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Abstract: The homotopy analysis method is used to obtain semi-anagiutions for the mathematical model describing a solid
tumor growth in the initial a vascular stage of growth. Dgraavascular tumor growth, the balance between cell pralifen and cell
loss determines whether the colony expands or progressodtis bn the chemical inhibition of mitosis within multicepiheroids. The
main assumption of modeling the diffusion of a growth intdby factor (GIF) within a multicell spheroid and its podsileffects on
cell mitosis and proliferation.
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1 Introduction engineering by many authors, se#&]([13], [14], and the

references cited therein). The aim in this work is to
employ HAM for establish an infinite series solutions for
the mathematical model describing a solid tumor growth

Mathematical model for a vascular tumor growth and in the initial a vascular stage, for more details on the

g HAM method for linear and nonlinear differential
development that spans three distinc scales; cellulal,leve .
subcellular level, extracellular level, for more detaiées equations, seelfll-{12), [15, ([27]-[28]), and the
([1[4]). Although, almost all studies reach similar references cited therein. We can pointed out here that ,

conclusions that a vascular tumor can only grow up to aHA'vI contains the auxiliary parametér which provides

limited size, the saturation mechanisms that are assured s with a S|mple way 1o adjust and control the

different models are not same5[[6]), depending on ~ CONVETgeNce region of solution serieg], moreover, the

nutrients concentration tumor cells are supposed to be irﬁpmgx'rm?}f rsgluntmns_czan be obtained using a few

one of the three stages; proliferating, resting or dead. umber of iterations g7]-[28]).

While the tumor expands, the nutrient concentration at the

center falls below critical level. The cell proliferatioate

will be decrease which causes a slow growth rate. .

Eventually, these interior cells can die off, creating what2 Basic idea of HAM

is known as a necrotic core. Although a significant

progress in modeling tumor has been achieved by now. . . : . .

most of these models are based on numerical approacﬁ;onmderthe following general differential equation:

Hence, an approach other than numerical approach such

as semi-exact solutions is needed F(u(t)) =0, 1)
Recently, some principles of the physics and It is

known that approximate analytical method such aswhere F is a nonlinear operatom(t) is an unknown

Homotopy Analysis Method(HAM) which advised by function.For simplicity, we ignore all boundary and initia

Shi-Jun Liao in (15-[18]) has been successfully applied conditions, which can be treated in the similar ways in

to solve many types of nonlinear problems in science and12], [15], [17].

A vahcular tumor growth models studied extensively in
the last three decade, see for examplé], ([7], [8]).
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2.1 Zeroth-order deformation equation 3 Math

We form

Liao ([15-[18]), constructed the so-called zeroth-order describe

deformation equation
(1-gL[@(t;q) — ()] = ahF[@(t )],  (2)

wherelL is an auxiliary linear operatoug(t) is an initial
guess,h is an auxiliary parameter ang € [0,1] is the
embedding parameter. Obviously, wher- 0 andq = 1,
it holds, respectively

It can be

inhibitor

@(t;0) = up(t), ?(t;1) = u(t). 3)

function
Thus, asq increasing from 0 to 1, the solutio®(t;q)
various fromup(t) to u(t). Expanding®(t;q) in Taylor
series with respect to the embedding paramgtene has

second).

ematical formulation

ulate this model in mathematical equation which
the diffusion, production and degradation of the

growth inhibitory factor GIF (§], [ 7]) within the spheroid,

written as,

oC

T DO?C+ f(C)+AS(r)

(11)

whereC = C(r,t) is the concentration of GIF within
the spheroid occupying the regioR® and A is the

production rate (molecules per unit volume per
Shymko and Glas2Z, and Adam P] use the
f(C) = —yC, wherey is the depletion rate or

decay constant, various forms for the source func8omn
have been used. In the original model #2], the GIF is
assumed to be produced at a constant rate throughout the

tissue, yielding the uniform source functiaf[

r2

®(t;q) = uo(t +zum : (4) 1-5 0<r<R
= R2’ = = 12
Sr) 0, r>R. (12)
where Then the model will be,
_10Mo(t;q)
Um(®) = 1 oqm ‘q:o' ©) (;—(t: =DO’C—yC+AS(r), reQ, (13)
Assume that the auxiliary linear operator, the initial gues
and the auxiliary parametédr are selected such that the aCc 0 F—0 (14)
series §) is convergentafj = 1, then afg = 1 and by 20), or ’ 7
the series4) becomes oC
- D(r )WJFPC 0 on 0Q, P >0, (15)
D+ Un(t) (6)
m=1 C(r,0) =0, reQ. (16)
Initially, we assume that production of GIF is via the
. . . uniform source function S(r). Considering the spherical
2.2 The mth-order deformation equation geometry described in the introduction and assuming
radial symmetry, the above system reduces to
Define the vector ) ) )
cC 1 2D C
== A <R, (17
Un(t) = [Uo(t), U (1), ... Un(t)]- @) ot " rar D) yeHASn, =R (AN
Differentiating equation) m times with respect to the aCc 0 F—0 (18)
embedding parametey;, then settingg = 0 and dividing or o
them bym!, finally using 6), we have the so-calleqfth-
order deformation equations D(r )f?_(r: +PC=0 on r=R P>0, (19)
L{um(t) — dmum—1(t)] = hOm(Um-1), 8
[Um(t) — OmUm-1(t)] m(Um-1) (8) C(r.0) =0, R (20)
where Before continuing with an analysis of the above system, it
1 is appropriate to recast them in terms of dimensionless
Oim(Um_1) = 1 JdMFle(t;q) (9)  Variables. Denoting bR andt, the radius of the spheroid
m (m—1)! ogm-1 q=0’ GIF concentration and as reference time. The system now
becomes, upon dropping the tildes for notational
and convenience,
0 m<1;
6m={ ’ 21 (10) oC 19 ac
1, m> 1. == 2pZ2) _ B3 B%(1—r? <R
gt ~rzgr! D) TBCTaEor). r<R
(21)
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ac

