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Abstract

We introduce the GH}, integral for functions defined on (possibly) un-
bounded subintervals of the extended real line and with values in metric
semigroups. Basic properties and convergence theorems for this integral
are deduced.

AMS (MOS) Subject Classification: 28B15, 46G10.

Key words: Metric semigroups, G Hy, integral, convergence theorems.


https://core.ac.uk/display/357248486?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

40 A. Boccuto, D. Candeloro and A. R. Sambucini

1 Introduction.

Stieltjes-type integrals are widely studied in the literature: for example, mean-
ingful results can be found in [8, 9, 10, 23]. In particular, in [13, 14, 15] and
in a more abstract setting in [8, 9], an integral (GH), integral) for real-valued
functions defined in a compact subinterval of the real line has been investi-
gated, which generalizes the integral studied by S. Schwabik in [24]: the latter
includes also the classical Kurzweil-Henstock and Henstock-Stieltjes integrals.
Some examples of other particular cases of the GHj, integral are illustrated in
8, 9].

In this paper we extend the GHj, integral to the case of metric semigroup-
valued functions, defined on (possibly) unbounded subintervals of the extended
real line, and we prove some convergence theorems. Similar results were proved
in [5] in the context of the Kurzweil-Henstock integral, for which the GHj
integral is substantially a particular case; moreover, in this paper we prove also
an extension Cauchy-type theorem.

For a literature existing on the Kurzweil-Henstock integral in the context of
metric semigroups, we refer to [5, 16, 26] and their bibliography, while for Riesz-
space valued functions we recall [1, 2, 3, 4, 17, 18, 19, 20, 21, 22]. A particular
example of metric semigroup is the set L(R) of fuzzy numbers (see also Section
2 and [5]).

2 Metric semigroups.

Definition 2.1. A metric semigroup is a structure (X, p, +, ), where p : X X
X—>R +: X xX—X, :RxX — X satisfy the following conditions:

(i) (X,p) is a complete metric space;

(ii) (X,4+) is a commutative semigroup endowed with a neutral element 0;
(iii) p(w+y,z+1t) < p(w, z) + p(y, t) for any w,y, z,t € X;

(iv) plaw,ay) <|a|p(w,y) for all & € R and w,y € X;

(v) a(w+y) = aw+ ay for each a € R, w,y € X;

(vi) (a+B)w = aw + Bw for every a, BERS, we X, 0-w=0and 1 -w=w
for each w € X.

A metric semigroup (X, p, +, -) is called invariant, if
p(w+ 2,y +2) = p(w,y)
for any w,y,z € X.

Observe that a consequence of invariance and of the triangular property is
the following condition, which will be useful in the sequel:
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(vii) p(w+y,z) < p(w,t) + p(y + t, z) whenever z,vy, z,t € X.
An example of metric semigroup is the set of all fuzzy numbers (see also [5, 26]).

Definition 2.2. A fuzzy number is a function p : R — [0, 1] satisfying the
following conditions:

(j) there exists zo € R such that p(xg) = 1;
(3j) the a-cut set po = {x € R: p(z) > a} is convex for a €]0,1];

(Jjj) m is upper semi-continuous, i. e. any a-cut p, is a closed subset of R;

(jv) the support {z € R: u(x) > 0} of the function p is a compact set.

Any real number ug can be identified with a fuzzy number g in the following
way:
10 (%) = X{uo} (%),
i. e. po(ug) =1, and po(x) =0, if x # wuo.
The set of all fuzzy numbers is denoted by L(R).

We now endow L(R) with a metric and a linear structure (see also [5, 26]).
We define the Hausdorff distance H on the set of all compact possibly degenerate
intervals in R:

H([a, b, [¢,d]) = max(|c — al, |d = b]).

Let p,v € L(R). It is easy to check that, for every a € (0, 1], there exist a, b,
¢, d € R (depending on «) such that po = [a,b], vy = [¢,d] So, for u,v € L(R),
set

p(p,v) = sup{H(ta,va) : a € (0,1]}.

