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Abstract

In the paper we establish some new results depending on the comparative growth properties of
composition of entire functions using relative L*-order (relative L*-lower order) as compared to their
corresponding left and right factors where L = L (r) is a slowly changing function.
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1. Introduction, Definitions and Notations.

Let C denote the set of all finite complex numbers. Also let f be an entire function defined in
the open complex plane C. The maximum term p(r, f) of f = > a,2" on |z| = r is defined by
n=0

pr(r) = max (lay] r™) . On the other hand, maximum modulus M (r, f) of f on |z| = r is defined as

M (r, f) :_1‘rn|ax |f (2)| . The following notation:

log 2 = log <log[k_1] :E) for k=1,2,3,.... and log%z =z

is frequently used in the paper.
To start our paper we just recall the following definition :
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Definition 1.1. The order p; and lower order Ay of an entire function f are defined as

loo® M1 loa Af
Py = limsupog—f(r) and Ay = liminfog—f(r) .
r—00 ogr r—00 log r

Using the inequalities p (r, f) < M (r, f) < RIE,,H(R» f) (cf. [15] ) , for 0 < r < R one may verify
that

log? log?
py = lim Sup—Og s (1) and Ay = lim inf—Og (1) )
P Togr e logr

Let L = L (r) be a positive continuous function increasing slowly i.e., L (ar) ~ L (r) as r — oo
for every positive constant a. Singh and Barker [12] defined it in the following way:

Definition 1.2. [12] A positive continuous function L (r) is called a slowly changing function if for
e(>0),

< < k® forr >r(e) and

1
ke
uniformly for k£ (> 1).

Somasundaram and Thamizharasi [13] introduced the notions of L-order and L-lower order for
entire functions. The more generalised concept for L-order and L-lower order for entire function are
L*-order and L*-lower order respectively. Their definitions are as follows:

Definition 1.3. [I3] The L*-order p}" and the L*-lower order A% of an entire function f are
defined as o
. 1 M
p]’% = lim sup—Og r ()

. log!?
Tog | i )] and )\]Lc = lim inf o8
r—oo 10g |refl”

r—oo  log [reL(T)] )

If an entire function g is non-constant then M, (r) is strictly increasing and continuous. Its inverse
My=": (| £ (0)],00) = (0,00) exists and is such that lim M, (s) = oco.

§—00
Bernal [I] introduced the definition of relative order of an entire function f with respect to an

entire function ¢ , denoted by p, (f) as follows:
pg (f) = inf{p>0:M;(r) <M, (r*) for all r > ro () > 0}
. log M, Mg (r)
= limsup .

r—00 log 7

For g (z) = exp z, the above definition coincides with the classical one (cf. [16]).
Similarly, one can define the relative lower order of an entire function f with respect to another
entire function g denoted by A, (f) as follows :

log M 1M
Ag (f) = liminf og My M, (r) .
T—00 lOg T

Datta and Maji [5] gave an alternative definition of relative order and relative lower order of an
entire function with respect to another entire function in the following way:
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Definition 1.4. [5] The relative order p, (f) and relative lower order A, (f) of an entire function
f with respect to another entire function g are defined as follows:

log ! 1 —1
pg (f) = limsupgﬂg—ﬂf(r) and A, (f) = i 08 e ()
r—00 lOg’l” r—00 10g7=

In the line of Somasundaram and Thamizharasi ( cf. [I3] ), one can define the relative L*-order
of an entire function in the following manner:

Definition 1.5. ([3],[4]) The relative L*-order of an entire function f with respect to another entire
function ¢ , denoted by pg* (f) is defined in the following way

pg*(f) = inf{u>O:Mf(7")<Mg{reL(7")}“ for all7">7"0(,u)>0}

. log M, My (r)
B HTILSCEP log [rel ()]

Analogusly, one may define the relative L*-lower order of an entire function f with respect to another
entire function g denoted by )\5* (f) as follows:

