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Abstract

This paper extends Vickrey’s (1969) commute problem for mwters wishing to pass a bottleneck for both cars and
transit that share finite road capacity. In addition to thirengeneral framework considering two modes, the paper
focuses on the evening rush, when commuters travel from teohiome. Commuters choose which mode to use and
when to travel in order to minimize the generalized cost efrtbwn trips, including queueing delay and penalties for
deviation from a preferred schedule of arrival and departarand from work. The user equilibrium for the isolated
morning and evening commutes are shown to be asymmetricibethe schedule penalty in the morning is thedi
ence between the departure and wished curves, and the &elpedhalty in the evening is theftirence between the
arrival and wished curves. It is shown that the system optirmuthe morning and evening peaks are symmetric because
gqueueing delay is eliminated and the optimal arrival cuaresthe same as the departure curves.

The paper then considers both the morning and evening peg&ther for a single mode bottleneck (all cars) with
identical travelers that share the same wished times. Fohedsle penalty function of the morning departure and
evening arrival times that is positive definite and has @eqeoperties, a user equilibrium is shown to exist in which
commuters travel in the same order in both peaks. The resuked to illustrate the user equilibrium for two cases:
(i) commuters have decoupled schedule preferences in theimgcand evening, and (i) commuters must work a fixed
shift length but have flexibility when to start. Finally, aesjal case is considered with cars and transit: commutees ha
the same wished order in the morning and evening peaks. Ctersmaust use the same mode in both directions, and
the complete user equilibrium solution reveals the numbbe&ommuters using cars and transit and the period in the
middle of each rush when transit is used.

© 2013 The Authors. Published by Elsevier Ltd. Selectioryangeer review under responsibility of Delft University
of Technology.
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1. Introduction

The morning commute at a bottleneck with finite capacity tveears has been extensively studied
following Vickrey (1969). This bottleneck model considarpopulation of commuters that wish to depart
a bottleneck in order to reach a destination on time. All carters are assumed to choose when to travel
in order to minimize the sum of the costs of their own free-flojwy cost, queueing time, and penalty for
schedule deviation. The unique equilibrium that resultsa no commuter to reduce his or her own travel
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cost by unilaterally choosing another arrival and depenpasition at the bottleneck (Smith, 1984; Daganzo,
1985).

The reverse problem in the evening has been addressedigxtionly a few studies (Fargier, 1981,
DePalma and Lindsey, 2002), which recognize that the egecammute dfers from the morning but
are limited to an isolated evening rush involving only cakéckrey (1973) and DePalma and Lindsey
(2002) state that evening commute is the mirror image of thenmg commute unless the commuters are
heterogeneous. However, this paper shows that this is aatabe, even with identical or mirrored values
of earliness and lateness in the morning and evening. Ifiegerommuters also seek to minimize the cost
of their own trip, then the user equilibrium for the eveningsnbe a pattern of bottleneck arrivals and
departures that allow no commuter to reduce his or her ownbgoshoosing another arrival position at the
bottleneck.

This paper addresses both the morning and evening commiitea more general framework for cars
and a collective mode such as transit. In addition to theaghof when to travel, commuters are able to
choose which mode to use. Although mode choice has beeredtirda number of works for the morning
commute (Tabuchi, 1993; Braid, 1996; Huang, 2000; Dan&il Marcucci, 2002; Qian and Zhang, 2011),
none considers the evening commute. These works also agkaihe transit service is parallel to the
road where the bottleneck resides. The bi-modal analyshssrpaper follows closely from Gonzales and
Daganzo (2012) which presents a user equilibrium solutiothfe morning commute where transit service
shares the bottleneck capacity with cars, for example bycdédg a lane to high occupancy vehicles. An
additional improvement in this paper is that the transit misdconsidered to have finite capacity.

Although studying the morning and evening commutes in tgmigprovides some interesting insights,
the reality is that commuters make travel decisions basd¢kenschedule for the whole day. Existing works
that seek to model daily travel decisions at a bottlenecHkimnited, and what studies exist rely on linking
the morning and evening commutes via work duration (Zharad.e2005) or parking availability (Zhang
et al., 2008) and consider only the use of cars. There is afoeedderstanding how commuters make daily
travel decisions with more general schedule preferenagsamsidering the role that mode choice plays in
the dynamics of daily travel choices.

The paper is organized as follows. Section 2 describes #reaggiilibrium for the morning and evening
peaks in isolation. First, the well known user equilibriuatution for the morning commute is reviewed
and extended to consider transit service with finite capa@ihen, the user equilibrium for the evening is
presented and shown to beftdrent from the result for the morning peak. Section 3 dessribe duality
of the system optimum for the isolated morning and evenirakge Finally, Section 4 presents the user
equilibrium findings for the combined morning and eveninghk=if only cars are used, followed by a
special case in which the combined user equilibrium can bayedentified when commuters are able to
choose between cars and transit.

2. Asymmetry of Morning and Evening User Equilibrium

The user equilibrium problem for the morning peak has bedensively studied following Vickrey
(1969). The morning commute at a bottleneck serving carsiandpacitated transit is presented in detail in
Gonzales and Daganzo (2012). In Section 2.1 of this papgrresent the morning user equilibrium solution
considering that transit may have a finite capacity. Wherrauastt is operated, the bottleneck carries only
cars, and the person-carrying capacityisWhen transit is operated, the person-carrying capacithef
bottleneck is the combined capacity for cars and transiicled) u,. If the transit service is provided with
a dedicated right of way, them, reflects the sum of the capacity of the lanes for cars and thsepger-
carrying capacity of the transit service. Then, in Secti@w@e present the user equilibrium for the evening
commute that occurs when commuters experience a schechaétybased on when they choose to leave
work and arrive at the same bottleneck in the evening. Binall Section 2.3 we discuss the benefit of
providing transit in the morning and evening peaks, as wetha éfect of transit's capacity constraint.
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2.1. Morning Peak with Finite Transit Capacity

Following the formulation of the morning bottleneck pratlén Vickrey (1969) and the extension to
two modes in Gonzales and Daganzo (2012), we consider agigpubfN commuters that wish to depart
a bottleneck in order to arrive at a destination on time. €wgshed times can be described by a cumulative
count of commuters that wish to depart the bottleneck by tiinethe morning Wiy (t). These commuters
are identical in their preferences except for their wishegadture time. Each commuter chooses when to
arrive at the bottleneck and which mode to use (car or tigimsiirder to minimize the generalized cost of
his or her own trip including queueing time and scheduleatémi. The resulting cumulative arrival curve,
Am(t), and departure curv®m(t), are the user equilibrium travel pattern for the morninmouute.

