(p(so), p(s)) + dist(p(si), gs,) <
90/10 4+ 299/10 + 69/10 = 260 /5. Therefore

91([0]) € O(Yss Or41/2 + 260/5) | F(2') € OYsgs a [ F (')
By the choice of Ox and 6o the pair

O(Yso: 1) ) F(2') € Oyag, 02/ 10) ) F(a')

is [L]-connected. Hence the map g; can be extended to a map gx41 such that
gr+1([0]) C O(ysy, Okr2/10) (M F(2'). Let us check the property (x). For any
point x € (X UA)Ns; by the construction of g1 we have: dist(gri1(x), ys,) <
dist(gr41(), Ysy) + dist(Ysy, ¥s,) < Ok+2/10 + 2(00/5) < O12/2, as required. [

Corollary 4.4. Let L be a CW -complex such that [L] < [S™] for some n. Let
Y be a metric space, B be an AN E([L])-subspace of Y and K be a compact
subspace of B. Then for any open neighbourhood U of K in'Y and for anye > 0
there ezists a neighbourhood V-C O(K,¢) of K with the following property: for
any paracompact space X with e-dimX < [L], any closed subspace A of X and
for any map f: X — V with f(A) C B there exists a map g: X — U N B such
that g is e-close to f and gla = fla.

Lemma 4.5. Let L be a CW-complex such that [L] < [S™] for some n. Let
F: X — Y be lower [L]-continuous multivalued mapping of topological space
X to metric space Y. Suppose that a fiber F(x) contains compact UV pair
K C M. Then for any neighbourhood U of M in'Y there exist neighbourhoods
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Voof K inY and O, of the point x in X such that for any point ' € O, the
pair VN F(z') C UNF(2') is [L]-connected.

Proof. Embed Y into Banach space E and consider F' as a mapping into F.
Fix ¢ > 0 and take a neighbourhood O(M, 3¢) of M in E. By Theorem [.3
there exist § < ¢ and a neighbourhood O, of the point x such that for any point
x' € O,, for any space Z of extension dimension e-dimZ < [L] and its closed
subset A C Z, and for any mapping ¢: (4,72) — (O(M,0) N F(z'),0(M,9))
there exists a mapping ¢': Z — F(z’) such that ¢'| 4 = ¥|4 and dist(¢,¢') < e.
Applying Homotopy Extension Theorem (see for example [J]) to E, we find a
number ¢ such that for any space Z, any closed subspace A of Z, and any two o-
close maps f,g: A — O(K, o) such that f has an extension f': Z — O(M, ),
it follows that ¢ also has an extension ¢': Z — O(M,20) which is d-close to
f'. Using the UV -property of the pair K C M in F(z), we take a number
p < o such that the pair O(K,u) N F(xz) C O(K,d) N F(z) is [L]-connected.
By Theorem [.3 there exists ¥ < p such that for any space A of extension
dimension e-dimA < [L] and for any mapping ¢: A — O(K,v) there is a
mapping ¢': A — O(K, u) N F(x) with dist(¢p, ¢') < p. Put V= O(K,v).
Consider a point z’ € O,, a space Z of extension dimension e-dimZ < [L]
and its closed subspace A C Z. Now any mapping ¢: A — V N F(2) is p-close
to some mapping ¢ : A — O(K, u) N F(z) which can be extended to a mapping
¢ Z — O(M,§)N F(x). Since ¢|a and ¢'|4 are o-close maps into O(K, o),
© can also be extended to a mapping 1: Z — O(M,20) which is J-close to ¢'.
Finally, there is another extension ¢': Z — O(M,25+¢)NF(2') of the mapping
¢. Thus, the pair VN F(2') C O(M,3¢) N F(2') is [L]-connected. O

Lemma 4.6. Let L be a CW-complex such that [L] < [S"] for some n. Con-
sider spaces K C M C'Y C E, where K and M are compacta, Y and E are
metric ANE([L])-spaces. Then K C M is UV W pair in Y if and only if it is
UV pair in E.

Proof. If K ¢ M is UV pair in Y, consider a multivalued mapping F of the
unit interval I = [0, 1] defined as follows: F(0) = Y and F(z) = E for any
positive z € I. Clearly, F' is lower [L]-continuous. Now Lemma [[.J implies the
UV property of the pair K C M in E.