. log Mt My ()
L i 9
Ay (f) = h;gg)lf log [reE0)

Datta, Biswas and Ali [0] also gave an alternative definition of relative L*-order and relative
L*-lower order of an entire function which are as follows:

Definition 1.6. [6] The relative L*-order p.” (f) and the relative L*-lower order N (f) of an
entire function f with respect to g are as follows:

i log pu; g (r) . log 1, s (r)
L T g L — liminf—>r9 "/ 7
p, (f)= hinjjolp—log [rel] and A\, (f) = hggjlf Tog [rel)

For entire functions, the notions of thier growth indicators such as order (lower order), L-order
(L-lower order) and L*-order (L*-lower order) are classical in complex analysis and their respective
generalized concepts are relative order (relative lower order), relative L-order (relative L-lower or-
der) and relative L*-order (relative L*-lower order). During the past decades, several researchers
have already been exploring their studies in the area of comparative growth properties of composite
entire functions in different directions using the classical growth indicators. But at that time, the
concepts of relative growth indicators of entire functions and as well as their technical advantages of
not comparing with the growths of exp z are not at all known to the researchers of this area. There-
fore the studies of the growths of composite entire functions using their relative growth indicators
are the prime concern of this paper. In fact, some light has already been thrown on such type of
works in [7], [8], [9], [10] and [I1]. In the paper we study some growth properties of maximum term
and maximum modulus of composition of entire functions with respect to another entire function
and compare the growth of their corresponding left and right factors on the basis of relative L*-order
and relative L*-lower order. We do not explain the standard definitions and notations in the theory
of entire functions as those are available in [17].
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2. Lemmas.

In this section we present some lemmas which will be needed in the sequel.

Lemma 2.1. [14] Let f and g be any two entire functions. Then for every @ > 1 and 0 < r < R,

a—1

17 1) < s (i ()

Lemma 2.2. [14] Let f and g be any two entire functions with g(0) = 0. Then for all sufficiently

large values of r,
1 1 r
Hrog (1) = Shy | gh (Z) :

Lemma 2.3. [2] If f and g are any two entire functions then for all sufficiently large values of r,
Moq(r) < My (My (r)) -

Lemma 2.4. [2] If f and g are any two entire functions with g(0) = 0 then for all sufficiently large

values of r,
1 T
> — — .
Myoy(r) = My (SMQ (2)>

Lemma 2.5. [5] If f be entire and o > 1, 0 < 8 < a, then for all sufficiently large r,
pglar) = Bpug(r) .

3. Theorems.

In this section we present the main results of the paper.

Theorem 3.1. Let f and h be any two entire functions with 0 < A" (f) < pE" (f) < co. Also let g
be an entire function with )\5* > 0 and g(0) = 0. Then for every positive constant A and real number
m?
log 14, i 5o
= {log s (r4) }

Proof . If x is such that 1 + 2 < 0, then the theorem is obvious. So we suppose that 1 4+ z > 0.
Now in view of Lemma and Lemma [2.5] we have for all sufficiently large values of r that

)2 s (700 (5)) (3.1)

Since j;, ' is an increasing function, it follows from (3.1]) for all sufficiently large values of 7 that

_ _ 1 r
Hi Hgeg (1) = g1y g <gug (1))

, _ _ 1 r
i.e., 10g y pog (1) > log gy (ﬂ,ug <Z>)
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ie, gy (r) = O() + (A (f)—e) {bg {i“g G)} th <i”g <§1>>

r

ie,  logpyupg(r) = O@1) + (W (f)—¢) [log”q (4)+O(1)+L(i“g Gl))

i.e., 1og p, fsoq (1) *
> o+ 0 (-9 {(§) e} T (gm(3)) - (32)

where we choose 0 < & < min {\f" (f), AL}
Also for all sufficiently large values of r we get that

log uy, ' () < (p (f) +¢)log {TAeL(TA)}
i, log iy (P < (oF (f) +¢) log {rAeLW*)}
i, {log g (b)Y < (o () +) T (Alogr+ L (k1) (3.3)
Therefore from (3.2) and (3-3) , it follows for all sufficiently large values of r that

log 17, f1fog (1)
_ 1+x
{log Hp, 1Nf (T'A)}

L0+ (D= {0 +L (i (3)
- (" (f) + 5)1+$ (Alogr + L (rA)**

(3.4)

*
L™ .