In order to provide simple closed form solutions, we will sa@ter the special case thal,(t) is Z-shaped
with slopeln, > uo,. We will also consider a bilinear schedule penalty suchd¢baimuters experience each
minute of early departure as<fe < 1 minutes of queueing time and each minute of late departuire-a0
minutes of queueing time.

The equilibrium arrival curve must have a slopi(t), that provides no incentive for a commuter to
reduce the generalized cost of his or her commute by choasiatiher arrival position. This slope depends
on the departure rate that each commuter experiences attttenieck. At equilibrium, an early commuter
choosing to depart later will reduce his or her schedule penalty éit. If the departure rate from the
bottleneck isu, then the queueing delay will increase hy — uAt/Ay(t), and at equilibrium this must
exactly equal the reduction in schedule penalty. A simitardition must hold for late commuters. Zhang
et al. (2010) extend Vickrey's equilibrium solution to cades bottlenecks with time-dependent capacity. In
the case of the morning commute with transit, the capacipedds on when transit service is operated, so
the slope of the equilibrium arrival curve follows a simifarm:

u/(1—¢e) if commuters are early, only cars are used
Uo/(1—¢€) if commuters are early, cars and transit are used
Uo/(1+ L) if commuters are late, cars and transit are used
u/(L+L) if commuters are late, only cars are used

An(t) = 1)

as illustrated in Figure 1.
If only cars are used, then the equilibrium takes the uniquafdentified in Smith (1984) and Daganzo
(1985), and the maximum delay is
NeL 2)
e+ 1)’ (

experienced by the single commuter who departs the botlenretime. However, if commuters are able to
choose an alternative transit service with generalizetmarauser for an uncongested tap > zc, whereze
is the generalized cost of an uncongested car trip, thesitnaill be competitive when the queueing delay
for cars reache®r = zr —z:. This definition of transit broadly represents many typesotiective passenger
transportation modes, such as carpool lanes, which inetbaspassenger capacity of the bottleneck while
imposing some fixed cost or penalty on users for the incomvea of using the higher-occupancy vehicle.
At the beginning and end of the rush, only cars are used whélédtal cost of a car commute including
gqueueing delay is less than that of a free-flow transit tripc&the car delay grows r = zr — zc, then
commuters become iniérent between transit and car, so both modes will be used.nWhe> uo, the
demand exceeds the combined capacity of the bottleneckfemd transit. Iy, < o, then all trips could
be served as they arrive (i.e., all trips would be servedme)ti and the delay for cars would hold steady at
T+, as shown in Gonzales and Daganzo (2012).
We consider the morning commute in three parts: commutéhgditeginning of the rush that only drive,
commuters in the middle of the rush that use cars and tramgltcommuters at the end of the rush that only
drive. For convenience, we use points labeled in Figure h watpital letters to denote important values.

Tmaxcar =

1In much of the bottleneck literature separate costffirients are considered for queueing tineg,schedule earlinesg, and
schedule latenesg, The definitions in this paper are equivalent watk 3/« andL = y/a.
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Fig. 1. User equilibrium arrival and departure curves fer thorning commute with cars and transit.

For exampleta is the time associated with point A, ahtlg = Na — Ng is the total number of commuters

to pass between points A and B.
Let the segmenAB denote the departures of early commuters atgatden the queueing delay is less

thanTt and transit is not yet used. At point B, the queueing delayisakto T+, so the number of early
drivers that travel before transit service begins is:

Nag = uTr/e. (3)

Likewise, the segmeE denotes the departures of late commuters agrateen the queuing delay is less
thanTy and transit is no longer used. The number of late driverstthagl after transit service ends is:

Noe = uTr/L. 4)
This leaves the remaining commuters to depart the bottleinethe middle of the rush at rajg, when the
queueing delay exceeds so transit is competitive and both modes are used simulteste®y subtracting
(3) and (4) from the total number of commuters and combingnms, the number of mid-rush travelers is:

_ /,[TT (eeL+ L) ' (5)

The equilibrium arrival curve must satisfy the requireggsfrom (1) and make the arrival and departure
curves starting at A to meet again at E as shown in Figure 1h W& early and late drivers accounted for,
the equilibrium arrival and departure curves in the middléhe rush become another bottleneck problem
whereNgp commuters experience queueing in additioM{o Even though some of the additional costs
experienced by transit riders are not in the form of travektjit is expressed graphically as such so that the
arrival and departure curves in Figure 1 account for all efdbsts experienced by the users. Following (2),
the maximum additional delay Sgpel/uo(e + L). So, substituting (5), the maximum total queueing delay

B B uTr(e+L) eL
Tmax= Tt + (N oL e+ L) (6)

Nep =N

IS:
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The solution determines the point C where the commuter vhighnhaximum queuing delay departs the
bottleneck on time.

The ratio of early and late commuters is the same when onyararused and when cars and transit are
used because of the required slopes of the arrival curvesifearly and late commuters. Following from
(3) and (4) this ratio is:

Nag _ Jec 2 @)

Noe Nep e
which is the same relationship identified in Vickrey (1969).