Using this definition, (L(R), p) becomes a complete metric space.

To define a linear structure on L(R), recall that every fuzzy number is com-
pletely determined by its a-cuts. Hence, for any p,v € L(R), « € RT and
A e R, set

(H+V)a = pa+tvVa,
(M)a = Apa
(here, V4+Z ={v+z:veV,ze Z;5 A\ V={ v:veV}).

Finally, we note that (L(R),+) is not a group, but only a semigroup (see
also [5]), in fact let u € L(R) be defined by the formula:

z, ifx € [0,1];
ulx)=4q 2—z, ifzell,2];
0, otherwise.
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Then —p = (—1) - p is given by

-, ifx € [-1,0];
—u(x) =< 2+x, ifzxe[-2,-1];
0, otherwise.

Note that p(x) + (—u(x)) is not the zero element 0 = x oy (), but

173, if z € [0,2];
w(@) + (—p(x)) = 1—&—%, ifx e [-2,0];

0, otherwise.

On the other hand the subset Ry C L(R) consisting of all functions x4}, a € R,
is group isomorphic to the commutative group (R, +).

3 The construction of the integral.

From now on we denote by capital letters the elements of the extended real line
and by small letters the real numbers. Let [A, B] be a (possibly unbounded)
interval of the extended real line, and F be the family of all closed convex
subsets. By partition (or k-partition ) of a set W € F we denote a finite
collection

M={(;Fia, - Fig) o Eg Farn o For)} = {6 Er), - (§ Eg)} (1)
such that
(i) F;jeFforalli=1,...,gand j=1,...,k;

k
(i) |J Fyj=Eiforalli=1,...,¢
j=1

q
(i) J B = W;
i=1
(iV) E’L' S Ei (Z = 177q)7
(v) the F; ;’s are pairwise non-overlapping;
(vi) sup F; ; =inf F; ;41 whenever i =1,...,gand j=1,...,k— L

A finite collection IT as in (1), satisfying conditions (i), (ii), (iv), (v) and (vi),
but not necessarily (iii), is said to be a decomposition (or k-decomposition ) of
w.
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Definitions 3.1. e A gauge is a map «y defined in [A4, B] and taking values
in the set of all open intervals in Hi, such that & € v(&) for every £ € [A, B
and (&) is a bounded open interval (with respect to the topology of [A, B])
for every £ € RN [A, B].

e Given a gauge v, a k-decomposition of [A, B] of the type

H:{<£i§Ei)7i:1ﬂ'~~7Q} (2)

is said to be y-fine if §; € E; C (&) for all i = 1,...,q. Observe that for
any gauge 7 there always exists a v-fine k-partition (see also [8, 11]).

e Given [a,b] C R and a map 6 : [a,b] — R, a partition II of [a,b] as in (2)
is said to be d-fine if §; € E; C (& — 6(&),& +6(&;)) for alli =1,...,q.
In any case we note that, if E; is an unbounded interval, then the element

&; associated with E; is necessarily +o00 or —oo: otherwise v(&;) should be
a bounded interval and contain an unbounded interval, a contradiction.

From now on, we assume that X is an invariant metric semigroup. Given
any k-decomposition IT as in (1) and a function U : [A, B] x F*¥ — X, we call

Riemann sum of U (and we write Z U) the expression
II

U(gi;Fi,la---7Fi,k)~ (3)

i=1

We now introduce the G Hy, integral for X-valued functions defined on [A, B]x
Fk. We will show that this concept can be formulated equivalently both with
gauges and with positive maps ¢.

Definition 3.2. We say that a function U : [A, B] x F* — X is GH}, integrable
on [A, B] if there exists I € X such that for all € > 0 there correspond a function
§:[A, B] = R" and a positive real number P such that

) (r, 5 U) <. )
I
whenever II is a d-fine k-partition of any bounded interval [a, b] with [a,b] D
[A,B] N [-P,P]. In this case we say that I is the GHj integral of U, and
B
we denote the element I by the symbol (GHy) / U, writing usually U €
A
GH[A, B].
d
Analogously it is possible to define the integral (GHy,) / U for each subin-
terval [c,d]| C [A, B]. ‘

Remark 3.3. We note that the GH}, integral is well-defined, that is there exists
at most one element I, satisfying condition (4) (see also [5]).
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We now give the following characterization of GHj, integrability.