Since f":ggT—lﬂ — 00 as 1 — 00, the theorem follows from ((3.4]). O
In the line of Theorem [3.1] one may state the following theorem without proof :

Theorem 3.2. Let f and h be any two entire functions with 0 < AL" (f) < 0o or 0 < pE™ (f) < oc0.
Also let g be an entire function with )\5* > 0 and ¢(0) = 0.Then for every positive constant A and
real number x,

log 7 i o
lim sup—28 Prog (1)

rvoo {log i g (rA) T

Using the same technique of Theorem [3.1] and Theorem [3.2] and using Lemma 2.4 one may easily
verify the following two theorems:

Theorem 3.3. Let f and h be any two entire functions with 0 < A" (f) < pE" (f) < oo. Alos let
g be an entire function with /\gL* > 0 and ¢(0) = 0. Then for every positive constant A and real
number x,

lim log Mh_leog (r)

r=o flog py ty (rA) ) -
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Theorem 3.4. Let f, g and h be any three entire functions where g is with non zero L*-lower order,
g(0) = 0 and either 0 < A" (f) < 0o or 0 < pL™ (f) < co.Then for every positive constant A and
real number x,

log M, ' M/,
lim sup 8 7’11 fog (Tl)ﬂ =
r—oo {log ;" g (r) }

Theorem 3.5. Let f and h be any two entire functions with 0 < AL (f) < pE" (f) < oo and g be
an entire function with non zero L*-lower order and g(0) = 0. Then for any positive integer o and

B,
lim logm /J]Zl,ufog (eXp (eXp (ra))) — 0
rsolog 1 pus (exp (r8)) + K (r, a; L) ’
0 if r’ = o {L (exp (exp (r*)))}
where K (r,a; L) = as T — 00
L (exp (exp (r*))) otherwise .

Proof . Taking x = 0 and A = 1 in Theorem [3.1] we obtain for all sufficiently large values of r and
for K > 1

log 1y, ugoq (r) > K'log ' s (r)

] _ _ K

i.€., uhl,ufog(T) > {Nhlﬂf(r)}

i€, iy g (1) > gy tpay (r) (35)

Therefore from (3.5)) , we get for all sufficiently large values of r that

10g 17, f150q (exp (exp (r®))) > log i, "1y (exp (exp (r®)))

i.e., 10g ;" figog (exp (exp (1))
> (A (f) =€) .log {exp (exp (r*)) .exp L (exp (exp (r*)))}

i.e., log u,:lufog (exp (exp (r")))
> ()\ﬁ (f)— 5) A(exp (1Y) + L (exp (exp (r%))) }

’i.@., log ,U}?lllffog (eXp (eXp (7,0!)))

> (A (f)—e). {(eXp (rY)) (1 +

L (exp (exp (T")))) }

(exp (r*))

i.e., 10g® 1 p1gog (exp (exp (%)) > O (1) + logexp (r®)

L (exp (exp (r*)))
“Og{” (exp () }
i, log® g (exp(exp (r)) > O(1) + %+ 1og{1+“e}(‘i(§z‘fa<)§”>>>}
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i.e., log® it iseg (exp (exp (%)) > O (1) + 7 + L (exp (exp (%))
L (exp (exp (T“)))}
exp (ur®)

— log [exp {L (exp (exp (rY)))}] + log |1 +

i.e., 1og™ 11 pgoq (exp (exp (1)) > O (1) + 7 + L (exp (exp (r®)))
) 1 L (exp (exp (r%)))
+log exp { L (exp (exp (r)))} * exp {L (exp (exp (r)))} . exp (T‘O‘)}

i.e., log® 1 o (exp (exp (r®))) > O (1) + @A) % 1 L (exp (exp ())) . (3.6)

