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Output Feedback Tracking of Ships
Michiel Wondergem, Erjen Lefeber, Kristin Y. Pettersen, and Henk Nijmeijer

Abstract—In this brief, we consider output feedback tracking of
ships with position and orientation measurements only. Ship dy-
namics are highly nonlinear, and for tracking control, as opposed
to dynamic positioning, these nonlinearities have to be taken into
account in the control design. We propose an observer-controller
scheme which takes into account the complete ship dynamics,
including Coriolis and centripetal forces and nonlinear damping,
and results in a semi-globally uniformly stable closed-loop system.
Furthermore, a gain tuning procedure for the observer-controller
scheme is developed. Experimental results are presented where
the observer-controller scheme is implemented onboard a Froude
scaled 1:70 model supply ship. The experimentally obtained results
are compared with simulation results under ideal conditions and
both support the theoretical results on semi-global exponential
stability of the closed-loop system.

Index Terms—Experiments, marine systems, nonlinear control,
observer design, tracking.

I. INTRODUCTION

M ARINE control systems [1] can be used to make opera-
tions more accurate, more cost effective and safer, e.g.,

operations where a trajectory must be tracked with a certain ac-
curacy like dredging operations, towing operations, and cable
laying operations. The ships used for this kind of operations are
typically fully actuated ships.

In general, only the position and orientation of the ship are
measured. Ship velocities are reconstructed from the measured
position and orientation by means of an observer [2], since in
any tracking controller also the ship velocities are necessary.
This brief considers the problem of output feedback tracking
of a fully actuated ship with only the position and orientation
measurements available.

The development of observers and observer-controller
schemes for fully actuated ships stems for an important part
from the issue of dynamic positioning (DP) and position
mooring of ships. Traditional DP systems are designed by
linearizing the kinematic equations of motion about a set of
predefined constant yaw angles such that linear control strate-
gies can be applied. The kinematic equations are typically
linearized about 36 different yaw angles (36 steps of 10 ) to
cover the whole heading envelope. The first DP systems were
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designed using conventional PID controllers in cascade with
low-pass and/or notch filters to suppress the wave-induced
motion components. From the 1970’s more advanced control
techniques based on optimal control and Kalman-filter theory
were used, see for an overview [1] and references therein. But
still these techniques use the 36 linearized systems, from which
there is no guarantee for global stability of the total system.
In addition, controlling the total system by a set of linearized
systems will decrease the performance of the total system.
Nonlinear observers and controllers are used to remove these
assumptions and make it possible to prove global stability of
the total system.

In [3]–[7], the dynamic positioning problem and position
mooring problem for ships are considered, where the developed
observer and controller are based on a ship model not including
the Coriolis and centripetal forces and moments nor nonlinear
damping. Because the velocities during position keeping and
mooring are close to zero, both the Coriolis and centripetal
and the nonlinear damping terms can be disregarded. However
during trajectory tracking this assumption is not valid anymore
and both the Coriolis and centripetal and the nonlinear damping
forces and moments must be considered in the observer and
controller. Output feedback tracking control for fully actuated
ships is considered in [8] and [9]. Also, in [10], a system with
Coriolis and centripetal forces is considered.

In [8], the proposed approach is mainly based on the work
of [11] and is based on passivity in the sense that both the
controller and observer are designed such that the closed-loop
system matches a predefined desired energy function. The ship
model includes the Coriolis and centripetal term, but does not in-
clude the nonlinear damping term. The error dynamics is proven
to be semi-globally exponentially stable, while the error dy-
namics is globally exponentially stable if the Coriolis and cen-
tripetal forces and moments are negligible.

In [9], an observer-controller scheme is proposed for an
Euler-Lagrange system not including the Coriolis and cen-
tripetal term, but including a nonlinear damping term. It is
assumed that the nonlinear damping term satisfies the mono-
tone damping property, which in general is not satisfied in
marine systems. For appropriate choices of the output injection
terms, the error dynamics is globally uniformly asymptotically
stable.

In [10], an observer-controller scheme is proposed for another
class of Euler-Lagrange systems. It is assumed that only linear
damping is included and a rather special form of the Coriolis
and centripetal term is considered there. Notice that in general
in marine systems the Coriolis and centripetal term is not of this
form.

In this brief, our aim is to propose an observer-controller
scheme for tracking control of fully actuated ships with only
position and orientation measurements available. Therefore we
have to take into account the full tracking model, including both
the nonlinear damping and the Coriolis and centripetal forces
and moments in the ship dynamics.

1063-6536/$26.00 © 2010 IEEE
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The approach of our study can be summarized in the fol-
lowing ways.