Theorem 3.4. A function U : [A, B] x F* — X is GH, integrable if and only
if there is J € X such that for all € > 0 there exists a gauge v such that

p(J,Z U) <e (5)

B

whenever Il is a y-fine partition of [A, B], and in this case we have / f=4J.
A

Proof: See also [3], Theorem 3.3., and [5]. O

4 Elementary properties of the GH; integral
The proof of the following proposition is similar to the corresponding one in [5].

Proposition 4.1. If Uy, Uy € GHy[A, B] and ¢1,¢o € R, then iUy + coUs €
GH[A, B], and

B B

U1+02 (GHk)/ U2.
A

B
(GHk)/ (Ui +clz) = (GHk)/

A A
(Here we intend by —U the entity (—1) - U)

Theorem 4.2. A map U : [A, B] x F*¥ — X is GHy, integrable if and only if
for all e > 0 there exists a gauge v = v(g) on [A, B] such that

p<ZU,ZU>§e (6)

whenever I1, I are y-fine k-partitions of [A, B].

Proof: We follow the lines of the proof of Proposition 3.5 of [5].

The necessary part is straightforward.

We now turn to the sufficient part. Let U satisfy (6), and set € = 1/n, with
n € N. Then for all n there exists a gauge 7, on [A, B] such that

(Fege)=

whenever 11y, IIy are 7,-fine partitions of [A, B]. Put n, =y Ny N...N~y, for
all n € N, and set

Ay = {zx € X : In,—finepartitionIl; : x = Z U}, neNlN.
Iy
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If z,y € A, then p(z,y) < 1/n, and hence
—_ 1
diam A,, = diam A,, < —.
n
Since 7,411 C 7, we obtain A, C A,,. Since X is complete, there exists
exactly one element I € N2, A,,.
1
Pick arbitrarily € > 0, and choose n € N such that — < e. If IT is any 7,,-fine

n
Y UeA,
II

partition, then

Since I € A,,, we obtain

1
I1

B
Therefore U is GH}, integrable on [A, B] and I = / v. 0O

A
We now investigate G Hj, integrability on subintervals, by proceeding simi-
larly as in [8].

Proposition 4.3. If U € GHy[A, B], then U € GHylc,d] for each [c,d] C
[A, B], and
B c B
@) [ v=cm) [ ve@m) [ v
A A c
whenever A < ¢ < B.

Proof: We begin with the first statement. Without loss of generality, we can
assume that [c,d] = [A,d], with A < d < B. Let v be any gauge on [A, B], pick
any two v-fine k-partitions IIy, IIp of [A,d], and let II' be a ~-fine k-partition
of [d, B]. Such a partition does exist, by virtue of the Cousin lemma. Then, for
j=1,2, 117 := II" UII; is a y-fine partition of [A, B]. Since

J(Toxe)-o(Tuz)

o, I oy oy

then the assertion follows from the Cauchy criterion
We now turn to the last part. For every € > 0 there exists a gauge 7 such
that for each 7-fine k-partition II; of [4, ¢] and II; of [¢, B] we get

c B
p (; U, (GHk)/A U) <e, p (; U, (GHk)/C U) <e.

Hence, if II = II; U II,, we have also

B
p <2H: U, (GHk)/A U) <e.
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We obtain:
c B B
0 < p<<GHk> | vs@m [ viem [ U)
c B B
< P(HZIUa(GHk)/AU>+p<HZQU,(GHk)/C U>+p<zH:U,(GHk)/A U)
< 3e.