Again we have for all sufficiently large values of r that

)

log u,;l,uf exp (7

(")) =
("))
("))
("))

R

(
log ,u,;l,uf (ex

(

(

ININ A
St S S S
* * * *

N— AQ/—\/—\

p
i.€., log,u,;l,uf exp
1.€., logugl,uf exp

)

o T (0 () G )+ Lo () _ .
(" (f) +¢)
Now from (3.6 and (3.7 , it follows for all sufficiently large values of r that

log™ 13" 10 (exp (exp (7))

(a—B) .

> 00+ (s ) Dos s (ex0 (7)) = (6 (9)+2) L (exp (+7))]
+ L (exp (exp (1))

1og™ 10 110 (exp (exp (1)) 5 Lewp (e () +0 1)

log 1y, 115 (exp (7)) log 117, 115 (exp (1?))

() {1 C(oF () +9) L (exp (1) } | (3.9)

W AGET log 16, iy (exp (1))

Again from (3.8)) we get for all sufficiently large values of r that

logm u;l,ufog (exp (exp (r))) O (1) 4 rle=AL (exp (rﬁ))
log uy, iy (exp (%)) + L (exp (exp (1)) ~ log py, gy (exp (%)) + L (exp (exp (%))

(557 ) tog i s (exp (1)

log 117, iy (exp (7)) + L (exp (exp (r®)))
N L (exp (exp (r)))
log i, 11 (exp (r#)) + L (exp (exp (7))
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O(l)Jrr("‘_ﬁ)L(ex( ))

log[z] M}:llufog (eXp (eXp (7,.04))) > L(exp(exp(r®)))
" Tog 1, 7 (exp (1)) + L (exp (exp (7)) — s (o)) |

L(exp(exp(r®)))
( ) >
i (f)+e 1

L(exp(exp(r®))) logugluf(exp(rﬂ)) '
tog iy 11y (e (#)) 1+ Temptexpony

7.€.

+

(3.10)

Case I. If r° = o {L (exp (exp (r®)))} then it follows from (3.9)) that

2 -1 @
lim log My, Hfog (eXp (exp (T ))) — 0 .

=00 log g (exp (7))

Case II. 77 # o {L (exp (exp (r®)))} then the following two sub cases may arise:
Sub case (a). If L (exp (exp (r*))) = o {log u;, "1ty (exp (7))}, then we get from (3.10) that

(2] -1 a
lim log My, M fog (exp (exp (r*))) — 0.

r—oolog 1, /j,f (exp (7)) + L (exp (exp (r%)))

(
Sub case (b). If L (exp (exp (r*))) ~ log u; "1y (exp (7)) then

i L (eXp (exp (r?)))
)

=1
roolog gy, g (exp (1))

and we obtain from (3.10)) that

2] -1 e
lim inf log My Hfog (exp (exp (7“ ))) — 50

r—oo log i iy (exp (r?)) + L (exp (exp (r®)))

Combining Case I and Case II we obtain that

1 [2] —1 o o’
lim 08" iy Hjeg (exp (exp (r))) .

r=oolog iy (exp (r?)) + L (exp (exp (r®)))

0if r* = 0 {L (exp (exp (r%)))}
where K (r,a; L) = as r — 00

L (exp (exp (r*))) otherwise .
This proves the theorem. [

Theorem 3.6. Let f, g and h be any three entire functions where ¢ is an entire function with non
zero L*-lower order, g(0) = 0, \L" (f) > 0 and pL” (g) < oo. Then for any positive integer a and 3,

o108 13 g (exp (exp ()
r—oclog ,u;l,ug (exp (rf)) + K (r,a; L)

0if 7% = o {L (exp (exp (r*)))}
where K (r,a; L) = as r — 00
L (exp (exp (r*))) otherwise .

