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Abstract  For a nontrivial (molecular) graph G, its multiplicative sum Zagreb index, denoted by 75 (G),
is defined as the product of the sum dg(u) + dg(v) over all edges uv in G, where dg(u) is the degree of
vertex u. In this note, we establish a relationship between 73 (G) of a graph and the first multiplicative
Zagreb index of its total graph. Moreover, we present some bounds for 7} (G) in terms of some other
graph parameters including the second multiplicative Zagreb index, radius, the first Zagreb index.
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1 Introduction

We only consider finite, undirected and simple graphs throughout this paper. Let G be a graph
with vertex set V(G) and edge set E(G). The degree of v € V(G), denoted by dg(v), is the number of
vertices adjacent to v in GG. The distance between two vertices u and v in a connected graph G, denoted
by dg(u, v), is the length of the shortest path connecting u and v. For other notations and terminology
not defined here, the readers are referred to [2].

A graphical invariant is a number related to a graph, in other words, it is a fixed number under
graph automorphisms. In chemical graph theory, these invariants are also called the topological indices.
One of the oldest topological indices is the well-known Zagreb indices firstly introduced in [5], where
Gutman and Trinajsti¢ examined the dependence of total m-electron energy on molecular structure and
elaborated in [6]. For a (molecular) graph G, its first Zagreb index M;(G) and second Zagreb index
Ms(@G) are, respectively, defined as

My=M(G)= > (de(v)’ and My=DM(G)= > da(u)da(v).
veV(G) weEE(G)

The above two ordinary topological indices (M;-index and Ma-index) reflect the extent of branching
of the molecular carbon-atom skeleton [1,11]. These two Zagreb indices were well-studied during the past

decades, see [3,4,8-10] and the references cited therein.
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Recently, Todeschini et al. [12,13] have proposed the multiplicative variants of ordinary Zagreb

indices, which are defined as

m=m(G) = ][] (de)?® and m=m(G) = [] do(u)da(v),
veV(G) weE(G)
respectively.

These two topological indices are called “multiplicative Zagreb indices” by Gutman [7]. In [7],
Gutman characterized that among all trees of order n > 4, the extremal trees with respect to these
multiplicative Zagreb indices are the path P, (with maximal 7 and minimal 72) and the star S,, (with
maximal 7o and minimal ), resepctively. Xu and Hua [14] provided a unified approach to determine
extremal trees, unicyclic graphs and bicyclic graphs with respect to these two multiplicative Zagreb

indices.

More recently, Xu and Das [15] proposed the multiplicative sum Zagreb indez, which is defined as

m=m@= ][ (e +ds(v).
weEE(G)
Concerning the multiplicative sum Zagreb index, the authors [15] characterized extremal trees, uni-
cyclic graphs and bicyclic graphs with respect to the multiplicative sum Zagreb index.
In this note, we establish a relationship between 77 (G) of a graph and the first multiplicative Zagreb
index of its total graph. Moreover, we present some bounds for 77 (G) in terms of some other graph

parameters including the second multiplicative Zagreb index, radius, the first Zagreb index.

2 Main results

We divide this section into two subsections. In the first subsection, we establish the relationship
between 7j-index of a graph and mi-index of its total graph. In the second subsection, we build some
bounds for 7}-index of nontrivial graphs in terms of other graph parameters.

Let G be a connected grz;ph composed of s components G, ..., Gs. According to the definition of

7j-index , we have 77(G) = [] 77(G;). So, it suffices to investigate 7-index of connected graphs.
i=1

2.1 Relationships between 7j-index of a graph and m-index of its total graph

Theorem 2.1. Let G be a nontrivial connected graph, and let T(G) be the total graph of G. Then

1 [m(T(G))
_2 7T1(G) '

Proof. By the definition of total graph, V(T'(G)) = V(G) U E(G). For each vertex v in G, dp(g)(v) =
2dg(v); For each edge e = uv in G, dp(e(e) = dg(u) + dg(v).
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According to the definition of the first multiplicative Zagreb index and the multiplicative sum Zagreb

index, we have

m(T(G)) = (dr( ()
weV(T(GQ))
=[] Cdew)?- [ (e)+da(y)?
weV(G) w=rycE(G)

2

—am@) [ ] o) +da))

w=zy€E(G)

= 4m (G) [} (G))2,

implying the expected result. [l

2.2 Relationships with other graph parameters

Xu and Das [15] have proposed the problem to find the relationship between the second multiplicative
Zagreb index and the multiplicative sum Zagreb index. Here, we present a simple relationship between

these two indices.

Theorem 2.2. Let G be a nontrivial connected graph of size m. Then
71(G) > 2" /m(C)

with equality if and only if G is a regular graph.

Proof. By the definition of these two multiplicative Zagreb indices,

s > ] 2Vaewiew 1)
weE(G)

- 2m\/ [ dewda)

uwveE(G)

= 2"/m(G).

It can be seen that the equality in Ineq. (1) is attained if and only if dg(u) = dg(v) for each edge

uv in G.

We claim that 75 (G) = 2™/ (G) if and only if G is a regular graph.

If G is a regular graph, then the equality in Ineq. (1) is attained, and thus 7§ (G) = 2™ /7= (G).