By arbitrariness of € € R* we get that
B c B
(GHk)/ U= (GHk)/ U+ (GHk)/ v.
A A c

This completes the proof. O
In order to establish a converse of the previous result, we now introduce the
following property.

Definition 4.4. Let U : [A, B] x F* — X and fix a point x¢ € [A4, B]. We say
that U satisfies condition

[H1) at xo] if for all € > 0 there exists a positive real number n = n(e; zg)

such that
0 0 0 0 1 1 1 1
p (U(xo; [w(() ),wg )], el [11),(%)1,@0,(C )]), U(xo; [wé ),wg )}, R [w,(vf)l,w,(C )])
+ U(zo; [wé2)7w§2)], ol [w,(czjl,w,(cz)])) <e

2 [k
whenever U (U[wz(l)lvwz(l)]> Clxo — n,x0 + n[ and wéo) = wél), wI(CO) =

1=0
w,(f), Ty = w](gl) = w((f).

i=1

Note that H1) is a kind of ”quasi-additivity” of the set function U. In
many cases, when X = R, U is defined by means of suitable ”differences” (for
example, U (¢; [u,v]) = V(t;v) — V(¢;u) when k =1 or

U(t; [wo, w1, ..., [wg—1,wg]) = V(t; w1, ..., wg) — V(t;wo, ..., wg—1)

for k > 2); then, if k = 1, property H1) is automatically satisfied (see also
[24], Theorem 1.11, pp. 10-12); while for & > 2 it is implied by the condition
of 7existence of the iterated limit J” used by A. G. Das and S. Kundu (see [8],
Definition 2.9., p. 69).

We now prove the following result on additivity.

Theorem 4.5. Let U : [A, B] x F*¥ — X satisfy condition H1) at ¢ €]A, B[. If
U € GHi[A,c] and U € GHylc, B], then U € GH[A, B] and

(GHk)/BUz(GHk)/CU+<GHk)/CBU.

A A
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Proof: By hypothesis, for every € > 0 there exist a function 6* : [A, B] —
R and a positive real number P (without loss of generality, greater than |c|)
with the following property: for all §*-fine k-partitions II; of any bounded
interval [a1,b1] C [A4,¢], [a1,b1] D [A,¢] N [=P, P] and IIy of every bounded
interval [ag, b2] C [c, B, [az,b2] D [¢, B] N [P, P] we get

c B
| Zoem) [v)<e p(Suem [ v)<e
114 A I, c
Let 7 = n(e; ¢) be related to condition H1) at ¢, and set §(x) = min{d*(z), |« —

cl} if x € [A,B]\ {c}, 6(c) = min{o*(c),n}. Pick now any bounded interval
[a,b] C [A, B], [a,b] D [A, B] N [—P, P], and any dé-fine k-partition

H:{(g’LvF’L,l,7Fl,k)aZ:1aaq}

k
of [a,b]. There exists m with 1 < m < ¢, such that ¢ = &, and U F; j contains
j=1
¢ if and only if i = m (see also [8, 24]). We get:
m—1 q
ZU: Z Ui Fiaseo o Fig) v U6 Enas oo Fg) + Z U(&i; Fip, -5 Fik).
Il i=1 i=m+1

Consider now the points
c—0(6) < Tim—1k = Ym0 < -+ <Ymk =C=2m0 < ... < Zmk = Tmt1,0 < c+3(C).
The parts of the partition IT fori = 1,...,m—1 (i =m+1,...,¢) and the single

1
famﬂy {(C; [ym,()a ym,l]a ceey [ym,k—h ym,kD} ({ c [Zm,Oa Zm,l]a ceey [Zm,k—h Zm,k})})
form a §*-fine k-partition II; (II3) of [a,c] ([c,b]). So, we have:

c B
p <ZU, (GHk)/A U+(GHk)/ U)

c B
< p <ZU,(GHk)/ U) +p <ZU,(GHk)/ U) +p <ZU,ZU+ZU)
I A I, ¢ I 114 I,
S 2¢e + P(U(C7 Fm,la ceey Fm,k)7 U(C, [ym,()a ym,1]7 ey [ym,krfh ym,kD
+ U(C7 [Zm,Oa Zm,l]a ey [Zm,kflv Zm,k])) S 35-

From this it follows that U € GH[A, B] and

(GHk)/ABU:(GHk)/ACUJr(GHk)/CBU.