Assume that K C M is UVH-pair in E. Take an open neighbourhood
U of M in Y and consider an open neighbourhood O(M,2¢) in E such that
O(M,2e)NY C U. By Corollary I.4 there exists § < e such that for any space
Z of extension dimension e-dimZ < [L] and its closed subset A C Z, and for any
mapping ¢: (A, Z) — (O(K,0)NY,O0(K,¢)) there exists a mapping ¢': Z — Y
such that ¢’ 4 = ¥|4 and dist (1), ') < e. Using the UV E-property of the pair
K C M in E, we can find a neighbourhood V' of K in E. Put V=V'NY.



Approximations and selections of multivalued mappings of finite-dimensional spaces 19

Now any mapping ¢: A — V of closed subset A of space Z of extension
dimension e-dimZ < [L] can be extended to a mapping ¢: Z — O(K,0). And
by the choice of § there is an extension ¢': Z — O(M,2¢) N'Y of the mapping
. U

Theorem 4.7. Let L be a CW -complez such that [L] < [S™] for some n. Sup-
pose that a compact pair K C M is UV -connected with respect to embedding in
some Polish AN E([L))-space B. Then this pair is UV -connected with respect
to any embedding in any Polish AN E([L])-space.

Proof. There exists an embedding i: M — R“ which can be extended to an
embedding of any Polish space containing M (see Theorem 2.3.17 in [[[J]).

If the pair K C M is UV!H-connected in a Polish space B, then we can
extend i to an embedding of B in R and the pair K ¢ M is UV H-connected
in R by Lemma [£.0.

Consider any Polish AN E([L])-space Y, containing M. Extending i to an
embedding of Y into R¥, we obtain UV!"-connectedness of the pair K C M in
Y by Lemma [.G. O

5. COMPACT-VALUED SELECTIONS

This section is devoted to the construction of compact-valued upper semicon-
tinuous selections for multivalued mappings.

Lemma 5.1. Let f: X — Y be a continuous singlevalued mapping of compact
metric spaces. Let Yy C Y be a closed subset and Xy be its inverse image
X, = f7Y(Y1). If the mapping f|x,: X1 — Y1 is approzimately [L]-invertible
and the pair X1 C X is UVH-connected, then the pair Y1 C Y is also UV
connected.

Proof. Consider f as a submapping of the projection 7: ls X Iy — 5. Let U be
some neighbourhood of a compact space Y in [,. We must find a neighbourhood
V for Y; such that the pair V' C U is [L]-connected.

By the UV!H-connectedness of the pair X; C X, we fix an open neighbour-
hood W of X such that the pair W C 7~ !(U) is [L]-connected. By approximate
[L]-invertibility of the mapping f|x, there exists a neighbourhood V' of ¥; such
that any mapping g: Z — V of the space Z of extension dimension e-dimZ < [L]
admits a lifting map g: Z — U.

Now if g: A — V is a mapping of closed subset A C Z where e-dimZ < [L],
we take a lifting map g: A — W and extend it to a mapping ¢': Z — 7 *(U).
Define an extension of g as mo ¢'.

O
By exp Z is denoted the space of all compact subsets of a metric space Z
endowed with the Hausdorff metric.
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Definition 5.2. The ezponential of a pair exp(A, B) is a subspace of exp B
formed by compact sets K C B containing A. We define the UV -exponential
of the pair (A, B) as follows:

UVWH_exp(A,B) = {K € exp B | the pair A C K is UV!H-connected}.

Lemma 5.3. For any pair (K,X) formed by a compact set K and a metric
space X, the set UV _exp(K, X) is closed in exp(K, X).

Proof. Let a sequence of compact sets {K,,}n>1 from the UVIH_exponential
of the pair (K, X) be convergent with respect to the Hausdorff metric to a
compact set Ky. Consider a neighbourhood U of K. There exists m > 1 such
that K,, C U. Now UV -connectedness of the pair K C K,, allows us to
find a neighbourhood V' of the compact set K such that the pair V C U is
[L]-connected. O

Definition 5.4. The fiberwise exponential of a multivalued mapping F': X —
Y is the mapping exp F': X — exp Y which assigns exp F(z) to a point x.