• In the observer design our approach is to consider the dy-
namic ship model in the Earth-fixed frame, where we can
use the properties of the Coriolis and centripetal matrix
written in Christoffel symbols.

• In the controller design, we consider the dynamic ship
model in the body-fixed frame, so the stabilizing terms can
be chosen with respect to the forward, sideward and orien-
tation errors. We use an existing controller [12], which can
be tuned like a second-order system due to the definition
of the control errors.

• An observer-controller scheme is proposed where the
dynamic ship model for the observer and controller is
considered in the Earth-fixed frame and the body-fixed
frame, respectively. Using a Lyapunov approach we are
able to prove semi-global uniform exponential stability of
the closed-loop system [13].

• Experiments with a model ship in a basin are performed.
The experimentally obtained results are compared with
computer simulations under ideal conditions and both sup-
port the theoretical results.

This brief is organized as follows. In Section II the dynamic
ship model is presented and its properties are discussed. This
dynamic ship model is used in Section III, where the observer,
controller and observer-controller scheme are proposed. The
observer-controller scheme has been tested in simulations and
experiments and the corresponding results are presented in
Section IV. Finally, conclusions and recommendations for
future developments are drawn in Section V. We conclude this
section with some mathematical preliminaries.

In this brief the norm of a vector or matrix is denoted as
and the norm of a scalar is denoted as . The minimum eigen-
value of a matrix is denoted as , while the maximum
eigenvalue is denoted by .

Definition 1.1: The equilibrium point is said to be
semi-globally uniformly exponentially stable if for each
and for all , a and exist such
that .

II. SHIP DYNAMICS

The nonlinear manoeuvring model for surface ships is con-
sidered [1]

(1)

where

The vector represents the position and orientation in the Earth-
fixed frame, i.e., . The transformation matrix
transforms the velocities in the body fixed frame to the velocities
in the Earth-fixed frame, i.e., , where .

The matrix is the system inertia matrix including added
mass, corresponds to the Coriolis and centripetal forces
and moments and also includes some added mass, is the
linear damping matrix, the vector includes the nonlinear
damping terms and is the vector of inputs. Notice that the ma-
trices , , , and the vector are described in the
body-fixed frame.

The dynamic model (1) satisfies the following properties [1].
1) The system inertia matrix satisfies .
2) The Coriolis and centripetal term is written in terms of

Christoffel symbols and satisfies

(2)

3) Since the rotation matrix is singularity free, the ma-
trices and are bounded in , i.e.,

Hydrodynamic damping for marine vessels is mainly caused
by: potential damping, skin friction, wave drift damping, and
damping due to vortex shedding. The different damping terms
contribute to both linear and quadratic damping. Therefore, the
following is assumed.

Assumption 2.1: The total damping term satisfies the
following property:

III. OBSERVER-CONTROLLER SCHEME

A. Observer

In this section, an observer is proposed for output feedback
tracking of a ship with only position and orientation measure-
ments. Due to the chosen observer structure, which is opposed
to the structure of the observers proposed for dynamic posi-
tioning [3]–[7], we include nonlinear damping and the Cori-
olis and centripetal forces and moments. The nonlinear manoeu-
vring model is considered in the Earth-fixed frame in order to
use the nice property of the Coriolis and centripetal term written
in the Christoffel symbols (2), which we do not have in the non-
linear manoeuvring model expressed in the body-fixed frame.
The following observer is proposed:

(3)

with the observer errors defined as

and the observer gains and are chosen symmetric and
positive definite. Then the observer error is given by

(4)

Notice that we assume that the velocity of the ship is
bounded, i.e., , which is a reasonable assumption
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because of the physical limitations of the ship. Notice that in
the observer-controller scheme this assumption is replaced by
bounds on the reference trajectory.

Proposition 3.1: Consider the ship described by the nonlinear
model (1) in combination with the observer (3). Given the ini-
tial estimates, and , chosen the observer gains and
symmetric and positive definite such that

(5)

(6)

(7)

(8)

(9)

where

If Assumption 2.1 is satisfied and then the observer
error dynamics (4) is semi-globally uniform exponential stable.
For the proof, see [13].

The observer gains can be chosen according to the following
procedure.

1) Choose such that (5) and (6) are satisfied.
2) Choose such that (7) is satisfied.
3) Choose such that (5) and (8) are satisfied.
4) Choose such that (9) is satisfied and

. This is possible since
satisfies (8).

B. Controller

In this section, the controller proposed in [12] is discussed. A
new stability proof has been developed in [13], which assumes a
bounded reference yaw velocity opposed to an assumed physical
bound on the ship’s yaw velocity in [12].