2.2. Evening Peak with Finite Transit Capacity

Usually the evening commute is assumed to be the mirror aintbiing commute. A couple of papers
have addressed the evening commute explicitly for a battleserving only cars (Fargier, 1981; DePalma
and Lindsey, 2002). We consider an evening commute proliiahig similar to Vickrey’s bottleneck model
for the morning commute except that commuters experienchedsile penalty associated with their choice
of arrival time at the bottleneck, which depends on when tepse to leave from work. For generality, the
evening bottleneck has a passenger capacityy when only cars are used apglwhen both cars and transit
use the bottleneck. These are not necessarily the sameit@pas in the morning. In order to provide
simple closed form solutions, we consider a case similanabaf Section 2.1 in whiclhN commuters wish
to travel past the bottleneck with a Z-shaped wished cifiét) that has slopge > (1 + €). Commuters
experience a cost for their trip associated with queuingydahd a schedule penalty for their choice of
arrival time at the bottleneck: earliness penadty> 0, and lateness penalty, ® L’ < 1. We will first
present the user equilibrium solution if only cars are used, then the solution is extended to consider a
bottleneck that can serve commuters at rétehen only cars are used and at rafevhen cars and transit
are used.

Since the schedule penalty is measured relative to theahmivve instead of the departure curve, the
equilibrium slopes must take afférent shape. As in the morning commute, the slope of theibguih
arrival curve Aq(t), must allow no commuter to reduce the cost of his or her oiprbly choosing another
travel time. At equilibrium, an early commuter choosing tawee At later will reduce his or her schedule
penalty byeAt. The queueing delay will increase By(t)At/u’ — At, and at equilibrium this must exactly
equal the reduction in schedule penalty. The slope of dxitilin arrival curve in the evening must satisfy:

W (1 +¢€) if commuters are early, only cars are used
uo(1+¢€) if commuters are early, cars and transit are used
uo(1—L’) if commuters are late, cars and transit are used
W (1-L") if commuters are late, only cars are used

Ae(t) = (8)

so that commuters have no incentive to choose another ldima The resulting equilibrium arrival and
departure curves are illustrated in Figure 2. Note thatéavening the on time commuter corresponds to
the point whereéAq(t) intersectaNe(t).

If the bottleneck is used only by cars, then the capacity throughout the rush and point$,&’, and
D’ are all at the same position. There is a unique starting pdiatich that following the equilibrium slopes
prescribed above, there will be a single pointhereAq(t), De(t), andWe(t) all meet again at the end of
the rush. As in the morning, the longest queuing tififg,, .o iS €xperienced by the on time commuter, and
the number of early and late commuters must satisfy:

T '1+¢€
Nyg = %() )
_ Tr’naxcar/ll(l -L)

Np e X

: (10)
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Fig. 2. User equilibrium arrival and departure curves fer éirening commute with cars and transit.

Clearly, there is an asymmetry between the morning and pgezimmutes, because the ratio of early and
late commuters does not equal that for the morning:

NA/B/ _ L/(1+e()
Noo el-L) (11)

The reason for the asymmetry is that earliness and latemesneasured relative to the departure curve
from the bottleneck in the morning and relative to the atreave at the bottleneck in the evening. This
difference changes the shape of the user equilibrium even if coensnare identical. This example shows
that the user equilibrium for the morning and evening conas@ixhibit specific intricacies that should be
studied as such.

The maximum queuing delay can be obtained by substitutingr{é (10) intoN = Nag + Np.g/, and
solving forT} ..car- The resulting cost is similar to the morning commute:

, NeL
maxear = 7y (12)

Although this means that the total cost of the morning anchiegecommutes are the sameeif= € and
L = L’, we might expect workers to commute to and from work shiftdhwgpecific start and end times.
Therefore, it is more reasonable to assume that € andL > L’. Note that if the lateness penalty
diminishes toward zero, the amount of queuing decreases@mnduters are more likely to stay late at
work or linger in the neighborhood in order to avoid the cdsjueuing.

Suppose that a transit service is operated that providdsottieneck with a combined capacity to serve
commuters at ratg;,. The transit service will be used when the queueing delagdms reache$r = zr —z¢
at which point transit becomes an attractive alternatiust ds in the morning commute, we consider the
evening commute in three parts: commuters are the begimditing rush that only drive, commuters in the
middle of the rush that use cars and transit, and commutéis &nd of the rush that only drive.

Let the segmenA'B’ denote the arrivals of early commuters at rat¢l + €) when the queueing delay
is less tharTr. Similarly, segmenD’E’ denotes the arrivals of late commuters at ratel — L’) when the
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queueing delay is also less th@n. The number of early and late commuters when cars are notissed
obtained by evaluating (9) fdia g and (10) forNpg with Tt in place of T/ 4o Then, by subtracting
these values from the total number of travelers, the numiramuters traveling in the middle of the rush
when both cars and transit are used is:
wTr(€ +L)
Noor = N - £-T2 ), (13)
Note that the expression ft\g o takes the same form as (5) fNgp.

Just as for the morning commute, the remaining equilibriuriva curve in the middle of the rush
becomes another bottleneck problem whidga,, commuters experience queueing in additiom{o The
arrival and departure curves in Figure 2 account for the erperienced by transit riders as well as car
commuters. Following (12), the maximum additional delaiNisy €L’ /u, (€ + L’). So, substituting (13),
the maximum total queueing delay in the evening is:

'Tr(e + L) eL
eL u(e + L)’
which is also the same form as (6) fBrax. This solution determines the position df& shown in Figure 2.

T =Tr+ (N _H (14)

2.3. Benefit of Transit Service

In the preceding sections, the user equilibrium solutianttie@ morning and evening commutes have
been presented when a bottleneck serves both cars and.t\esnow consider the total social benefit of
providing transit service during the peak and how this beisedifected by the capacity of the transit service.
The benefit of transit is the fierence between the total cost of the commute with no trandittze cost of
the same commute when a transit service is available forlpeorhoose. As in the previous section, we
consider wished curves in the morning and evening peak$i#hvat slopedy, > uo ande > ui(1+ €).