Lemma 5.5. The fiberwise exponential of a complete mapping is complete.

Proof. Since the exponential of an open set is open and the exponential of an
intersection coincides with the intersection of exponentials, the exponential of a
Gs-set is a Gs-set. Since the exponential of a closed set is closed, the exponential
of a fiber closed in a Gs-set is closed in the exponential of a Gg-set. O

Lemma 5.6. Let L be a finite CW -complex such that L] < [S™] for some n.
Suppose that a metric space Z contains a compactum K and the pair K C Z is
[L]-connected. Then there exists a compactum K' C Z containing K such that
the pair K C K' is UVH_connected.

Proof. By proposition 2.23 in [J], there is a compactum X of extension di-
mension e-dimX < [L] and a continuous mapping f of X onto K such that
every fiber f~1(y) is UVl-compactum. By Theorem B.9, the mapping f is ap-
proximately [L]-invertible. There exists AF([L])-compactum X containing
X such that e-dimX* = [L] [§. It is easy to see from Lemma [[.7] that the pair
X c X" is UVIH-connected.

Since the pair K C Z is [L]-connected, we can extend the mapping f to a
mapping f: XF — Z. Put K’ = f(X). Then the pair K C K’ is UVIE-
connected by Lemma p.]]. O

Definition 5.7. For a multivalued mapping ®: X — Y and its compact submap-
ping ¥ we define fiberwise UVH-exponential of the pair UV - exp(¥, ®): X —
expY as a mapping assigning UVH- exp(¥(x), ®(z)) to a point z € X.
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Lemma 5.8. Let L be a finite CW-complex such that [L] < [S"] for some n.
Suppose that a lower [L]-continuous mapping ®: X — Y of paracompact space
X to metric space Y contains a compact submapping V. Then the fiberwise
UV exponential of the pair UVIE-exp(¥, ®) is lower semicontinuous.

Proof. Denote F' = UV exp(¥, @), and for a point € X fix a compact
set K € F(z). Fix a positive number . By Lemma [L.§ there are number
d < € and neighbourhood O of the point z such that the pair O(¥(z),d) N
®(2') C O(K,e)N®(2') is [L]-connected for any point 2’ € O’.. Since ® is lower
semicontinuous and K is compact, there exists a neighbourhood O of the point
x such that O(y,e/2) N ®(2') # O for any points y € K and 2/ € O7 (apply
Lemma B.4). Let O, be a neighbourhood of z such that O, C O, N OY and
U(z") C O(¥(x),d) for every point z’ € O,.

Take any point 2/ € O,. By Lemma @ there exists a compactum K C
®(2')NO(K, ¢) such that the pair ¥(z') C K is UVE-connected, and therefore
K € F(«/). It remains to enlarge (if necessary) the compactum K to obtain
a compactum K’ with dist(K, K’) < . By the choice of the neighbourhood
O there is a finite set of points P in ®(z’) such that dist(K, P) < e. We put
K'=KUP. O

Lemma 5.9. Let L be a finite CW -complex such that [L] < [S™] for some n.
Let ®: X — Y be a complete lower [L]-continuous mapping of a paracompact
space into a complete metric space containing a compact submapping V such
that the pair ¥ C ® is fiberwise [L]-connected. Then there exists a compact
submapping V' of the mapping ® such that the pair V(z) C V'(z) is UV
connected for any v € X.

Proof. Consider F = UV exp(¥, ®). According to Lemma [.§, the map-
ping F' has nonempty fibers. By Lemma [p.§, F' is lower semicontinuous. By
Lemma 3, F is fiberwise closed in exp(V, @), and therefore, the completeness
of this mapping follows from the completeness of the latter, which was estab-
lished in Lemma p-3. Then by the compact-valued selection theorem from [P3],
the mapping F' admits a compact selection F’. Define a compact mapping
U X — Y by the equality V'(z) = Ugep(,) K. Since for any K € F'(z),
the pair ¥(z) C K is UV!F-connected, then the pair ¥(z) C ¥ (z) is also
UV H_connected. O