From a practical point of view it is important that the tuning
procedure for the controller is intuitive in the sense that the gains
are tuned with respect to the body-fixed errors. The price to be
paid is that the stability can only be guaranteed for bounded
yaw rates. The control errors are defined such that disregarding
the rotations the closed loop system can be tuned like a second-
order system.

The nonlinear manoeuvring model (1) is considered, however
now the dynamics described in the body-fixed frame is consid-
ered, i.e.,

(10)

where . Here is the transforma-
tion matrix between the Earth-fixed frame and the body-fixed
frame. The vector includes the forward velocity,
the sideward velocity and the angular velocity, respectively. No-
tice that the dynamics in the body-fixed frame is independent of

the orientation of the ship, i.e., the mass matrix is constant and
consists of constants and products of constants and the

ship velocities.
The tracking errors are defined as [12]

where is the reference position, the reference velocity,
and the reference acceleration, , and notice
that .

The following controller is proposed:

(11)

where the gain matrices and are chosen positive definite.
This is a passivity-based controller, cf. [8], [11]. Then the error
dynamics is given by

(12)

Notice that the proposed controller is the controller proposed
in [12] without integral action. Also notice that we assume that

instead of a physical bound on the yaw velocity.
Proposition 3.2: Consider the nonlinear manoeuvring model

for surface ships (1) in combination with the controller (11).
Given the initial position and velocity of the ship and

, chosen the controller gains according to the following
gain tuning procedure.

1) Choose and .
2) Choose and further choose

such that

where

This is possible since ,
and influences

the ratio .
If the gains are chosen according to this procedure then the error
dynamics (12) is semi-globally uniformly exponentially stable.

For the proof, see [13].

C. Observer-Controller Scheme

In this section, an observer-controller scheme is proposed
based on the observer and controller proposed in the previous
sections.
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For the reasons mentioned earlier, the dynamic ship model
for the observer design is considered in the Earth-fixed frame,
while for the controller design the dynamic ship model in
the body-fixed frame is considered. It is assumed that the
orientation of the ship is exactly measured, so .
Since the orientation of a ship is usually measured by a gyro
compass, which has an accuracy better than 1 degree and mea-
surement noise typically less than 0.1 [8], this is a reasonable
assumption.

The observer (3) is combined with the controller (11), which
results in the following observer-controller scheme:

(13)

Notice that the reference velocity and the reference accel-
eration are assumed to be bounded.

Proposition 3.3: Consider the ship modelled by the nonlinear
manoeuvring model (1) in combination with the observer-con-
troller scheme (13). Given the initial position and velocity of
the ship, the initial estimates and , chosen the con-
troller gains according to the following gain tuning procedure.

1) Choose and .
2) Choose and further choose

such that

where

while is chosen such that

while the observer gains and are chosen symmetric and
positive definite such that

(14)

(15)

(16)

(17)

(18)

where

If Assumption 2.1 is satisfied, the reference velocity and
the reference acceleration are bounded, then the observer-
controller scheme is semi-globally uniform exponential stable.
For the proof, see [13].

The controller gains can be chosen according to the following
procedure.

1) Choose .
2) Choose such that (2) is satisfied. This is pos-

sible since ,
and influences the ratio

3) Choose such that (2) is satisfied.
4) Choose such that (14) and (15) are satisfied.
5) Choose such that (16) is satisfied.
6) Choose such that (14) and (17) are satisfied.
7) Choose such that (18) is satisfied and

. This is possible since
satisfies (17).
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Fig. 1. Marine Cybernetics Laboratory, Tyholt, Trondheim. (a) Basin. (b) Cy-
bership II, a model supply ship, Froude scaled 1:70.

IV. COMPUTER SIMULATIONS AND EXPERIMENT

A. Marine Cybernetics Laboratory

Experiments with the proposed observer-controller scheme
are carried out at the Marine Cybernetics Laboratory (MClab)
located at Tyholt, Trondheim. The MClab consist of a 40 m
6.45 m concrete basin, a measurement system, a wave generator,
a laptop running a user interface to control the experiments and
a model supply ship, see Fig. 1. The model ship used during the
experiments is Cybership II.

The 6 DOF position of the ship is measured by a Proreflex
motion capture system. This system consists of four Earth-fixed
mounted cameras, four active/passive responders onboard of the
ship, and a position measurement program NyPOS running on a
computer. The measurement frequency is set at 9 Hz. The area
where the position measurements are available is restricted to
8 m 5 m.