Considering the morning commute, (7) gives us that the nurobearly and late travelers is the same
whether or not transit service is provided. Therefore, thel social cost fon,, compared to the case if all
commuters share an identical wished departure time is ectiedun schedule penalty betwe®t) and
a vertical line through the critical departure time at C.rarthe geometry of the Z-shaped wished curve,
the reduced earliness costeiBJf\C/Z/lm, and the reduced lateness cosLMéE/Z/lm. Since this diference
is undfected by the provision of transit service as longlas> o, the benefit of providing a bottleneck
capacityu, with transit service may be evaluated for the simpler caaedth commuters wish to travel at
the same time.

If all commuters have the same wished departure time prederehen every commuter will experience
an identical cost in equilibrium. The total social cost o tmorning commute, not counting the cost of
a free flow car trip, is given b\ Traxcar When no transit is operated aiil,hax when transit is operated.
Substituting from (2) and (6), the benefit of providing triassrvice to make the bottleneck capagityis:

NZeL uTr(e+L) eL
B(,,O)_ﬂ(HL)_N(Tﬁ(N_ - )ﬂc,(e“))' (15)
If transit had no capacity constraint, and all passengeauildoe served at the rate they arrive, commuters
in the middle of the rush would depart the bottleneck at Rate The benefit of transit with unconstrained
capacity would be the same aguif = An, that is to say (15) is evaluated fB(A,).

It turns out that the benefit of constrained transit is alwayated to the benefit of unconstrained transit
by the following expression:

_1-p/pe
Bl = 4152 B (16)

which can be verified by compariri#(u,) andB(Am) using (15).

In the evening, transit has a very simildfegt as long ade > ug(1 + €). Using T} 4 cor from (12) and
Thax from (14) instead of the values from the morning commute etkgression foB(u,) takes the same
form except tha¥ replaces, L’ replaced., andle replacesty,. As aresult, (16) also applies to the evening
commute. This result is useful, because it means that weasily €alculate thefect of changing transit
capacity without having to resolve the entire user equtlior
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3. Symmetry of Morning and Evening System Optimum

Up to this point we have considered the user equilibriumliermorning and evening peaks and high-
lighted some of the asymmetries between the two peaks. Wauroveur attention to the system optimum.
The system optimal arrival and departure curves are thosghwihinimize the total social cost of the com-
mute assuming that people choose when to travel and whicle heagse for the common good.

Although the user equilibrium involves queueing any time demand exceeds the bottleneck capacity,
there should be no queueing in the system optimum becausgi¢hge can always be eliminated by forcing
the arrival curve to take the same value as the departure cukwvell known property of the morning
commute with a single mode is that the optimal fine toll is the which charges each departing vehicle an
equal value to the cost they would experience as queueiag dekquilibrium. As a result, the commuters
will exchange their queueing cost for toll cost and choosetive at the time when they are able to be served
(Vickrey, 1969). The system optimum solution for the mognpreak with cars and transit was extended in
Gonzales and Daganzo (2012), and the result is that thensygtBmum can take one of the three forms: all
trips served by car, all trips served by transit, or tripsssered by a mix of cars and transit where transit is
used in the middle of the rush period.

Whereas the user equilibrium solutions for the morning armhimg are not symmetric, as discussed in
the preceding section, there is a duality relation betwhersystem optimum in the morning and evening
peaks. In the morningVy(t) is the wished departures from the bottleneck, and in thaiegd,(t) is the
wished arrivals at the bottleneck. In the system optimunemfjueueing has been eliminated, the arrival
curve is the same as the departure curve, so the relatiohshieenV andD is the same in the morning
and evening. Therefore, the solution to the morning commsyggem optimum problem is also the solution
to the evening problem.

Since the system optimum fine toll for the morning commuténvaitsingle mode and with both cars
and transit have already been developed (Arnott et al., 188dzales and Daganzo, 2012), we will not
repeat the full solutions here. However, it is worth poigtout that there are some implications for pricing.
The optimal toll in the morning should increase at at mtehile commuters are early and decrease at rate
—L while commuters are late. This is the same as charging coaermitlite equivalent of the cost time they
would have spent queuing in equilibrium. In the evening,dp&mal toll should increase at ra¢ while
commuters are early and decrease at rdtewhile commuters are late. The evening toll is not the same
as the queueing delay that would have been experienced ilibeigm. The difference is due to the fact
that the schedule deviation in the evening is measured e#ipect to the arrival curve, and the arrival curve
keeps changing as the tolls change.

Another useful insight is that the optimal prices in the nmiogrand evening peaks can be used to elimi-
nate queueing in congested street networks. Gonzales ajahPa (2012) demonstrates that by eliminating
queueing in a network, optimal prices allow us to maintamhhicle flow in a street network at capacity
as if the street network had a fixed capacity like a bottlen&kpreventing gridlock conditions, optimal
pricing of street networks is even more beneficial than ogtipmicing at isolated bottlenecks. Since the
optimal prices in the evening commute have the saffgzeon eliminating queuing congestion, the optimal
evening tolls can also be implemented on congestable stetebrks.

4, User Equilibrium for the Combined Morning and Evening Commutes

Although isolated morning and evening rushes are intengsthur goal is to understand both peaks
together since this is how we believe people make daily trdeeisions. What little work exists on this
subject (Zhang et al., 2005, 2008) links the morning and iegecommutes via work duration and parking
availability. These assumptions are relaxed in this papardlude mode choice and more general linkages
for cases with identical commutes; i.e., with the same vdsirel schedule penalty functions. The linkages
are expressed by means of schedule pendlfds, ac) that are functions of two variables: a commuter’s
departure time from the bottleneck in the mornidg, and their arrival time to the bottleneck in the evening,
a.. We considefS functions that are positive definite, twiceff@rentiable function with partial derivatives
such tha¥S/ady, > -1, S/da. < 1, andd*S/ddmdae < 0. These conditions imply that earliness in the
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morning and lateness in the evening are less costly thareingedelay. A schedule penalty function may be
defined based on theftkrence between the time-dependent utility of being at wodkthe time-dependent
utility of being at home as described in Ettema and Timmesr(@003) and Zhang et al. (2005). In this
paper, the schedule penalty is the opportunity cost expdeissunits of equivalent queueing delay for a
commuter not being at his or her preferred location.