Lemma 5.10. Let L be a finite CW -complex such that [L] < [S"] for some n.
Then any [L]-connected lower [L]-continuous increasing n-filtration ® = {®y} of
complete mappings of a paracompact space to a complete metric space contains
a compact UV _connected n-subfiltration ¥ = {U}.
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Proof. The construction of filtration ¥ is performed by induction with the use
of Lemma [.9. The initial step of induction consists in the construction of a
compact submapping ¥y, C ®,. This can be done by the use of the compact-
valued selection theorem from [BJ] since the initial term of the filtration ® is
lower semicontinuous. If compact UV connected filtration {VU,} m<k has been
constructed such that ¥,, C ®,, for m < k, then the pair V,_; C &, satisfies
the conditions of Lemma .9, and according to this lemma, we complete the
construction of the filtration. O

The following lemma is a generalization of Lemma [.5 and we will use it in
section [1].

Lemma 5.11. Let L be a CW-complex such that [L] < [S"] for some n. Let
F: X =Y be lower [L]-continuous multivalued mapping of paracompact space
X to metric space Y. For a closed subset A C X consider a compact submap-
pings H C H: A — Y of the mapping F|a. If the pair H C H is fiberwise
UV connected, then for any neighbourhood U of the graph I'z in the product
X XY there exists a neighbourhood V of the graph Uy in the product X xY
such that the pair V(z) N F(x) C U(x) N F(x) is [L]-connected for every x from
some open neighbourhood of the set A.

Proof. By Lemma [.J we take for every point z € A an open neighbourhood
O, C X of the point z and an open neighbourhood V,, C Y of the set H(z) such
that the set H(O,NA) is contained in V,, and the pair V,NF(2') C U(2")NF(2")
is [L]-connected for every point 2’ € O,. Fix a closed neighbourhood B of the
set A such that B C U,eaO,. Let 1 = {wx}area be a locally finite open (in B)
cover of B refining the cover {O,},ca. For every A € A we take a set V), =V,
such that wy C O,. Let {2y € covB be a locally finite open cover starlike refining
;. For x € IntB we define

V(x) =N{Vy | St(z, Q) C wy}.

Since the cover € is locally finite, the set V(z) is an intersection of finitely
many open sets, and, therefore, V(z) is open.

Since for every A the pair VAN F(x) C U(x) N F(x) is [L]-connected, then the
pair V(z) N F(x) C U(x) N F(x) is [L]-connected. Since the cover {2y is locally
finite, then for every point x € IntB there is a neighbourhood W, such that for
any point &’ € W, we have St(x, Qy) C St(2’, ). Therefore, for every o’ € W,
we have V(z) C V(2'). Thus, the set V is open. O

Corollary 5.12. Let L be a CW-complex such that [L] < [S™] for some n.
Suppose that lower [L]-continuous multivalued mapping F: X — 'Y of paracom-
pact space X to metric space Y contains a singlevalued continuous selection
f: A — Y over the closed subset A C X. Then for any neighbourhood U
of the graph I'y in the product X x Y there ewists a neighbourhood V of the
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graph I'y in the product X x'Y such that for every point x € pryV the pair
V(z) N F(x) CU(x) N F(z) is [L]-connected.

6. SELECTION THEOREMS

The gauge of a multivalued mapping F': X — Y is defined as
cal(F) = sup{diam F'(z)| z € X}.

Lemma 6.1. Let L be a finite CW-complex such that [L] < [S"] for some
n. Let X be a paracompact space of extension dimension e-dimX < [L]. If a
complete lower [L]-continuous mapping ®: X — Y into a complete metric space
Y contains an n-UV'H_filtered compact submapping ¥, then any neighbourhood
of the graph T'y contains the graph of a compact n-UV'H_filtered submapping ¥’
of the mapping ® whose gauge cal(¥’) does not exceed any given e.

Proof. Given an arbitrary number £ > 0 and an open neighbourhood U of the
graph I'y in the product X x Y, consider a covering w, X g, of the graph I'y
such that the star St(I'y,w, X &,) is contained in U (Lemma B.7 is applied),
while the function ,(x) does not exceed /3.