This concludes the proof. [
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5 Convergence theorems

We begin with a version of the Saks-Henstock lemma (see also [5], Proposition
4.1). Here, the symbol | - | denotes the Lebesgue measure.

Lemma 5.1. Let U : [A,B] x F* — X be GHy integrable on [A, B]. Then
for every € > 0 there exists a gauge v on [A, B] such that, for every ~y-fine
k-decomposition of [A, B]

H = {(ti;FZ',l,...,Fiyk),ll = 1,. ..,m} = {(t“El),Z = 1,...,m}, (7)
k
where U Fi;=F;,1=1,...,m; we have
7j=1

1% Z U(ti;FLl,...,Fi,k),Z(GHk)/E;U S&‘.

i=1,...,m,| B;| <+o0 i=1 ‘

Proof: (see also [5]) Choose arbitrarily € > 0, and let v be a gauge on [A, B|
existing in correspondence with ¢, according to Theorem 3.4. Fix arbitrarily any
~-fine k-decomposition II of [A, B] as in (7), and let int E; be the interior of E;,
i =1,...,m. Since the E;’s are non-overlapping, the set [A4, B] \ U, (int E;)
is empty or is the union of non-overlapping (possibly bounded or not) intervals
Bi,...,B,. Let n > 0. Since U is GHj, integrable on each Bj, for each j =
1,...,p there exists a gauge ; on B; such that v;(z) C y(x) for all z € B; and

n
H,
p EH; U, (G k)/BjU <o

for every ~y;-fine partition II; of B;. Let now II; be such a partition. We observe
that

II .= {(ti;FiJ, .. .,Fi,k),i =1,... ,m} U (U§:1 Hj)
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is a v-fine partition of [A, B]. Then we have:

P Z U(ti;Fi’l,... 72 GHk /

IA
)
VS
NEREINS
IS
/CS S
=
S
-
N———

IN
0
)
M@
Q
=
U_d\
S
[~
lhg
d

< e+ p|( GHk/ UZU <E+Z—<e+n
B;

Since the inequality

m

P Z U(ti;FiJ,... , GHk / U <e+n

i=1,...,m,|E;|<+o0 i=1 E;

holds for any n > 0, then the assertion follows by arbitrariness of . [

We now prove a version of a Hake’s type theorem, which is an extension of
the Cauchy theorem. To do this, let U : [A, B] x F* — X belong to GH[A, c]
for all ¢ € [A, B[, fix I € X and let us introduce the following condition:

e H2) for every ¢ > 0 there exists a left neighborhood U of B such that
C
p(-lv(GHk:)/ U+U(B7F173Fk)>§5
A

whenever Fi,..., Fj, € F are pairwise non-overlapping and such that U 3
c<infFy <supF; =inf Fj4;,j=1,...,k—1, and sup F}, = B.

In the literature several situations are considered, when, in the Riemann sums,
only the terms where the involved intervals are bounded are taken: this can be
done simply by postulating it or by requiring the condition

U(xoo;Ay,...,Ak) =0 (8)

for every choice of Aj € F,j=1,... k.
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Observe that, when B = 400 and we require (8), H2) can be automatically
replaced by the simpler condition of existence in X of the limit

c
lim (GHy) / U. ()
c—B~ A

Finally, we note that, when X = R, property H2) is implied by the two con-
ditions of existence in R of the limit as in (9) and of ”existence of the iterated
limit (from the left) J~” used by A. G. Das and S. Kundu (see [8]) when k > 2.
For k = 1, H2) is equivalent to the existence in R of the limit in [24], formula
(1.11), p. 15.