=0 r—0, (22)

oC
D(r)E+PC:O on r=R P> 0, (23)
C(r,0)=0, r=rR, (24
whereB =kR, k2 = §,a= % andn = VDTM. With this

non-dimensionlisation, we see that once the parameters

Obviously whem = 0 andq = 1, we obtain
¢(X,t,0) ZUO(th)a ¢(X7t!1) ZU(X,t).

Therefore, as the embedding parameajeincreases
from O to 1,¢(x,t;q) varies from the initial guessy(x,t)
to the solutionu(x,t). Expanding ¢(x,t;q) in Taylor
series with respect tg

for a particular spheroid are determined, the onlywhere

undetermined parameter is the radRisthe solutions to

the above equation can therefore be monitored for

different size of spheroid® Letr = x and using the
transformation

u(x,t) = xC(x,t). (25)
Then,
au [
& = C+X&,
J02u oC 9°C
e~ Zax P¥ae (26)
ou_ oc
ot Tox’
Substitute 25)-(26) into(21), we claim
du _du _, ) )
E_DW_B u+aBx(1—x9), (27)

subject to the initial conditions(x,0) = 0.

4 Method of solution

POctq) =k + Y qun(ct),  (32)
m=1
) = o O (33)

Now, we define the vectau(x,t) = [ug(X,t),us(X,t),...].
Thenth-order deformation equation is

L[Um(Xt) = Omtm-1(%,t)] = ARn(Tm-1),  (34)
with initial conditionsum(x, 0) = 0, where
~ Oup-1(xt) 0%Um_1(X,1)
Rn(Um-1) = —5——~—D—7 (35)
+ B2Um_1(x,t) —aB?x(1—x?). (36)

Now, the solution of thenth-order deformation equation
becomes

t
Un(%,t) = Gnlm_1(x,t) + /0 Ro(TUm 1)dt,  (37)
then the approximate solution will take the following

u(x,t) = up(X,t) +ug(x,t) +... (38)

In this section, we apply HAM to obtain the approximate 2 EXistence and Convergence of HAM

solution to the problem of vascular tumor growth.
Consider above eg27).

ou Ddzu

—— =D-— —B%u+aB*(1-x°
o + ( );

X2
with initial conditionsu(x,0) = 0. By means of homotopy
analysis method we choose the linear operator

9¢(x,t;q)

Tt
where the operatdrsatisfies the relatiobc] = 0 for some

arbitrary constant also we define the non-linear operator
as

L[¢(x.t;0)] (28)

. 2 .
N@(x ) = 200t po e ietid 29)
+ B?¢(x,t;q) — aB>(1 — x?), (30)

we can construct the zeroth-order deformation

equation in the form

(1—a)L[p(xt;q) — uo(X,t)] = ghN($(x,t;q)).  (31)

To investigate the influence afon the convergence of the
solution series given by HAM, we first plot the so-called
h-curve ofu(x,t). According to theh-curve, it is easy to
discover the valid region di at —1.5 < h < 2 (see figure
1).

We use four terms in evaluating the approximate
solution,

Ug(x,t) = aB?Ax(1—x)t, (39)

ur(x,t) = —aB?h?x(3D + 872(1—x2))t2— (1—x)t, (40)

2

uz(x,t) = aB*R*x(2D + % (1—x2)t3, (41)
BS B2
uz(x,t) = —aZﬁ4(3D+€(1—x2))t4. (42)

It is noted that our approximate solutions converge at
(-2 < h < 2) see figure 1. Figures 2 and 3 show the
results for HAM for various values of R, which show the
development of a spheroid from its early stages of growth
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o . ‘ . ‘ . to its diffusion - limited size of a stable radius o20cm.
Our results in agreement with/][ where the threshold
value for the GIF concentration i€ = 1. Thus if the
concentration of GIF is greater than 1 in any region
within the spheroid, then mitosis will be inhibited
(necrotic core) to be distinguished. Fig 1 shows that the
model predicts that the onset of necrosis occurs in the
center of spheroids ar€( 1 atr = 0).

ulxt)

6 Conclusions

2 = E w‘ 2 E In this work, HAM is adapted to obtain series solutions
with a high degree of accuracy for the nonlinear
N B B B _ mathematical model describing a solid tumor growth in
Fig- 1. hrcurve of CELF at = 10,a=76.764,D = 5x 107, the initial a vascular stage of growth. No discretizations,
R=0.02,y=5x10"". . T . -~
linearization , small perturbations or restrictive
assumption are needed when we apply this method.
It may be concluded that this methodology is very
powerful and efficient technique in finding semi-exact

® solutions for wide classes of problems. It is also worth
1l //A\\\ ! noting to point out that the advantage of this methodology
2 / ] shows a fast convergence of the solutions by means of the
| ] auxiliary parameteh. We can conclude that HAM is easy

to apply for both linear or nonlinear differential systems.

uid)
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