For an [L]-continuous mapping ® and for its compact submapping ¥, applying
successively Lemma .10, we construct the coverings {wy x e;}7—5 such that
wi X € is starlike [L]-connectedly refined into wyi1 X ex4q for any k < n. By
Lemma B.5 there is a neighbourhood V of the graph I'y in the product X x Y
such that for any point {z} x {y} € V, the star of this point relative to the
covering wy X gq intersects the fiber {x} x ®(x).

By Theorem P.¢, there is a continuous singlevalued mapping ¢: X — Y
whose graph is contained in V. We fix an [L]-connected n-filtration {G,,} given
fiberwise by the equality G,,(x) = ®(z) N St({z} X ¥(z),wmn X &,)(x). Since
the projection of the star St({z} x ¥(x),w, X €,) onto Y has the diameter
less than e, then calG,, < ¢. By Lemma the filtration {G,,} is complete
and lower [L]-continuous. Finally, Lemma [.10 allows us to find a compact
UVIH-connected n-subfiltration W' = {W!}. O

Theorem 6.2. Let L be a finite CW -complex such that [L] < [S"] for some
n. Let X be a paracompact space of extension dimension e-dimX < [L]. If
a complete lower [L]-continuous multivalued mapping ® of X into a complete
metric space Y contains an n-UVH-filtered compact submapping ¥, then ®
contains a singlevalued continuous selection s.

A selection s can be chosen in such a way that the graph of this selection is
contained in any giwen neighbourhood U of the graph Uy in the product X x Y.

Proof. Let {U;}7_, be UVIEfiltration of . Denote ¥, by ¥° and take an
arbitrary neighbourhood Uy of the graph ¥. Consider a Gs-subset G C X x Y
such that all fibers of F' are closed in G' and fix open sets G; C X x Y such
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that G = NX,G;. By induction with the use of Lemma [6.], we construct a
sequence of n-UVH-filtered mappings {¥#}?° | and of open neighbourhoods of
graphs of these mappings {U}32, such that for any k > 1, the gauge cal¥®
does not exceed %, while the graph WX together with its neighbourhood U,
is in Uy_1 N Gyx_q. It is not difficult to choose the neighbourhood U}, of the
graph W in such a way that the fibers U (z) have the diameter not more than
3-callk = 3.

Then for any m > k > 1 and for any point z € X, U7 (z) C O(¥k(z), 3 );
this implies that {¥F}2  is a Cauchy sequence. Since Y is complete, there
exists a limit s of this sequence. The mapping s is singlevalued by the condition
calUF < 2% and is upper semicontinuous (and, therefore, is continuous) by the
upper semicontinuity of all the mappings ¥*. Clearly, for any 2 € X the point
s(x) lies in G(x) and is a limit point of the set F'(x). Since F(x) is closed in
G(x), then s(x) € F(x), i.e. sis a selection of the mapping F'. O

Corollary 6.3. Let L be a finite CW -complex such that [L] < [S"] for some
n. Let X be a paracompact space of extension dimension e-dimX < [L]. Let
a complete lower [L]-continuous multivalued mapping ® of X into a complete
metric space Y contains an n-UVEH_filtered compact submapping ¥ which is
singlevalued on some closed subset A C X. Then any neighbourhood U of the
graph I'y in the product X XY contains the graph of a singlevalued continuous
selection s of the mapping ® which coincides with \II}A on the set A.

Proof. Apply Theorem to the mapping F' defined as follows:

) Y(x), if zc A
Flz) = {@(:p), it ze X\ A

O

Theorem 6.4. Let L be a finite CW -complex such that [L] < [S™] for some n.
Let X be a paracompact space of extension dimension e-dimX < [L]. Suppose
that multivalued mapping F: X — Y into a complete metric space Y admits
a lower [L]-continuous, complete, and fiberwise [L]-connected n-filtration Fy C
FL,C---CF,CF. If f A—Y is a continuous singlevalued selection of
Fy over a closed subspace A C X, then there exists a continuous singlevalued

selection f: X — Y of the mapping I such that ﬂA = f.
Proof. For every © < n define a multivalued mapping ®,: X — Y as follows:
if A
Fi(x), if € X\ A.