Conversely, we assume that 7} (G) = 2™ \/m . Let us prove that G is a regular graph. Suppose
to the contrary that there exist two vertices, say u and v, in G, satisfying that dg(u) # dg(v). Then
wv & E(G). Because G is connected, there must exist a vgvy ... vs path in G, where vg = u and vs = v
and s > 2. Note that dg(z) = dg(y) for any edge zy in G. Thus, dg(u) = dg(v1) = ... = dg(v), a

contradiction to our assumption. Thus, G is a regular graph, as desired. O
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The radius R(G) of a connected graph G is defined as R(G) = min{eg(u)|lu € V(G)}, where
eq(u) = max{dg(u, v)[v € V(G)}.

In the following, we give a result relating multiplicative sum Zagreb index with radius for trees.
Theorem 2.3. Let G be a nontrivial tree of order n and R(G) be its radius. Then
THG) < (n+1-R(G)™T
with equality if and only if G = Ps.
Proof. Suppose that G is a nontrivial tree of order n. For any two vertices v and v in G, it holds that

dg(u, v) <n—(dg(u) — 1) — (dg(v) —1) =1 =n—dg(u) — dg(v) + 1 (2)

with equality if and only if all vertices not belonging to N¢(u) U Ng(v) lie within the unique u—v path.

Therefore,
@) = ]I (e +da(v)

weEE(G)

< H (da(u) 4+ da(v)) (3)
{u, v}CV(G)

< H (n —dg(u, v) +1) (4)
{u, v}CV(G)

< (n+1-R@G)E). (5)

It is easily seen that the equality in Ineq. (3) is attained if and only if G = K,. The equality in Ineq.
(4) is attained if and only if for any vertex pairs {u, v} in G, the equality in Ineq. (2) is attained. Hence,
the equality in Ineq. (4) is attained if and only if G is one of the paths Py, P3 and P;. The equality in
Ineq. (5) is attained if and only if for any vertex pairs {u, v} in G, there exists dg(u, v) = R(G), that
is, G is K,,.

Summarizing above, we obtain

71(G) < (n+1— R(@Q)™ 7

with equality if and only if G = Ps.

This completes the proof. O

A bipartite graph G = (X;Y) is said to be semireqular if there exist two constants a and b such that
each vertex in X has degree a and each vertex in Y has degree b; such bipartite graphs are also called

(a; b) — semiregular.

Theorem 2.4. Let G be a nontrivial connected graph of size m. Then

ri(0) < LDy

m

with equality if and only if G is a regular or semiregular graph.
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Proof. According to the definition of multiplicative sum Zagreb index and Geometric-Arithmetic Mean

inequality, we obtain

™1 (G) [ etw) +do(v)

uwveE(G)

> (da(u) +da(v)\ ™

weEE(Q)

n
=

m

> (da(w)*\ ™

weV(G)
m

_ (Ml(G))m

m

It is obvious that the equality in Ineq. (6) is attained if and only if the value of dg(u) 4+ dg(v) is a
constant regardless of the choice of edge uwv.

We first prove the following claim.

Claim 1. For each edge uwv € E(G), dg(u)+dg(v) is a constant if and only if G is regular or semiregular.

Proof. The sufficiency is obvious. Now, we check the necessity.

Assume that dg(u)+dg(v) is a constant and G is not regular. We shall prove that G is a semiregular
graph.

We first verify that G is bipartite. Suppose to the contrary that G is not bipartite. Then G contains
an odd cycle, say C; = viva...vvy (1 is odd). As dg(u) 4+ dg(v) is a constant and Cj is an odd cycle,
one can easily deduce that dg(v1) = dg(v2) = -+ = dg(v). Since G is not regular, there exists at least
a vertex, say z, lying outside the cycle C;. Assume that x is adjacent to some v; (1 < j <1).

Clearly, for any given vertex u in G, its all neighbors must have equal degrees. Thus, dg(z) =

dg(v1) =+ =dg(vj) = -+ =dg(v). Obviously, dg(x) > 3. As above, we can prove that for any vertex
y € Na(z) \ {v;}, de(y) = da(v;). Now, we actually have proved that for any edge uwv € E(G) \ E(C)),
there exists dg(u) = dg(v) = dg(v1) = dg(v2) = - -+ = dg(v;). Thus, G is a regular graph, a contradiction

to our assumption. So, G must be bipartite.

Assume that G has two partite sets X and Y. Let uv be an edge in G such that v € X and v €Y,
and suppose without loss of generality that dg(u) = a and dg(v) = b. We further claim that all vertices
in X have degree a, and all vertices in Y have degree b. Suppose to the contrary that there exists a
vertex, say x, in X whose degree is not equal to a.

Since G is bipartite and connected, there exists an even path connecting w and z. Because dg(u) +
dg(v) is a constant for any edge uv, we must have dg(x) = dg(u) = a, a contradiction. Therefore, any

vertex in X has degree a. Similarly, any vertex in Y has degree b. Thus, G is semiregular, as claimed. [

By Claim 1, we have

wi(@) < (D

m
with equality if and only if GG is a regular or semiregular graph.
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This completes the proof. O
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