Proposition 1 (User Equilibrium for Cars in Combined Morning and Evenimgn@nutes) If S(dm, &) is a
positive definite, twice glerentiable function with partial derivatives such thig/ddy, > —1, S/dae < 1,
andd?S/ddmdae < 0, then a user equilibrium for a car-only bottleneck existstfie combined morning and
evening peaks in which the commuters depart and arrive irséinee first-in-first-out (FIFO) order in both
peaks.

Proof. We define the arrival times of commuters at the bottleneckémborning and evening ag,(m) and
a<(n), wherem andn are the arrival positions in morning and evening. For a bodtk with FIFO queue
discipline, the departure order is the same as the arrid@rpand the departure times at the bottleneck are
dm(m) andde(n).

The departure curves in the morning and evening are detechtim the arrival curves. The first vehicle
in each peak is served without delay because no queue hasdpsnd,(0) = an(0) andds(0) = a(0).
Since the bottleneck serves trips at capaeitjuring the morning peak and during the evening peak, the
departure curves are given by:

dm(M) = am(0) + m/u (17)
de(n) = @(0) + n/y’. (18)

Thus, an equilibrium with the same order in the morning arehew is completely defined by the arrival
curves. The generalized cost for a commuter in positinasdn is the sum of the schedule penalty and the
queuing time in each peak:

Z(m,n) = S (dn(m), ag(n)) + di(M) — am(m) + de(n) — ag(n). (19)

In order for the arrival curves to be an equilibrium of thipéyZ(m, n) must reach a global minimum with
respect tan whenm = n and with respect ta whenn = m; i.e., Z(m,n) > Z(n,n), Z(m, m). This is done
in two steps: (i) setting up the first order conditions andaghg that there is a unique set of arrival curves
that satisfy them; and (ii) verifying that the solution islatgal minimum.

The necessary first order conditions for the cost to reacblzagjminimum for a specific value ofiand
n are obtained by substituting (17) and (18) into (19):

0Z  0S ddn(m) 1 dan(m)

om~ 9dy dm u dm
0Z 0Sda(n) 1 dagn)

N da dn & dn

0 (20)

0. (21)

The equilibrium arrival times,, anda, must satisfy (20) and (21) for ath = n so that the same departure
order in the morning and evening yields the minimum geneedlicost to each commuter. Following from
(20) and (21) are a pair of coupled ordinarffeiential equations:

dan(n) _ 1(0S
in _/l(adm+1) (22)
dafn) __1(0S .\
=Y 23)
with mixed initialfinal conditions:
am(N) — am(0) = N/u (24)

ag(N) — ae(0) = N/4". (25)
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The unique solution of (22), (23), (24), and (25) identifies arrival curves. Note that they are increasing.

It remains to be shown th@{(m, n) > Z(n, n) andZ(m, m) for all m # n. The proof of both inequalities is
very similar and therefore only the first is given. Consider diference in generalized cost for a commuter
who arrives at position in the evening rush but at positiomin the morning rush compared to a commuter
who travels at position in both rushes. By substituting (17) and (18) into (19), eaihgZ(m, n) — Z(n, n),
and simplifying, this diference may be expressed as:

Z(m.n) = Z(n,n) = S (dm(M), a¢(n)) — S (dm(n). ae(N)) + 2 (m—n) — (@am(m) — am(n)). (26)

We will make use of two expressions to show t@émn, n) — Z(n,n) > 0. For simplicity of notation, we
use subscripte ande (in this proof only) to denote the partial derivatives®fvith respect to its first and
second arguments. Now consider the last term of (26), tiierdnce in morning arrival time, which can be
calculated using the fierential equation from (22) evaluated at the local minimum:

am(M) — am(n) = fm daé“rgx)dx: % fnmsm(am(0)+ l)—l(,ae(x))dx+ % (m-n). 27)

n

Now consider the first term of (26), which is:
Sdn(m. 1) - (e, 2() = = [ S [an(0) + . ) 28)
M In M

By substituting (27) and (28) into (26) and canceling terwes see that:

Zmn) - Z(n.n) = < f ; {sm (am(O) X ae(n)) — Sm (am(O) + X ae(x))} dx> 0. (29)
# Jn T T

The last inequality holds becauSg,e < 0, so thatSy, is non-increasing in its second argument. Thus,
Z(m,n) > Z(n, n) for all n.

Confirmation thaZ(m,n) > Z(m, m) follows a similar procedure. We begin by using (19) to easdu
Z(m, n) — Z(m, m):

Z(m.n) — Z(m,m) = S (dm(M), ae(n)) — S (dm(M), ae(m)) + ;1 (n—m) — (a(n) — ag(m).  (30)

The last term of (30) is the flerence in evening arrival time. It can be evaluated usingdifferential
equation from (23), which can be equivalently expressatbg®)/dn= 1/u’'(1 - Se), whereSe is evaluated
at the local minimum:

"dae( . 1 (" L
el = dx= o))
2e(N) - ae(m) fm dn u’fm 1-Se(am(0) + %, a(x)) " .