=00,
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The proof is omitted because it can be carried out in the line of Theorem 3.5
In the line of Theorem [3.5] and Theorem [3.6 and with the help of Theorem [3.3] one may easily

establish the following two theorems:

Theorem 3.7. Let f and h be any two entire functions with 0 < A\E" (f) < pE (f) < oo and g be
an entire function with non zero L*-lower order and ¢(0) = 0. Then for any positive integer o and

B,
log?! M, ' My (exp (exp (r%)))

rggolog M{le (exp (r®)) + K (r,a; L)
0if 7% = o {L (exp (exp (r*)))}
where K (r,a; L) = as r — 00
L (exp (exp (r®))) otherwise .

=00,

Theorem 3.8. Let f, g and h be any three entire functions where ¢ is an entire function with non
zero L*-lower order, g(0) = 0, A\L" (f) > 0 and pL” (g9) < oo. Then for any positive integer a and 3,

log™ M, ' Myoy (exp (exp (1))
im
r—oolog M, ' M, (exp (rf)) + K (r,c; L)

0if 7% = o {L (exp (exp (r*)))}
where K (r,a; L) = as r— 00
L (exp (exp (r*))) otherwise .

:OO,

Theorem 3.9. Let f, g and h be any three entire functions such that ,05* < M) <o (f) < 0.
Then for any B > 1,
—1
lim _1103; P Pgog (1)
ooy, g (1) - K (r, g5 L)
1 if L(pg (Br)) = o {r*e*™} asr — oo
where K (r,g; L) = and for some o < \E" (f)
L (pg (Br)) otherwise.

)

Proof . Taking R = fr in Lemma [2.T] and in view of Lemma 2.5 we have for all sufficiently large
values of r that

) = (25 ) (o 1)

i'e'v Hfog (T’) S Ky ((a_i?(g_ l)p“g (ﬂ?“)) :

Since p; ! is an increasing function, it follows from above for all sufficiently large values of r that

1 Hgog (1) < gy g ( @ _21(; (g ey (BT))

2
i.e., 10g uy figog (1) < log i, piy ((a —21())[(§ —1)h (m))

. 1 —1 < L* l . L(%#g(ﬁ"')) O
ie., logpy yeg (1) < (py (f) +¢€) |logpy (Br) - e +0(1)
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e, 10g py igag (r) < (pi” (f) +€) log g (Br) + L (14 (Br)) + O(1)] (3.11)

ice., log i g (1) < (pr (f) +¢) |:{BT€L(ﬁT)}(p£*+€> + L (pg (B1)) + O(l)}

b o gy 1) < (o ()4 [ (re ) 4 s 1y ()| (3.12)
Also we obtain for all sufficiently large values of r that
log iy piy (r) = (N (f) — <) log [re""]
ice., logp'py (r) > (A (f) —€) log [7“6 }
e w iy (r) > [rew)}( ) (3.13)

Now from (3.12) and (3.13)) we get for all sufficiently large values of r that

L* reLl() (pE" +e) .
g i ey () PH L) +9) (et} 4 Ly ()

) et OF 07 S
Since p)” < Ay” (f), we can choose ¢ (> 0) in such a way that
pr e <A (f)—¢€. (3.15)
Case I. Let L (u, (8r)) = o {r*e**"} as r — oo and for some a < Af" (f).
As a < M7 (f) we can choose € (> 0) in such a way that
a <A (f)—¢. (3.16)
Since L (p1y (Br)) = o {r*e* "} as r — oo we get on using that
Ling (Or)) (g (Lﬂr)) —+0asr—o0
rapal(r)
i.e., L (uy (5r) —0asr — 00. (3.17)

[rel)] (AE"(H)—¢)

Now in view of (3.14)), (3.15)) and (3.17) we obtain that

log 11 u s
lim —2Hn 1 () (3.18)
ooy pug (1)