Then &y C ®; C --- C P, is lower [L]-continuous, complete, and fiberwise
[L]-connected n-filtration. By Lemma the mapping ®,, contains a compact
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UVE_connected n-subfiltration. And application of Theorem .9 completes the
proof. O

Theorem 6.5. Let L be a finite CW-complex such that [L] < [S"] for some
n. Let X be a paracompact space of extension dimension e-dimX < [L]. Let
F: X — Y be a complete lower [L]|-continuous multivalued mapping into a
complete metric space. Suppose that f: A — Y is a continuous singlevalued
selection of F' over a closed subspace A C X. Then there exists a continuous
extension of f to a selection of the mapping F' over some neighbourhood of the
set A.

Proof. Put U,, = X x Y. Using Corollary we find open neighbourhoods
Uy C U C --- C U, of the graph I'y in X x Y such that for any = € pryl
the pair U;(z) N F(x) C Uip1(x) N F(x) is [L]-connected for every i < m. Let
OA be a closed neighbourhood of A contained in pryly. For every i < n
define a multivalued mapping F;: OA — Y by equality F;(x) = U;(z) N F(x).
Then Fy C Fy C --- C F,, = F|oa is fiberwise [L]-connected n-filtration. As a
closed subset of X, the space OA is paracompact of extension dimension < [L].
It is easy to see that every mapping F; is lower [L]-continuous and complete.
Applying Theorem [p.4 we extend f to a selection of F' over OA. O

7. APPLICATIONS OF SELECTION THEOREMS
The following theorem is well-known for n-soft mappings [[J].

Theorem 7.1. Let L be a finite CW -complex such that [L] < [S™] for some n.
A singlevalued continuous mapping f: Y — X of Polish spaces is locally [L]-
soft if and only if the multivalued mapping f~': X — Y is lower [L]-continuous.
The mapping f is [L]-soft if and only if every fiber f~Y(x) is AE([L]) and the
mapping f~1 is lower [L]-continuous.

Proof. The part ”only if” is proved in section [] (Theorem [.2).

For the "if” part, consider a paracompact space Z with e-dimZ < [L], its
closed subset A C Z, and continuous mappings g: Z — X and ¢": A — Y
such that g|4 = f o ¢. Then the multivalued mapping F': Z — Y defined as
F = f~'o g is lower [L]-continuous and complete. By Theorem [.§ a selection
g’ of F admits an extension g on some open neighbourhood OA of the set A. If
every set f~1(z) is AE([L]), then filtration FF C F C --- C F is fiberwise [L]-
connected and by Theorem [.4 we can assume that g is defined on Z. Clearly,
g is a lifting of ¢ and theorem is proved. O

Lemma 7.2. Let L be a finite CW-complex such that [L] < [S"] for some
n. Let F: X — Y be lower [L]|-continuous complete multivalued mapping of a
separable metric space X with e-dimX < [L] to Polish space Y. Suppose that
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U: A — Y is us.c. UVIH valued submapping of F|4 defined on closed subset
A C X. Then there exists u.s.c. UVWH-valued submapping V': OA — Y of
Floa defined on some neighbourhood OA of A such that ¥'|4 = ¥, and V'[o4\a
1s continuous and singlevalued.

Proof. Using Lemma p.11], we can construct a sequence {U;}:2, of open in X xY’
neighbourhoods of the graph I'y such that Uy = X x Y and for every ¢ > 0
the pair U1 (z) N F(z) C Ui(z) N F(zx) is [L]-connected for all x from some
open neighbourhood O;A of the set A. We may assume that the set U; is
contained in ﬁ—neighbourhood of the graph I'y (for metric spaces (X, px)
and (Y, py) we equip the product X x Y with a metric p((z1,v1), (z2,92)) =
max{px (z1,z2), py (y1,42)})-

Take a sequence {F}}¢2, of closed neighbourhoods of the set A such that
Fy. C prx(Uy) N Ox_1A and Fyyq C Int(F}) for every k > 1. Put OA = F,,44.
Define the maps {®,,: F,, \ A — Y} _ by the rule ®,,(z) = Uy_,(x) N F(z)
for all x € Fj, \ Fy+1. Using Theorem [.4, we obtain a continuous singlevalued
selection f: OA\ A — Y of the map ®,,. Let the map U': OA — Y be given by
U on A and by f on OA\ A. Since the graph I'y over the set F}, \ A is contained
in Uy,_,_1 (and, therefore, in %%n—neighbourhood of the graph I'y), we see that
U’ is upper semicontinuous. ]

Theorem 7.3. Let L be a finite CW-complex such that [L] < [S"] for some
n. Let U: A — Iy be u.s.c. UV valued mapping of a closed subset A C X

of separable metric space X. Then there exists u.s.c. UV -valued mapping
U X — Iy such that V'), = .