By expressing the first terms of (30) as integrals franto n and combining terms, these simplify to the
following expression:

n Sg 0 m’ n
S(e(m. () - S(c(m. au(m) + - (n-m) = = [ 0l0) ¢ 29) 2 | 10x
Iz K Jm 1-Se(an(0)+ D,ae(®) 4 Jm
1M 1
W fm 1- Se(am(0)+ 7 2e(X)

dx (32)
)

Note that the denominator is the result of substitutiod&j/dn = 1/u’(1 — Se). The evaluation of (30) is
equivalent to subtracting (31) from (32):

1M 1 1
_ _1 - dx= 0.
Amm-zmm =2 fm {1 — Se(am(0)+ T, (X)) 1 - Se(am(0)+ %, ae(X))} =0 (9
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The inequality holds becau$gn, < 0, s0S¢ is non-increasing in the first argument, and therefg(é 1 Se)
is also non-increasing. Th&m, n) > Z(m, m) is shown for allm as well. O

Proposition 1 proves the existence of a user equilibriumaféormulation based on a fairly general
schedule penalty functio®(dm, as). This includes separable penalty functions of the form)sS(dn, ac) =
Sm(dm) + Jae — dm] + Se(ae), and (i) S(dm, a) = Sc(ae — dm), Where theS functions of type described
in Proposition 1. Case (i) includes situations where mayrand evening decisions are decoupled. Case
(i) captures situations where users have the flexibilitatave early or late, subject to a fixed work-shift
durationa. — dy, = A. The proposition also applies to linear combinations o&(y (ii) and to piecewise
differentiable schedule penalty functions; e.g., whenSHanctions are bilinear, since as the reader can
verify, the proof holds verbatim for this case too. Sectioh @resents the closed form user equilibrium
solutions for two typical cases when tBdunctions are bilinear penalty.

4.1. Independent Morning and Evening Schedule Preferences

Consider a combined morning and evening commute in which aflentical commuters must pass a
bottleneck by car. The schedule penalty for each commutfdg, ac) = Sm(dm) + Se(ae), whereSy,(dm)
andSe(ae) are bilinear with earliness penalgyand€ and lateness penaltyandL’ as described in Sec-
tions 2.1 and 2.2. Proposition 1 gives us that for this scleeplenalty function there is a user equilibrium
with commuters traveling in the same order in both peaksréfbee, the user equilibrium for the morning
and evening peaks can be solved independently such thateawhuter chooses the same position in the
morning and evening.

The equilibrium arrival curves are based on the slopes af¢hedule penalty function for early and late
commuters. In the morning and evening, by evaluating (28)(28) with S as defined above, the slope of
the arrival curves with respect to queuing position must be:

dan(m) _ |3 (1-€) forearly commuters (34)
dm 2(1+1L) forlate commuters

dag(n) —ﬁ (—¢ —1)! for early commuters (35)
dn -1 (-1 forlate commuters’

By inverting each of these expressions, we get the samessfopthe cumulative arrival curves with respect
to time as derived for the isolated morning and evening péBkand (8).

The optimal prices that eliminate queueing for this combioemmute are the same as the solution for
the separate morning and evening commutes. These acheesggdtem optimum as presented in Section 3.
In general, the time dependent prices in the morning areheosame as those in the evening because they
depend on the values of earliness and lateness. Only in Heetlcate = € andL = L’ are the optimal tolls
exactly the same in both peaks.

4.2. Rigid Work Duration

Consider the sami identical commuters using a bottleneck in the morning armhieg with cars only.
Now suppose that their schedule preference is for a workatiigid durationA, but commuters have some
flexibility to choose when to work their shift, so they haverafprred start and end time that axéhours
apart. Then the schedule penalty takes the f8(dh,, ac) = Sm(dm) + Sc(@e — dm) + Se(ae) WhereS, = o
if as —dm < A, andS; = 0, otherwise. This function prohibits commuters from warka shorter shift. The
SmandSe functions are bilinear as defined above. The solution carelseldped for general cases with any
value ofe + €, u, andy’, e.g., using (20) and (21). Wher+ € < 1 andu < u/, a very simple solution
exists, which is presented here. These conditions are tadytanreasonable. They include the case that a
bottleneck has symmetric capacity in the morning and egraind the flexibility of work-shift scheduling
may allow commuters to experience a low earliness penalty.

In the morning rush, commuters cannot pass the bottleneakate greater than the capacijty, The
departure curve from the bottleneck in the morning deteesiithe time when each commuter arrives at
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work to start his or her shift. The work shifts end at a titmkater, and the commuters are able to leave work
in the evening and arrive at the bottleneck at the same reyedparted, sée(t) = . The rigid shift links
the morning and evening commutes so that there should bengestion at the bottleneck in the evening,
and thereforédg(t) = D¢(t). Any penalty associated with passing the bottleneck earlgte in the evening

is reflected in the travel decision in the morning. Thereftre problem simplifies to a morning commute
formulation with a schedule penalty functi®{d.,) that is bilinear with earliness penaley+ € < 1 and
lateness penalty + L’. Sincee+ € < 1, the simplified solution exists.

The user equilibrium solution is illustrated in Figure 3 iiah all queuing occurs in the morning
because the arrival curve in the morning determines not trdydeparture curve in the morning but also
both curvesin the evening. The user equilibrium cumulativival curve in the mornindin(t), and evening,
Ac(t), must satisfy:

for early commuters

(36)
for late commuters

, _r

An(t) = {“‘Z*g’

1+(L+L)

Aelt) = p. (37)

The bottleneck arrival curve in the evening must also stditree A after the morning departures, 8g(t) =
Dm(t — A).

# A

N We(0)

A1), D7)

1
Fig. 3. User equilibrium for the combined morning and evgriommutes with rigid work shifts of length.

The resulting queues can be eliminated making sure that @aoimuter pays the equivalent of their
gueuing cost as atoll. This toll could be administered ehtiwithin the morning when the user equilibrium
gueuing is experienced. However, the morning and eveningruates are intrinsically linked by the rigid
work shift, so the toll for each individual may be split betmethe morning and evening in any proportion
(e.g., half and half, or all in the evening), because eachheotar chooses only the morning arrival time in
response to the costs of the morning and evening commutes.