Theorem 5.2. Let A€ RT, U : [A,B] x F* — X be such that U € GHy[A, c]
for every c € [A, B[, and suppose that there is an element I € X such that H2)
holds.

B

Then U € GHy[A, B] and (GHk)/ U=1
A

c B
Moreover, if U € GHy[A, B, then hI]IBl (G’Hk)/ U= (GHk)/ U (this last
c—b~ A A
result is independent on H2) ).

Proof: Let (¢p), be a strictly increasing sequence in [A, b[ with ¢, T B and
co = A. For every p € N and € > 0 there exists a gauge v, : [4,¢p] — R, such
that

CP c
p|Svien [Tv) <5 (10)
HP
whenever I, is any -,-fine k-partition of [A4, c,].
For every £ € [A, BJ there exists exactly one p = p(£) € N such that £ €

[cp(e)—1,Cp(ey|. Given § € [A, B[, choose 7(&) such that 7(§) C v,(¢)(§) and
() N[A, B[C [A, cpe)(§)). Let c € [A, Bl and

0= {(&; Fipy. oy Fig)yi=1,...,n} = {(&; Ei),i=1,...,n},
k
with U F,;=FE;, i = 1,...,n, be a 4-fine k-partition of [A,¢c]. For every
j=1
1=1,...,n we get:
E; CA(&) C A, epeyl-

Furthermore, E; C 7yp(e,)(&). For every p € N, let us indicate by

> p (U(&;Fi,l,...,Fi,k),(GHk)/Ei U)

i=1,...,n,p(&)=p

the sum of those terms of

n

oo <U(§i;Fi717...,Fi,k), (GHk)/Ei U>

i=1
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for which & € [¢,—1, ¢p[. By Lemma 5.1 we obtain

P Z (gu 117"'7Fi,k)3 Z (GHk)/E U <2—p

i=1,...,n,p(&)=p i=1,...,n,p(&)=p

for all p € N. Since U € GH[A, c] for every ¢ €]A, B], then by Proposition 4.3

we have "
(GHk)/ U:Z(GHk)/ U.
A i=1 E;
So we get:
(ZUg’u zla"'aFiJC))(GHk)/ U)
=1 A
= p(ZU&m 2,1y zk)Z(GHk)/ U)
=1 =1 i
S Z P( (517 117~-~>Fi,k)7 Z (GHk)/ U
p=1 i=1,...,n,p(&)=p Ei
e
S 227 = €.
p=1

Let U be related with condition H2), and pick a gauge v on [A, B] such that
(&) € (&) if € € [A, B[, and y(B) C U. Let

H = {(gi;Fi,la--wFi,k)ai = 1,...,77,} = {(waz)aZ = 1,...77’),}
k
be any arbitrary ~-fine k-partition of [A, B], where U F,;=F; and E; =
j=1
[Tici g, Tig], © = 1,...,n: we get x,, = B and hence §, = B (if not, then
E, C7(&) C [A, cpe,)] and thus 2, < B, a contradiction). We have, thanks
to the condition formulated in the hypothesis and using property (vii) of the
function p,

(%)

IN

< fu 11,...,F1’_’k)+U(B;Fn71,...,Fn7k)>

U(&; 11,---,Fi,k),(GHk)/ 1 U)
A

Tn—1,k
=+ p(], GHk U+U(B;Fn,17--~7Fn,k)>

IN
RS

IN
©

UE,“ i,15 - aF’L,k)a(GHk)/ o U)+5

A
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As zp_1 < B and {(&; Fi1,..., Fix),i =1,...,n—1} is a y-fine k-partition
of [A, xp—1 %], We get

n—1 Tr1k
P(Z U(gzan,lavFl,k)a(GHk)/ U> §€7
i=1

A

and hence
p <I, Z U) < 2e.
I

From this the assertion of the first part of the theorem follows

We now turn to the last part. Since, by hypothesis, U : [4, B] x F* — X
is GHj, integrable on [A, B], then U is GHj, integrable on [A4, ¢] for every A <
¢ < B. So for all € > 0 and ¢ €] A, B] there exists 6§ : [A,c] — R such that for
every 0§-fine k-partition II" of [A, c] we get:

p (;U (GHk)/AC U) <e.