A Dell Latitude D800 laptop with a 1.60 GHz Intel Prentium
M processor and 512 MB RAM, working under Microsoft Win-
dows XP Professional ver. 2002, is used to run the user interface.
The user interface is build in Labview ver. 6.2 and allows us to
control the ship by manual inputs, a joystick or an automatic
controller. The laptop is also used to build the observer-con-
troller scheme in Matlab ver. 6.5.0 Release 13 and Simulink
ver. 5.0. OPAL-RT ver. 6.2. is used to generate make-files and
transmits these files over a wireless network to the computer on-
board the ship. Eventually the system build in Simulink is run-
ning onboard the ship. The differential equations are solved with
a fixed step solver using the Euler algorithm. Since the error is
2nd order w.r.t. time, a small step size is required. A step size
of 0.05 s is used, or 20 Hz.

The basin is also equipped with a DHI wave maker system.
This system can generate all kind of predefined, regular and
irregular, 2-D waves in the basin.

Cybership II is a model supply ship, Froude scaled 1:70. The
length of the ship is 1.3 m and the weight about 24 kg. Five ac-
tuators actuate the ship: at the stern two screw-rudder pairs and
in the bow a two blade tunnel thruster. The maximum actuated
surge force is 2 , the maximum sway force is 1.5 N and the
maximum yaw moment is 1.5 N m. Thereafter the growth rate
of the actuated forces is limited. Onboard Cybership II a 300
MHz computer is located which runs the QNX 6.2 real-time
operating system. This computer runs the observer-controller
scheme and communicates with the steppermotors of the rud-
ders and the servomotors controlling the rpms of the screws and
the tunnel thruster through an H bridge circuit.

The model matrices of the nonlinear manoeuvring model in
the body-fixed frame (10) are defined as

B. Trajectory and Tuning

The ship is expected to track an elliptic trajectory with con-
stant surge velocity. The elliptic trajectory is chosen since the
yaw velocity is not constant, the whole heading envelope is cov-
ered and the trajectory can be repeatedly followed. The ship is
supposed to track 4 an elliptic reference trajectory with major
and minor diameters of 7 and 3.6 m, respectively. The ship starts
with a constant forward speed of 0.05 m/s, which is increased
after every round to 0.1, 0.15, and 0.2 m/s, respectively.

The ship starts in position with
velocity , while the initial estimates are set as

and . The gains
of the observer are set as and

, while the controller gains are set as
and . with

and .

C. Computer Simulation and Experimental Results

The working of the observer-controller scheme is verified by
both computer simulations and experimentally obtained results.

The computer simulation is performed under ideal conditions,
which implies that the ship is simulated with the dynamic model
used in the lab experiment, there is no simulated measurement
noise added and no effects of environmental disturbances like
wind, waves and current are included. The computer simulation
serve as a ideal reference and is used to do a back to back com-
parison with the experimentally obtained results.

Experiments are performed with a model ship in a closed
basin. The lab experiment is performed with and without waves
added to assess the robustness of the scheme. The results are in-
fluenced by external disturbances and measurement noise.

Only linear damping is implemented in the observer-con-
troller scheme, since numerical problems occurred by imple-
menting the nonlinear damping term in the observer-controller
scheme. Although disregarding nonlinear damping decreases
the quality of the ship model and therefore decrease the per-
formance of the observer, it can be accepted since nonlinear
damping is a stabilizing effect and has the same effect as in-
creasing the controller gain .

In this brief, we present only some representative results. For
more results, the interested reader is referred to [14].

1) Computer Simulations: Computer simulations are per-
formed with the same settings as in the lab experiment. For the



WONDERGEM et al.: OUTPUT FEEDBACK TRACKING OF SHIPS 447

Fig. 2. �� plot of the reference and tracked trajectories in the experiment
without waves and computer simulation.

Fig. 3. Position errors of the observer-controller scheme: � , � and
� for both simulation (dashed line) and experiment (solid line).

computer simulation a higher order solver and smaller time step
have been used.

The top graph in Fig. 2 shows plots of the reference
(gray) and tracked trajectory (black) in the computer simulation.
Convergence of the trajectory towards the reference is clearly
seen.

Fig. 3 shows the errors in the body-fixed - and -position
and the heading in this simulation by means of the dashed
line. The errors converge to exactly 0. Even though the nonlinear
damping is included in the observer controller scheme the errors
converge to exactly 0. This is clear from the graphs on the right,
where we zoom in on the error and let the simulation run longer.