4.3. Fixed Wish Order with Cars and Transit

We finally consider a more general case of the combined mgrmaid evening commute in which the
wished bottleneck departure times in the morning and driives in the evening are in the same order but
may be distributed over time. Although restrictive, thi:iat entirely unrealistic because commuters who
want to start work earlier in the morning are more likely td g& work earlier in the evening. We consider
Z-shaped wish curves with slopl, in the morning andle in the evening. The bottleneck can serve cars
and transit as described in Section 2.1, and the schedusdtpéor each commuter is a separable function
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as described in Section 4.1. For simplicity, we present thelierium solution when the peaked demand
is high enough thaty, > o ande > ui(1 + €). The transit capacity is always proportionaltoso that
the total number of commuters traveling when both cars agnsit are used is the same in the morning
and evening. We also assume that commuters must use the sageeimthe morning and evening; i.e.,
people who drive in the morning must take their car home iretrening, and people who ride transit in the
morning must use transit to return home.

Just as for the single peak, the transit service is operaefix@ed headway, and theftirence between
the generalized cost of a one-way transit trip and a one-vemlow car trip isTt = zr — zz. Commuters
are assumed to choose the times when they travel and whethse tar or transit in order to minimize the
total generalized cost of their daily round trip includingegiing and schedule penalties. Therefore, transit
service will be competitive for all commuters that face a bomed morning and evening queueing time of
at least 7.

Figure 4 shows the cumulative wished, arrival, and departurves for the morning and evening user
equilibrium with cars and transit. The commuters that traegliest experience less cost than a free-flow
transit trip, so all travel by car. The slope of the equilitoni arrival curves in the morning and evening
must satisfy (1) and (8), and the bottleneck serves commataate: in the morning ang/’ in the evening
when only cars are used. The queuing delay at B, &gy commuters have traveled, i& = Nag€/y,
and the queue at’Bs T, = Nag€ /(1 + €). We want to identify the points B and’ Bit which transit
becomes competitive. Since the number of early car comsriehe morning and evening must be the
sameNag = Nag. The value oNag is the one that makes the combined queueing time in the ngpanid
evening add up to the cost of an uncongested transitTep, T, = 2Tt. By substitution, and solving for

Nag:

2T
Nag = ————. (38)
u T e

Note thatT. is not equal talr'; unlesse/u = € /i’ (1 + €). This asymmetry is due to the fact that a commuter
chooses to take transit based on the round trip cost, anchthisnean taking a more costly commute in one
rush in exchange for a less costly commute in another.
#
N

AL

1
Fig. 4. User equilibrium for the combined morning and evgrpeaks with cars and transit.

Similar logic as used to determiféyg can be used to identify how many commuters will travel late
and use only their cars. The laspe commuters, starting at point D, travel only by car as the qirau
time decreases and the transit is not competitive at the et wush. Following from the required slopes
of the equilibrium arrival curves in (1) and (8), the quewgdelay at D isT. = Npel/u, and at D is
T, = Npe L'/p'(1-L’). Just as for the early drivers, the number of late commurtaveling only by car in
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the morning and evening must match in order to conserve thedia@ars: Npe = Np/e'. The point D and
D’ where transit is no longer competitive is the point wherer T/ = 2T+. This corresponds to:

2Tt

L L
— + —_—
uo w(-L)

Noe = (39)

Note again thal is only equal tar| if L/u = L"/u’(1-L’). Furthermore, note that the queueing delay at the
start and end of transit use within morning and evening rsisieed not be equal (i.6e # Ty, T # T/). In
fact, the queue length at the start and end of transit usdyieqguivalentifeu’ (1+€)/€u = Ly’ (1-L")/L'u.
As a result, the ratios of early and late commuters derivethi®@isolated morning commute in (7) and for
the isolated evening commute in (11) no longer hold.

The remaining commuters that travel in the middle of the nusist also be the same in number in the
morning and evening:

Nep = Ne'or = N — Nag — NpE. (40)

These commuters travel by car and transit, and the bottkeserwves them at rage, in the morning ang,

in the evening. The slope of the equilibrium arrival curvesthese commuters must also satisfy (1) and (8).
The number of early and late commuters in this middle perfati® rush are determined by these slopes.
Figure 5 shows how the delays relate to queueing positidmamtorning and evening rushes based on these
arrival slopes. In the figure, the on time commuter in the rimgis at a later position than the on time
commuter in the evening. However, this is a consequencesaktative penalties for earliness and lateness
that are chosen for the figure, and this result could be sedtetith another schedule penalty function.

Delay A
(hrs)
| —L
e l Ho
Ho !
|
1 : :
! : l L
e ! 1 | U
H : ]"g i Tmax i TL
| | |
(@) / ; | | 4
Nys Nzc Nep Npg N
Delay
(hrs) &
e' T
Ho ’(1 +€’) ! —_—
l U (1-L")
‘ |
e’ : : '
! L
(1+e ! ! ;
Y 7 T NG
: | T
l ! l
® ¥ ; é 4 4
NA'B' NB'C' NC'D' ND'E' N

Fig. 5. Queueing delay in (a) the morning peak and (b) theirggueak for the combined user equilibrium with cars andditan



E.J. Gonzales and C.F. DaganzBrocedia Social and Behavioral Sciences 00 (2013) 1-17 15

It follows from the slopes of the arrival curves as illust@in Figures 5a and b that the number of early
commutersNgc, and the number of late commuteMgp, in the middle of the morning rush must satisfy
the following:

Tmax = Te + Nac€/to = TL + Nepl/uo (41)
N = NAB + NBC + NCD + NDE- (42)

The equilibrium values oNgc andNgp are the solution to this system of equations. Likewise, timalmer
of early and late commuters in the middle of the evening righy andNc p/, must satisfy the following:

Thax=Te+ Nec€/ui(l+€)=T + Nep L' /ui(1-L") (43)
N = NA’B’ + NB’C’ + NC’D’ + ND’E’- (44)

Note that due to the asymmetry of the schedule penaltiesimibrning and evening, the number of early
and late commuters in the middle period of the rush are nasserily equal. The critical commuter who
travels on time in the morning will be the same as the criticahmuter traveling on time in the evening if
e/u=€/y(l+€)andL/u=L"/p(1-L").