Moreover, by GH, integrability on [A, B] (see also Definition 3.2), for any € > 0
there exist 6 : [A, B] — R" and P €]A, B[ such that for every bounded interval
[dy,d2] C [A, B] with [d1,d2] D [P, P] and for each ¢-fine k-partition II of
[d1,d3] we have
B
p ZM(GH;C)/ Ul<e

T A
Let now € > 0, ¢ > P, 65(x) := min{d(x),d5(x)}, € [A,¢], and II be any
05-fine k-partition of [4, ¢|. Then we get:

c B c B
p<<GHk> | vem [ U) p@v,((;m) /. U>+<§U,<Gﬂk> /. U)

< 2e.
Thus the theorem is completely proved. [

IN

Remark 5.3. An analogous version of Theorem 5.2 holds, if we consider, in
our ”limit operations” and calculus, the point A from the right instead of the
point B from the left.

This concept will be useful in the sequel.

Definition 5.4. A sequence of integrable functions (U, : [4, B] x F*¥ — X),, is
said to be equiintegrable if for any € > 0 there exists a gauge v on [A, B] such

that
B
p (Z Uhy(GHk)/ Uh) <e
i

A

for any ~-fine partition IT and every h € N.
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We now prove the following convergence theorems for the GHj, integral in
the context of metric semigroups.

Theorem 5.5. Let (Up)n be an equiintegrable sequence and let

hlifil p(Un(t; A1, Ag), Ut Ay, ..o Ag)) =0

for any t € [A, B] and uniformly with respect to Ay,...,Ay € F. Then U is
GHy, integrable on [A, B], and

B B
hET@ﬂ((GHk)/A Uha(GHk)/A U) =0.

Proof: First of all, we observe that for each ¢ > 0, there exist: a non-
negative function € : [A, B] x F*¥ — R, strictly positive on ([4, B] N R) x F*,
GH}, integrable in [A, B], with

(for example,

k
Et; Ay, ..., Ay Z %th) t e [A, B,

with the convention £(o0;Aq,...,A;) = 0 for every choice of A; € F, j =
1,...,k); a gauge vy on [A, B], such that

Z g(ti;Fi,la"'aFi,k) S& (11)
i=1,...,n, |[;|<+4o0
for each vp-fine partition II of [A, B,
HZZ {(ti;Fi,la---aFi,k)7i: 1,...,’/7,} = {(tl,li),lz 17...,TL}7

k
with U FLj :I,“Z: 1,...,n
j=1
Let now € > 0, v be as in Definition 5.4, ¥ = v N7y, and

HI: {(ti;Fi,la-n,Fi,k)»i: 1,,71}:{(&,[1)77,:17,71}7

k
be any A-fine k-partition of [A, B], where U F,;=1;,i=1,...,n. Then for
j=1
each ¢ = 1,...,n there exists a positive integer h; such that

p(Un(tis Fiaseo s Fig), U(tis Fiay oo, Fig)) < E(i Finy ooy Fik) (12)
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whenever h > h;. Pick now h > max;—1, ., h;. From (11) and (12) we have:
(s o)
11 11

= r > Un(ti; Fixs - Fig), > Ulti; Fip,- - Fik)
i=1,...,n,|I;|<+oc0 i=1,...,n,|I;| <400

p(Un(ti; Finyo o, Fig), Uti; Fin, .o Fig))

] 201

5(ti;FZ',1, .. ~;Fi,k) <e

i=1,....n,|[;| <400

It follows that
li Uy, U|=0.

Now we get:

B B
P <Z U, (GHk)/A Uh> <p (Z Uy Uh> +p <Z U, (GHk)/A Uh> < 2.

