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Abstract. This paper provides a new algorithm for testing membership
to maximal consistent extensions of information systems. A maximal
consistent extension of a given information system includes all objects
corresponding to known attribute values which are consistent with all
true and realizable rules extracted from the original information system.
An algorithm presented here does not involve computing any rules, and
has polynomial time complexity. This algorithm is based on a simpler
criterion for membership testing than the algorithm described in [4].
The criterion under consideration is convenient for theoretical analysis
of maximal consistent extensions of information systems.
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1 Introduction

Information systems can be used to represent knowledge about the behavior of
concurrent systems. The idea of a concurrent system representation by infor-
mation systems is due to Zdzis�law Pawlak [3]. In this approach, an information
system represented by a data table encodes the knowledge about global states of
a given concurrent system. Columns of the table are labeled with names of at-
tributes (interpreted as local processes of a given concurrent system). Each row
labeled with an object (interpreted as a global state of a given concurrent system)
includes a record of attribute values (interpreted as states of local processes).
We assume that a given data table includes only a part of possible global
states of a concurrent system, i.e., only those which have been observed by us
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so far. In other words, it contains partial knowledge about a possible system
behavior. Such an approach is called the Open World Assumption. This par-
tial knowledge encoded in a data table can be represented by means of rules
which can be extracted from the data table. Such knowledge is sufficient to
construct a system model of the high quality. The remaining knowledge can be
discovered from the constructed model. New knowledge derived from the model
encompasses new global states of the system which have not been observed be-
fore. Such new states are consistent with the knowledge expressed by the rules
extracted from the given data table.

The above approach has been motivation for introducing a notion of consistent
extensions of information systems in [5]. A given information system S defines an
extension S′ of S created by adding to S all new objects including combinations
of only known attribute-value pairs, i.e., those pairs which have occurred in S.
Among all extensions of a given information system S, the so-called consistent
extensions of S play a significant role. A consistent extension S′ of S includes
only objects, which satisfy all rules true and realizable in S. If the consistent
extension S′ with the above property is the largest extension of S (with respect
to the number of objects) then S′ is called a maximal consistent extension of S.

If an information system S describes a concurrent system, the maximal con-
sistent extension of S represents the largest set of global states of the concurrent
system consistent with all rules true and realizable in S. This set may include
new global states not observed until now. It is – in a certain sense – new knowl-
edge about the concurrent system behavior described by S which is discovered
by us.

A crucial problem concerning maximal consistent extensions of information
systems is computing such extensions. This problem has been considered in the
literature, among others, in [4], [7] and [8]. In [1], [5], [6] some approaches have
been presented, where maximal consistent extensions are generated by classical
Petri net or colored Petri net models built on the basis of information systems
describing concurrent systems. Majority of methods for determining maximal
consistent extensions of information systems presented until now in the literature
(with the exception of [4]) requires computing all minimal rules (or only a part
of them) true and realizable in information systems. Such algorithms character-
ize exponential complexity. Therefore, elaborating efficient methods became an
important research problem. In this paper, some theoretical background for the
method of computing maximal consistent extensions of information systems not
involving computing any rules in information systems is presented. The method
considered in this paper is slightly different from the one considered in [4]. Our
method is based on a simpler criterion than the method presented in [4] and is
more appropriate for theoretical analysis.

The remaining part of the paper is organized as follows. Main notions are
presented in Section 2. Section 3 describes a new algorithm for testing member-
ship to maximal consistent extensions of information systems. Finally, Section 4
consists of some conclusions.
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2 Main Notions

Let S = (U, A) be an information system [2] where U is a finite set of objects
and A is a set of attributes (functions defined on U). For any a ∈ A, by Va we
denote the set {a(u) : u ∈ U} and we assume that |Va| ≥ 2.

We define an information system S∗ = (U∗, A∗), where U∗ is equal to the
Cartesian product ×a∈AVa and A∗ = {a∗ : a ∈ A}, where a∗(f) = f(a) for
f ∈ ×a∈AVa.

Assuming that for any u, u′ ∈ U if u �= u′ then InfA(u) �= InfA(u′), where
InfA(u) = {(a, a(u)) : a ∈ A} we can identify any object u ∈ U with the object
InfA(u) ∈ U∗ and any attribute a ∈ A with the attribute a∗ ∈ A∗ defined by
a∗(InfA(u)) = a(u). Hence, the information system S = (U, A) can be treated
as a subsystem of the information system S∗ = (U∗, A∗). In the sequel we write
a instead a∗.

For any information system S = (U, A) it is defined the set of boolean com-
binations of descriptors over S [2]. Any descriptor over S is an expression a = v
where a ∈ A and v ∈ Va. Boolean combinations of descriptors are defined from
descriptors using propositional connectives. For any boolean combination of de-
scriptors α it is defined its semantics, i.e., the set ‖α‖S ⊆ U consisting of all
objects satisfying α [2]. For example, if α is a formula

∧
a∈B(a = va), where

B ⊆ A, a ∈ B, and va ∈ Va then ‖α‖S = {u ∈ U : a(u) = va for any a ∈ B}.
A rule r (over S) is any expression of the form