Proof. Consider proper continuous mapping f: Y — X of separable metric
spaces such that every fiber f~!(z) is UVH-compactum and e-dimY < [L] (see
proposition 2.23 in [J]). Denote by A’ the set f~!(A) C Y. Using Lemma [/.3 we
can find u.s.c. UV¥-valued extension F': Y — [, of the mapping Wo f: A" — I,
which is singlevalued and continuous on Y \ A’. Let § be positive continuous
function on Y\ A’ such that §(y) = dist(f(y), A). Using propositions 4.7 and
4.8 from [, we can change the mapping F on Y \ A" in such a way that new
mapping F’: Y — [y has the following properties:

(1) the restriction of F’ to the fiber f~!(z) is an embedding for all x € X \ A;
(2) dist(F(y), F'(y)) < B(y) forally e Y\ A"

Upper semicontinuity of F” easily follows from (2). Let the map ¥’ be given
by U'(z) = F' o f~!(z) for all z € X \ A. (From (1) it follows that ¥'(z) is
homeomorphic to UVE-compactum f~!(z) for all z € X \ A. Clearly, ¥’ is
upper semicontinuous. ]
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A proper continuous mapping with preimages of points being UV H-compacta
is called UV -mapping. The following factorization theorem is known for n-soft

maps [f].

Theorem 7.4. Let L be a finite CW-complex such that [L] < [S™] for some n.
If the composition f o g of mappings of Polish spaces is (locally) [L]-soft and g
is UV IW-map, then f is (locally) [L]-soft.

Proof. Let g: Y — FE and f: E — X be given maps. Consider a mapping
¢: Z — X of Polish space Z with e-dimZ < [L] and a mapping ¢: A — E of
a closed subset A C Z such that f o1 = p|a.

A multivalued mapping ® = g7 o flop: Z — Y is complete and lower
[L]-continuous by Theorem 2. We have u.s.c. UV!Fvalued submapping ¥ =
g loy: A — Y of the map ®. By Lemma [ there is u.s.c. UVIE-valued
submapping U’ of ® defined on some neighbourhood O A of A such that |4 = ¥
and W'|pa\4 is continuous and singlevalued. Clearly, if the map f o g is [L]-soft,
we may assume OA = Z. Then the mapping ¢y = g o V' extending 1 is
singlevalued and continuous, and f o ¢’ = ¢|pa. O

The following corollary was known for L = S* (see [}, Propositions 2.1.1 and
2.1.2(ii)]).

Corollary 7.5. Let L be a finite CW -complex such that [L] < [S™]| for some
nand g: X — Y be a UVIE-map between Polish spaces. If X € A(N)E([L]),
then Y € A(N)E([L]).

Proof. Apply Theorem [[-4 to the composition f o g, where f: Y — {pt} is a
constant map. U

Theorem 7.6. Let f: X — 'Y be a mapping of metric compacta where dimY <
00. Suppose that e-dimY < [M] for some finite CW -complex M. If for some
locally finite countable CW -complex L we have e-dim(f~!(y)x Z) < [L] for every
pointy € Y and any Polish space Z with e-dimZ < [M], then e-dimX < [L].

Proof. Suppose A C X is closed and g: A — L is a map. We are going to find
a continuous extension g: X — L of g. Let K be the cone over L with a vertex
v. Denote W ={h € C(X,K) | h|a = g} — a closed subspace of C'(X, K). We
define a multivalued map F': Y — W as follows:

F(y) = {h € C(X,K) | h(f(y)) C K\ {v}}.