2) Lab Experiments Without Waves: The bottom graph in
Fig. 2 shows plots of the reference (gray) and tracked
trajectory (black) in the lab experiments without waves. The

Fig. 4. Desired velocity � , � , and � and ship velocity �, �, and � esti-
mated by the numerical differentiator. The surge velocity increases at � � ���,
� � ���, and � � ���.

tracked path converges during the transient response towards
the reference with only small deviations around , for both
extremal values of .

Fig. 3 shows the errors in the body-fixed - and -position
and the heading in the lab experiment by means of the solid
line. Similar to the numerical simulations, the errors converge
to 0. However, when we zoom in on the error to the centimeter
scale, we see some small deviations in the - and -direction
occurring.

As mentioned before, the speed of the ship is increased every
round. It appears that the size of the deviations is correlated to
the speed of the ship. This is most obvious in the -direction.
Opposed to the directly actuated body-fixed -direction (screw-
rudder pair) and heading (tunnel thruster), the body-fixed -di-
rection is indirectly actuated by a combination of the two aft
screw-rudder pairs and the tunnel thruster. The stronger corre-
lation between the ships forward velocity and the error in the
body-fixed -direction as seen in the experiment is possibly a
combination of higher loaded screws and tunnel thruster, the
complicated way to actuate the body-fixed -direction and the
increasing Coriolis and centripetal forces on the ship.

The stepwise increase of the ships forward velocity is also
shown in Fig. 4. Only the 6 DOF position, ,
of the ship can be measured. To obtain a quantity for the real
ship velocity to compare with the reference velocity, the mea-
sured position is differentiated with a numerical differentiator.
If measurements are lost, the system takes the latest available
measurement. The differentiated position is then equal to 0 and
the quantity for the real ship velocity becomes unrealistic if after
some time a position measurement is available. Because mea-
surement failure and of course also measurement noise disturb
the differentiated signal, the velocities obtained by the numer-
ical differentiator and the reference velocity are shown against
time in Fig. 4. The velocities seem to tend to their reference
values. The peaks around for instance 60, 360, 530, and 650 s,
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TABLE I
PERFORMANCE OF OBSERVER-CONTROLLER SCHEME

respectively, are results of measurement failure. This is sup-
ported by the large peaks in the velocities obtained by the nu-
merical differentiator.

Although there is a small deviation between the numerical
simulations and the lab experiment, these differences are negli-
gible. In particular when the measurement failures are taken into
account. Therefore, the experimental results in Fig. 3 compare
well with the numerical simulations, and thus support the theo-
retical result of semi-global uniform exponential stability of the
closed-loop errors.

3) Lab Experiments With Waves: The robustness of the ob-
server-controller scheme is explored by introducing waves to
the model ship in the experiment. To compare the performance
of the scheme between the experiments with and without waves
and the computer simulation an error index is defined

The waves are generated using the Joint North Sea Wave
Project (JONSWAP) distribution [1] with time mean period of
0.75 s, and a significant wave height of 0.01 m. The
JONSWAP distribution is commonly used to model non-fully
developed seas and is therefore more peaked then those rep-
resenting fully developed seas. The situation considered cor-
responds with WMO sea state code 3 (moderate sea swell) in
reality.

For the graphs resulting from these experiments the reader
is referred to [14]. These are comparable to the results pre-
sented above for the lab experiments without waves. The cor-
responding error indices are presented in Table I. The results
show only small changes in the calculated error indices from
which we can conclude some robustness against external dis-
turbances in the scheme.

V. CONCLUSION

An observer-controller scheme is proposed to track a trajec-
tory in real-time using the position and heading measurements
of the ship.

In the observer design the dynamic ship model in the Earth-
fixed frame is considered, which has the advantage that the prop-
erties of the Coriolis and centripetal matrix written in Christoffel
symbols can be used.

In the controller design the dynamic ship model in the body-
fixed frame is considered, so that the stabilizing terms can be
chosen with respect to the forward, sideward and orientation
error. Disregarding the rotations, the closed-loop system can be
tuned like a second-order system.

In the observer-controller design the dynamic ship model
for the observer and controller is considered in the Earth-fixed
frame and the body-fixed frame, respectively. The closed-loop
system is semi-globally uniform exponential stable.

Experimental results from tests with a model ship are com-
pared with simulation results under ideal conditions. In ideal
simulations the errors converge exactly to 0, while the experi-
mental results tend to 0. Both experimental and simulation re-
sults are comparable with the theoretical results on exponential
convergence of the closed-loop errors.

The experiments also show that the observer-controller
scheme is robust with respect to environmental disturbances.

Notice that the presented observer-controller scheme can also
be used for other Euler-Lagrange systems including nonlinear
damping and Coriolis and centripetal forces and moments.
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