∧

a∈B

(a = va) −→ a′ = va′ , (1)

where B ⊆ A, va ∈ Va for a ∈ B, a′ ∈ A, and va′ ∈ Va′ .
The rule r (see (1)) is true for u ∈ U∗ if for some a ∈ B we have a(u) �= va

or a′(u) = va′ . The rule r (see (1)) is S-true if ‖
∧

a∈B(a = va)‖S ⊆ ‖a′ = va′‖S

and it is S-realizable if ‖
∧

a∈B(a = va)‖S ∩ ‖a′ = va′‖S �= ∅.
The set of all S-true and S-realizable rules is denoted by Rule(S).
Now, we can introduce the main concept of this paper, i.e., the maximal

extension of S. The maximal extension of S, in symbols Ext(S), is defined by

Ext(S) = {u ∈ U∗ : any rule from Rule(S) is true in u}. (2)

Let us consider an information system S = (U, A) and u, u′ ∈ U . The set of
attributes on which u, u′ are indiscernible in S is defined by

INDA(u, u′) = {a ∈ A : a(u) = a(u′)}. (3)

Such a set INDA(u, u′) defines a pattern, i.e., the following boolean combination
of descriptors over S:

TA(u, u′) =
∧

a∈INDA(u,u′)

(a = a(u)). (4)
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Now, for a given information system S and any u∗ ∈ U∗ \ U we define an
important for our considerations family of sets F(u∗, S) by

F(u∗, S) = {a(‖TA(u, u∗)‖S) : a ∈ A \ INDA(u, u∗) & u ∈ U}, (5)

where a(‖TA(u, u∗)‖S) = {a(x) : x ∈ ‖TA(u, u∗)‖S}, i.e., a(‖TA(u, u∗)‖S) is the
image under a of the set ‖TA(u, u∗)‖S .

3 Testing Membership to Ext(S)

In [4] a polynomial algorithm has been considered, which for a given informa-
tion system S = (U, A) and a given object u from U∗ \ U recognizes whether
this object belongs to Ext(S) or not. This algorithm is based on a criterion of
membership to maximal consistent extension of information system which uses
comparison of sets of reducts of a special kind (reducts related to a fixed object
and attribute) to a given set of objects and to its one-element extension.

We consider the following problem:

Membership Problem (MP)

INPUT: S = (U, A) and u∗ ∈ U∗ − U
OUTPUT: 1 if u∗ ∈ Ext(S)

0 if u∗ /∈ Ext(S).

We now present a polynomial algorithm A for solving the MP problem. Our
algorithm is based on a simpler criterion than that presented in [4].

Algorithm A

for all u ∈ U
for all a ∈ A \ INDA(u, u∗)

begin
compute a(‖TA(u, u∗)‖S);
if |a(‖TA(u, u∗)‖S)| = 1 then

begin
return(0);
Stop

end
end

return(1)

The correctness of the algorithm A follows from the following proposition:

Proposition 1. Let S = (U, A) be an information system and let u∗ ∈ U∗ \ U .
Then the following conditions are equivalent:

(i) u∗ /∈ Ext(S),
(ii) there exists X ∈ F(u∗, S) such that |X | = 1.



On Testing Membership to Maximal Consistent Extensions 89

Proof.
(ii) ⇒ (i)

Let us assume that for some one element set X we have X ∈ F(u∗, S). Then
the following equality holds: X = a(‖TA(u, u∗)‖S) for some a ∈ A\INDA(u, u∗)
and u ∈ U . Hence, the rule r defined by

TA(u, u∗) −→ a = a(u)

is S-true, because |X | = 1. We also have a(u) �= a(u∗) because a /∈ INDA(u, u∗).
Hence, r is not true for u∗, so u∗ /∈ Ext(S).
(i) ⇒ (ii)

Let us assume u∗ /∈ Ext(S). It means that there exists a rule r of the form
α −→ a = v, where α is a boolean combination of descriptors over S, which is
not true for u∗ but is S-true and S-realizable. Hence, u∗ ∈ ‖α‖S∗ and a(u∗) �=
v. The rule r is S-realizable. Hence, for some u ∈ U we have u ∈ ‖α‖S and
a(u) = v. From the definition of TA(u, u∗) we obtain that TA(u, u∗) consists of
all descriptors from α. Hence, ‖TA(u, u∗)‖S ⊆ ‖α‖S and in S is true the following
rule:

TA(u, u∗) −→ a = a(u).

Let us now consider the set a(‖TA(u, u∗)‖S). Since ‖TA(u, u∗)‖S ⊆ ‖α‖S and
|a(‖α‖S)| = 1 we also have |a(‖TA(u, u∗)‖S)| = 1. The last equality follows from
the fact that |a(‖TA(u, u∗)‖S)| ≥ 1 if the set ‖TA(u, u∗)‖S is non-empty.

Let us consider an example.

Example 1. Let S = (U, A), A = {a1, a2} and U = {(0, 1), (1, 0), (0, 2), (2, 0)}.
The application of the considered algorithm to each object u from {0, 1, 2}2 \ U
allows to find the set Ext(S) which is equal to {(0, 1), (1, 0), (0, 2), (2, 0), (0, 0)}.

4 Conclusions

In this paper, a new method for testing membership to maximal consistent ex-
tensions of information systems is proposed. This method significantly differs
from the majority of methods presented in the literature, as it does not involve
computing any rules. Moreover, the presented method is useful for theoretical
analysis of maximal consistent extensions of information systems.

We also plan to extend the presented approach to the case of nondeterministic
or probabilistic rules used in the definition of the extension of a given information
system. Moreover, filtration methods can be used for selecting relevant rules in
constructing models, analogously to methods used for constructing of rule based
classifiers.

One of the problem we would like to study is a decision problem for checking
if a given information system has consistent extension consisting of at least k
new states, where k is a given positive integer.
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