Claim. F' admits continuous singlevalued selection.
If p: Y — W is a continuous selection for F', then the mapping h: X — K
defined by h(x) = ¢(f(x))(z) is continuous. Since ¢(f(z)) € F(f(x)) for every

x € X, we have h(X) C K\ {v}. Now if 7: K\ {v} — L denotes the natural
retraction, then g = wo h: X — L is the desired continuous extension of h.
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Proof of the claim. Since K is Polish space, the space C'(X, K) is also Polish
as well as its closed subspace W. Clearly, the graph of F' is open in Y x W,
therefore F' is complete. Lower [M]-continuity of F easily follows from the facts
that the space W is locally contractible and F' has open graph.

Let us prove that the inclusion F' C F is fiberwise [M]-connected. Fix a point
y € Y and consider a mapping o: B — F(y) of closed subspace B of a space Z
with e-dimZ < [M]. Since F(y) is Polish space, by Corollary A-3 we may assume
that Z is a Polish space. It defines a mapping s: B x X — K by the formula
s({b} x {x}) = o(b)(x). Extend s to a set Z x A letting s({z} x {a}) = g(a).
Clearly, s takes the set Z x f~1(y)N(Z x AUB x X) into K\ {v} = L x[0,1).
Since e-dim(Z x f~(y)) < [L], we can extend s over the set Z x f~'(y) to
take it into K \ {v}. Finally extend s over Z x X as a mapping into AE-space
K. Now define an extension ¢’: Z — F(y) of the mapping ¢ by the formula
o'(z)(z) = s({z} x {z}).

To find a continuous selection of F' we apply Theorem [.4 to an n-filtration
FcCcFc---CF. O

APPENDIX A.

Let L be a CW-complex. A pair of spaces X C Y is said to be [L]-connected
for Polish spaces if for every Polish space Z of extension dimension e-dimZ < [L]
and for every closed subspace T' C Z any mapping of T" into X can be extended
to a mapping of Z into Y.

Proposition A.1. Let L be a countable locally finite CW -complex and X CY
be a [L]-connected pair for Polish spaces in which X is a Polish space. Then for
every completely reqular space Z of extension dimension e-dimZ < [L] and for
every C'-embedded subspace T C Z any mapping of T into X can be extended
to a mapping of Z into Y. In other words, X CY is [L]-connected in the sense

of Definition [I.3.

Proof. Consider the Hewitt realcompactification vZ of the space Z. Note that
e-dimvZ < [L] (see [f], [, Theorem 5.1]). By [f, Theorem 5.2], the realcompact
space vZ can be represented as the limit space of a Polish spectrum S,; =
{Z,,p", A} such that e-dimZ, < [L] for each o € A.

Since T is C-embedded in Z it follows that cl,z T coincides with the He-
witt realcompactification vT" of T Next consider the inverse spectrum &' =
{clz, pa(T),q°, A}, where ¢° = p? |clz, po(T) for each a, € A with o < 3.
Since vT is closed in vZ it follows that limS’ = vT. It is clear that vT is C-
embedded in vZ. This observation, combined with the fact that the spectrum &
is factorizing, guarantees that the spectrum &’ is also factorizing. Now consider
a continuous mapping f: 7' — X. Since X is Polish there exists a continuous
extension f: vT — X. Factorizability of the spectrum S implies that we can
find an index o € A and a continuous mapping f,: clz, po(T) — X such that
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f = faopa|vT. Now recall that the pair X C Y is [L]-connected and that Z, is
a Polish space such that e-dimZ, < [L]. Consequently there exists a continuous
extension g,: Z, — Y of f,. Finally consider the composition p,o0g,: vZ — Y
and let g = p, 0 go | Z. Straightforward verification shows that f = ¢ |T'. O

Since every closed subspace of any normal space is C-embedded in it we
obtain the following statement.

Corollary A.2. Let X CY be a [L]-connected pair of Polish spaces. Then for
every paracompact space Z of extension dimension e-dimZ < [L] and for every

closed subspace T C Z any mapping of T into X can be extended to a mapping
of Z into Y.

The following statement also can be proved using the spectral technique as
presented in [[[0] (compare to the proof of Proposition [A.]).

Proposition A.3. Let L be a countable locally finite CW -complex and X be a
Polish space. If X € ANE([L]) for Polish spaces, then X € ANE([L]).
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