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Abstract

Piecewise affine systems (PASs) constitute an important class of nonsmooth switching dy-
namical systems subject to state dependent mode transitions arising from control and dynamic
optimization. A fundamental issue in dynamics analysis of switching systems pertains to the
possible occurrence of infinitely many switchings in finite time, referred to as the Zeno behavior.
There has been a growing interest in characterization of Zeno free switching systems. Different
from the recent non-Zeno analysis of switching systems, the present paper studies non-Zeno
properties of PASs subject to system parameter and/or initial state perturbations, inspired by
sensitivity and uncertainty analysis of PASs. Specifically, by exploiting the geometry of poly-
hedral subdivisions and dynamical system techniques, this paper establishes a uniform bound
on the number of mode switchings for a family of Lipschitz PASs under mild uniform condi-
tions on system parameters and associated polyhedral subdivisions. This result is employed
to show robust non-Zenoness of several classes of Lipschitz linear complementarity systems in
different switching notions. The paper also develops partial results for robust non-Zenoness of
non-Lipschitz PASs, particularly well-posed bimodal non-Lipschitz PASs.

1 Introduction

Nonsmooth switching dynamical systems have received tremendous interest in the last few decades,
motivated by analysis, computation, and design of complex systems with multi-modal and hierar-
chical structure in diverse fields, e.g., contact mechanics, control engineering, operations research,
and systems biology. An intricate phenomenon in switching systems subject to state dependent
mode switchings is the possible occurrence of infinitely many switchings in finite time, which is
referred to as Zeno behavior or Zenoness. Typical examples of Zeno systems are the bouncing ball
in contact mechanics and switched engineering systems [18]. Earlier references on the Zeno behav-
ior include [35, 41] in the control field. Recent research focuses on characterization of the Zeno
behavior near a Zeno equilibrium using hybrid Lyapunov stability theory [13] and homogeneous or
symmetry techniques [14, 27]; see [1, 19, 20] for more results.

Distinct from the Zeno analysis, another important research line is characterization of Zeno
free (or non-Zeno) switching systems. The non-Zeno property turns out to be critical to various
analytical and numerical issues of finite-time switching dynamics, including scientific computing
[18], numerical analysis [10], systems and control analysis [6, 30, 31], and sensitivity analysis [28].
Due to the importance of non-Zenoness, non-Zeno analysis of switching systems has received con-
siderable attention. In the context of constrained optimal control, Brunovsky has exploited some
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ODE techniques to establish a bound on the number of switchings of a continuous piecewise linear
system [4]. Sussmann extends this result to a continuous piecewise analytic system via advanced
algebraic arguments [38]. Similar issues are addressed for linear optimal control problems [24, 25].
Recent effort has been made toward characterizing certain important classes of non-Zeno systems,
e.g., complementarity systems and differential variational inequalities (DVIs) that demonstrate in-
herent nonsmooth and switching behaviors [3, 16, 23, 21]. For a complementarity system with a
continuous right-hand side, the paper [32] develops a local solution expansion that yields mode
invariance, thus non-Zenoness, at a state. This technique and its extension is applied to the lin-
ear complementarity systems (LCSs) with P-property [32] and singleton properties [33], strongly
regular nonlinear complementarity systems [22], differential quasi-variational inequalities [15], and
Lipschitz piecewise linear/affine systems [6, 39]. Furthermore, Camlibel shows that a well-posed
bimodal piecewise linear/affine system with a discontinuous right-hand side is non-Zeno [8, 40].

The non-Zenoness of a switching system asserts that there exists a (system parameter depen-
dent) bound on the number of switchings in finite time along a trajectory for a given initial state.
In sensitivity and uncertainty analysis, however, system parameters and/or an initial state may
be unknown. This gives rise to an infinite family of non-Zeno switching systems. The following
question naturally arises in uncertainty analysis of switching systems:

Q: Does there exist a uniform bound on the number of mode switchings in a given finite time
interval along a trajectory of each switching system from the given family?