Case IL. If L (p, (Br)) # o {r*e®™ "} as r — oo and for some a < A} (f) then we get from (3.14)
that for a sequence of values of r tending to infinity that

- * L* 5 *
log p1j, " f10g (1) < ek <f>+s){reL<r>}(”g +) + (oE" ()+2)

e - : 3.19
i g (r) L (g (Br) -~ [reso] CF O puqongyy  [renn) O 072) 1
Now using (3.15)) it follows from (3.19) that
1 iro
lim 08 f_H1goq (1) (3.20)

roo iy g (7) - L (pg (Br))
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Combining (3.18]) and (3.20)) we obtain that
. log i, f150g (1)
r=oe iy g (r) - L (g (Br))

Lif L (pg (Br)) = o {r*e“t} asr — oo
where K (r,g; L) = and for some o < A" (f)
L (py (Br)) otherwise.

Thus the theorem is established. [J

Y

Theorem 3.10. Let f, g and h be any three entire functions with pg* < pE" (f) < oo. Then for any
g>1,
lim inf —[O814 e (n)
oo iy g (r) - K (r, g5 L)
Lif L (g (Br)) = o {r*e“t} asr — oo
where K (r,g; L) = and for some a < pL” (f)
L (py (Br)) otherwise.

The proof of Theorem [3.10] is omitted because it can be carried out in the line of Theorem [3.9]

Theorem 3.11. Let f, g and h be any three entire functions such that pi" < A\i" (f) < pf” (f) < 0.
Then .
lim _llog My, Myoq (1)
roeo My "My (r) - K (r, 95 L)
1if L(My(r)) = o {r*e®™} asr — oo
where K (r,g; L) = and for some a < A\E" (f)
L (M, (r)) otherwise.

=0,

Theorem 3.12. Let f, g and h be any three entire functions with p)” < pi” (f) < co. Then
log M, ' My,
tim inf 08 M Mres () _ -
rooe My My (r) - K (r,g; L)

Lif L(My(r)) = o {r*e®™} asr — oo
where K (r,g; L) = and for some a < pt” (f)
L (M, (r)) otherwise.

We omit the proof of Theorem and Theorem [3.12| as those can be carried out with the help
of Lemma 2.3 and in the line of Theorem [3.9 and Theorem B.10.

Theorem 3.13. Let f,g and h be any three entire functions such that pt (f) < oo, AL (g) > 0 and
pg* < 00. Then for any f > 1,

(@) if L (g (Br)) = o {log i 11g (r)} then

logl2 ;=1 L*
Jim sup _‘ig Hy, Hog (1) < f*g
roo 10g iy, g (1) + L (g (Br)) — Ay (9)

and (b) if 1og i 1y (r) = 0 {L (sty (Br))} then

1 2] ,,—1 .
lim 08 iy, _Fsoq (T) _0

reolog iy, g (1) + L (g (Br))
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Proof . Taking log {1 + O(llz);ﬁi‘(‘giff’"))} ~ O(lll;ii}zéifr)) we have from (3.11]) for all sufficiently large

values of r that

-1 L O(1) + L (g (Br))
ie., 108y ey () < log (o1 (f) +) + log® py (Br) + 1og{1+ 0(11025 ((%ﬁr))}

e, logP i igeg (r) < log (pf” (f) +¢) + (p) +¢) log {Bre""}
O(1) + L (1 (Br))
Hog{H log pg (B1) }

ie., log iy pgog (1) < log (pf (f) +¢) + (p2" +¢) log { Bre™™}

O(1) + L (s, (5r))
“0g{” log 1y (Br) }

O(1) + L (py (Br))
log Ky <5T)

i.e., log® i ey (1) < O (1) + (py" +e) {logBr+ L(r)} +

ie., log® e, (1) < O (1) + (pg* +¢) {logr + L (r)}
O(1) + L (pg (Br))
log s (Br) (3:21)