Choose now arbitrarily two -fine partitions IT and IT" of [A, B], and let h* =
max{max; h;, max; h’}, where the integers h;, h} associated to Il and II" re-
spectively have the same role as the h}s in (12). We get:

B

p <Z UZU) <p (Z U, (GHk)/ Uh,»«> (13)
I I I A

B

Up+ | <4e.
H/ A

Integrability of U on [A, B] follows from (13) and the Cauchy criterion 4.2.
Finally, to every ¢ > 0 there corresponds a gauge 5 on [A, B] such that for
any 7-fine k-partition II there exists h € N with

p((GHk)/A Uh,<GHk)/A U> SP((GHk)/A Un, Uh>
+ p(Z Un, Y U) +p<z U,(GHk)/B U) < 3e

for all h > h. This implies that

B B
h—4o0 A A
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The next step is to prove a version of the convergence theorem with respect to
the "uniform convergence”. To this aim we introduce the following concept.

Definition 5.6. Given a sequence of functions (U, : [A, B] x F* — X)neNu{o}’
we say that the U,’s, n > 1, variationally uniformly converge to Uy if to every
€ > 0 an integer ng can be found, such that

q

q
p <Z Un(ti; Finy o Fin), Y Uo(tis Fin, ... 7Fi,k)> <e
i=1

i=1

for every n > ng and any k-partition II = {(¢;, Fi1,..., Fig),t = 1,...,q} =
k

{(ti, I;),i=1,...,q} of [A, B], where U Fi=L1i=1,...,q
j=1

Observe that, if £ =1 and

Un(t; [u,v]) = [g(v) — g(w)] - fu(t), n e NU{0},

where g : [A, B] — R is of bounded variation and the sequence (f, : [A, B] — X),
is uniformly convergent to fy on [A, B], then the U,’s variationally uniformly
converge to Uy. In this case, under the hypothesis of uniform convergence of
(fn)n to fo, if the f,,’s, n > 1, are Henstock-Stieltjes integrable with respect to
g, then fj is too, and we get the exchange of limits under the sign of integral.

An example in which this happens is when we take X = L(R) (i. e. the
set of all fuzzy numbers), and define f,, : [0,1] — X by setting f,(x) =
X[0,1]n[z—1/n,z+1/n]> 7 € N, then the sequence (fy), is uniformly convergent
to the ”identity” function (in the sense that the generic element z € [0,1] is
identified with the element x,}).

Theorem 5.7. Let (U, : [A,B] x F* — X),, be a sequence of functions, G Hj,
integrable on [A, B] and variationally uniformly convergent to a map U.

Then U is GHy, integrable on [A, B] and

B B
Jimp ((GHk)/A Un,(GHk)/A U) = 0.

Proof: Let ¢ > 0, and take ng = ng(e) according to variationally uniform
convergence. Then

J(Tozv)<o(Tore)
114 11, I, I,
+ p (Z Unys Un0> +p (Z Ungs U)
11, Il I I
< 2+p (Z Uno,z Un0>
111 115
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for any two partitions IT;, II5 of [A, B]. Since U, is GH}, integrable on [A, B],
then there is a map d = &,, : [4,B] — RT, such that, for any two d-fine
k-partitions IIy, Iy of [A, B],

p (Z Unovz Uno) S B
I, i
and hence

p(Z Uy U) < 3e.

I, iy

Thus U is GHj, integrable on [A, B], by virtue of the Cauchy criterion 4.2 So
there exists a map ¢ : [4, B] — R™ such that

B
p(Z U,(GHk)/A U) <e

for each ¢'-fine partition IT of [A, B]. Fix n > ng and choose &, : [4, B] — R"
such that
B
P <Z Uy, (GHk)/ Un) <e
I3 A

whenever II is a r,-fine partition of [4, B]. Put §,, = min{¢’,x,}: for any
dn-fine k-partition II of [A, B] we obtain

B B B
p((GHw/A Un,(GHk)/A U) s,o<(GHk)/A Uy U)
1T

- p<Z Uy Un> —|—p<z Un;(GHk)/B Uﬂ) < 3e,
I Il Il A

and thus the last part of the assertion. [
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