We have shown the user equilibrium travel pattern for thelwoed morning and evening commutes with
cars and transit by specifying the slopes of the arrival esiim each peak and the number of commuters
early by car only, late by car only, and in the middle by car &adsit. We now turn our attention to the
number of commuters choosing to use transit in the combinethwute. We compare this number with the
number of transit users that would be expected in an isolaighing or evening commute if we had not
considered the cost of the commutes together.

Proposition 2 (Transit Use in the Combined Commutdj commuters travel in combined morning and
evening commute with common wished order, then there asmsat &s many transit riders in the combined
user equilibrium as there are in the isolated morning andhévg commutes together.

Proof. The bottleneck is assumed to be fully utilized at capagitin the middle of the morning rush and
w5 in the middle of the evening rush. The transit capacity, Whscassumed to be a fixed proportion of this
combined capacity, must be fully utilized. The number ohsiariders iSNt = Npput /1o = Nepus /1o,
and since the capacity is not changing during this middl¢ pfthe rush,Ny is always proportional to
Ngp. Therefore, a comparison of the valued\gf; for the isolated and combined commutes iffisient to
compare the number of transit users.

We compare the number of mid-rush commuters from the isblaterning and evening together as
calculated with twice the number of mid-rush commutersudated for one direction of the combined user
equilibrium. The number of commuters for the combined dlgriilm must be doubled becaudgp =
Ngp'. The following expression is equivalent to the statemerihefproposition:

T T T/ (1 T/ (1-L 2T 2T
(N—ﬂ—%ﬂ)+(N— T“(e,’Lé)— T”(L, ))SZ{N—e AL L1 o (45)
e IR =) R = )

where the left side is the sum from the isolated peaks, fromas (13), and the right side is the twice
the value ofNgp for the combined peak, from (40). We will verify that (45) isi¢, thereby proving the

proposition.

By subtracting &l from each side and dividing by, (45) simplifies to:
E+‘f+ﬂ(1e/+e()+ﬂ(1|;|_)2e 4g + T 4L, (46)
€ ptrme  utwam

The inequality in (46) holds if we consider only the termshagtande’ or only the terms with. andL’:
‘—‘+“(1;e/)ze all 47)
€ u T e
%+“(1"‘)> 4 (48)

L’ =~ L L
H + w(1-r)
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Multiplying the first expression bgﬁ(f + #,(ig)) and the second expressioan;&',(lLiL,)(l% + #,(lLiL,)),
then subtracting the right hand smfle from the left and sifyiplg, (47) and (48) become
e e 2
= | >0 49
(u W+ e’)) (49)
L I\
——————| >0. (50)
(u w(l- L’))
These expressions are true for any value,@, L, andL’, so this verifies the statement of the proposition.

O

5. Conclusion

This paper has presented the user equilibrium for the mgroemmute with cars and transit with a
capacity constraint in which commuters wish to depart aléwdck to get to a destination on time. The
reverse problem for the evening commute has also been peesenvhich commuters wish to leave their
origin and arrive at a bottleneck on time. It has been shownttie user equilibrium arrival curve in the
evening is not simply the reverse of the user equilibriunivafrcurve in the morning. This asymmetry
occurs because schedule deviation in the morning is tierdhce between the departure curve and the
wished curve whereas schedule deviation in the eveningidifference between the arrival curve and the
wished curve.

Despite the asymmetry, the morning and evening user equilibdo share some commonalities. The
maximum queuing delay experienced by the on time traveléhénmiddle of the rush shares the same
relation to the earliness and lateness penalties in theimgpemd evening rush as shown by the similarity
of (6) and (14). The provision of competitive public trarsiso provides a benefit by reducing the total
delay and schedule penalty in both peaks. The benefit ofitiangduced as the combined car and transit
capacityu,, becomes more constrained. In both the morning and evethi@@enefit of providing capacity-
constrained transit service is €lu/u.)/(1 — 1/ ) times the benefit of providing a transit service with no
capacity constraint.

The system optimum in the morning and evening are symmdidcause without wasteful queuing
delay, the arrival curve and departure are the same andltiedgie penalty in the morning and evening can
be accounted for as thefférence between the departure curve and wished curve. Ehik igimportant,
because it means that the system optimal tolls for the egazommute should not equal the cost of user
equilibrium queueing as is commonly known for the morninghoaute.

The results of the analysis have also been extended to esrtbid combined morning and evening
commutes. In the case that all commuters share identiclledismes in the morning and evening and
the schedule penalty is a function of the morning departateevening arrival times with the properties
described in Proposition 1, a user equilibrium has been shovexist in which commuters travel in the
same order in both peaks. The results are used to show th@sslior two special cases of interest: (i) the
morning and evening commutes are independent, so each pediecsolved in isolation, and (i) workers
must work a rigid shift of lengtiA but may choose when to start and end, so the two peaks collapsz
single morning commute problem.

Finally, the paper presents the user equilibrium for a spezise of the combined commute with cars
and transit in which commuters have the same wished ordbeimbrning and evening. When commuters
are constrained to use the same mode in the morning and gy#iméty make their travel decisions based on
the combined cost that they will experience in the morning evening peaks. The queueing delay when
transit is first used may not equal the queuing delay whesitrerlast used, because commuters make their
travel decisions in the face of the combined cost of the nmgrand evening commutes. One insight is that
when the combined morning and evening peaks are considenesittridership is at least as great as the
sum of morning and evening riders that would be estimatedbgidering the morning and evening peaks
in isolation.
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The results of this paper highlight theflidirences between the morning and evening commute, and the
effect of considering the equilibrium with both peaks togetfére diferent characteristics of the morning
and evening peaks make it necessary to treat them explicébause the equilibrium in the evening is not
generally the same equilibrium in a morning commute. Furttege, insights from the consideration of
transit service and transit capacity are useful for plagiiansit services and understanding the factors that
affect mode choice and the temporal distribution of demand.
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