Again from the definition of relative L*-lower order of an entire function with respect to another
entire function in term of their maximum terms we have for all sufficiently large values of r that

log 11y, ' 11y (1) > (A% (9) — €) log [re™"]
i.e., log u;lug (r) > ()\ﬁ (9) — 6) log [reL(T)}
ie., log g g (r) = (A (9) — ) logr + L ()]
log 1, ' 114 (7)
i , 3.22
OF (9) —2) (322
Hence from ([3.21)) and (3.22)), it follows for all sufficiently large values of r that

+ (pg* —|—5) log 6 +

ie., logr+ L(r) <

1og™ 1, 1 og (1)
L*

* O
< 0w+ (%) og 1ty 1)+ (o <) og -+ g e L)
. log® 11 igeg (r) O+ (py” +¢)log 8
7 log Nleug (r) + L (ug (Br)) ~— log /lelug (r) + L (ug (1))
N py e\ log 117, 11y ()
)‘ﬁ* (9) —¢ log :“i?llug (r) + L (g (Br))

O(1) + L (g (Br))
[log /‘}Zlﬂg (1) + L (1 (BT))] log pg (pr)
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ie.,

* L*
O()+(pk" +¢)log B ()\fﬂ te )

log i 'pieg (1) _ T Tus) n o)
log ;g (1) + L (1g (Br)) — 1og(uh(ug)()) +1 1+ —loz(:fgﬁ?(l)
h
1

+

log puy,  p1g (r) ' (3:23)
[1 + (,f—(ﬁf)] log i (Br)

Since L (p1y (Br)) = o0 {log p; "1y (r)} as r — oo and e (> 0) is arbitrary we obtain from (3.23) that

2,1 L
lim sup log ™ fty_ttye (1) < Lpf . (3.24)
roo 10g iy, g () + L (11g (Br)) — Ay (9)

Again if log 1, ' 11y (1) = 0 {L (11, (87))} then from (3.23) we get that

1 2] ,,—1 .
h Og lu’h /”Lf g9 (T) — O ] (325)
r=olog py, g (1) + L (kg (B7))

Thus from (3.24]) and (3.25)), the theorem is established. [J

Corollary 3.14. Let f,g and h be any three entire functions with pL™ (f) < oo, pL™ (g) > 0 and
,05* < 00. Then for any 5 > 1,

(a) if L (g (Br)) = 0 {log i, "1y (1)} then

2] -1 L*
lim inf log ™ piy_tigeq (7) < Lp*g
r=vo log py ' g (1) + L (ng (B7)) ~ o3 (9)

and (b) if log 1, 1, () = 0 {L (sy (Br))} then

lim inf logm 'uizlﬂng (7)

P g iy () + L (g (Br))

We omit the proof of Corollary because it can be carried out in the line of Theorem [3.13

Theorem 3.15. Let f,g and h be any three entire functions such that pk” (f) < oo, AL (g) > 0
and p}" < co. Then
(a) if L (M, (r)) = o{log M; "M, (r)} then

log? MMy, L
lim sup O—g1 n Myoq (1) < Lp*g
r—oo 10g My "My (1) 4+ L (Mg (r)) = Ay (9)

and (b) if log M, ' M, (r) = o {L (M, (r))} then

1og[ | M, leog (r)

A log MM, () + L (M, (7))
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Corollary 3.16. Let f,g and h be any three entire functions with p£™ (f) < oo, pL™ (g) > 0 and
pg* < Q.
(a) If L(M,(r)) =o{log M, "M, (r)} then

2] -1 L*
lim inf lo_gl Mh Mfog (7”) < Lp*g
P55 log M, "M, (r) + L (M, (r) ~ 2" (9)

and (b) if log M, * M, (r) = o {L (M, (r))} then

log® M1 M,
lim inf Ofgl n Mo () =
r=oo log My~ M, () + L (M, (r))

We omit the proof of Theorem and Corollary because those can be respectively carried
out in the line of Theorem and Corollary and with the help of Lemma 2.3
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