If so, we call the family of switching systems robust non-Zeno. Despite its fundamental importance,
the non-Zeno results in the literature cannot address robust non-Zenoness since they do not take
parameter uncertainties into account, although the methods developed by Brunovsky and Sussmann
allow initial state variations. In particular, the solution expansion based techniques rely on a local
argument, and they do not give an explicit bound on the number of switchings. An exception is
robust non-Zenoness of bimodal Lipschitz PASs [29]. However, the extension to general PASs is
hindered by the complexity of multiple modes and associated polyhedral geometry.

The goal of the present paper is to give a positive answer to the question Q for general Lipschitz
PASs, well-posed bimodal non-Lipschitz PASs, and several classes of Lipschitz linear complemen-
tarity systems under suitable conditions. In fact, the paper shows an even stronger result by
establishing a uniform bound on the number of critical times (cf. Defintion 2.2) along any tra-
jectory of the considered PASs, e.g., Theorem 2.2. Roughly speaking, a critical time of a state
trajectory corresponds to a state (i.e., a critical state) such that a small perturbation of the tra-
jectory will cause index (or mode) change near that state [28]. A switching time is a critical time
but not vice versa. Clearly, the concept of critical time plays a key role in sensitivity analysis of
the PASs (cf. [28]). In this paper, global techniques are employed for robust non-Zeno analysis of
PASs, and major contributions of the paper are summarized as follows.

1. Lipschitz PASs. A Lipschitz PAS has a unique (time-)continuously differentiable trajectory
for any initial state. In spite of this nice feature, a state trajectory is at best once time differentiable
due to a nonsmooth right-hand side. In addition, the presence of multiple (more than two) modes
complicates algebraic relations between system matrices. These difficulties as well as parametric
and initial state uncertainties pose many challenges in determining a desired uniform bound. To
overcome these difficulties, we invoke a technical result by Sussmann that allows us to handle
parameter uncertainties; see [38, Lemma A.1] (or Lemma 2.6 of the paper). In order to apply this
result, however, it is essential to establish an algebraic relation between system matrices of different
modes along a trajectory. In turn, this requires a deep understanding of polyhedral subdivision
of a PAS [26]. By exploiting the geometry of polyhedral subdivision, we obtain a useful algebraic
result for system matrices (cf. Theorem 2.1). (It is noted that Brunovsky uses a similar result in [4]



but without proof. Nonetheless, the proof of this result is nontrivial, since it heavily relies on the
geometry of a polyhedral subdivision (cf. Proposition 2.1), which is overlooked in [4].) Moreover, to
deal with a nonsmooth trajectory, we exploit combinatorial arguments (cf. Lemma 2.5) to obtain
an approximation of higher order derivatives of a trajectory. These results, along with dynamical
systems techniques, pave a way for a uniform bound on the number of critical times. These robust
non-Zeno results are then applied to Lipschitz linear complementarity systems.

2. Non-Lipschitz PASs. A non-Lipschitz PAS has a discontinuous right-hand side and can be
described by a differential inclusion. For such a PAS, there are multiple solution concepts, and
each solution is absolutely continuous and is not (time-)differentiable everywhere. Moreover, well-
posedness (i.e., solution existence and uniqueness) becomes a crucial issue; see more in Section 3.
Due to the lack of solution uniqueness results for a general non-Lipschitz PAS, we focus on bimodal
non-Lipschitz PASs whose well-posedness is established by Camlibel et al. [8, 40]. Applying the well-
posed conditions in [40] and a technical lemma of Sussmann [37], we show robust non-Zenoness of
a family of well-posed bimodal non-Lipschitz PASs under mild conditions on their system matrices.

The organization of the paper is as follows. Section 2 is devoted to robust non-Zeno analysis of
Lipschitz PASs, and Section 3 to that of non-Lipschitz PASs, particularly bimodal non-Lipschitz
PASs. Section 4 extends this analysis to Lipschitz linear complementarity systems under different
switching concepts. Finally, concluding remarks are given in Section 5.

2 Robust Non-Zenoness of Lipschitz Piecewise Affine Systems

This section concentrates on robust non-Zeno analysis of Lipschitz PASs.

2.1 Lipschitz Piecewise Affine Function and Its Geometry

A continuous function f : R™ — R" is piecewise affine (PA) if there exists a finite family of
affine functions {f;}¢_, such that f(z) € {fi(z)}{_, for each z € R [11, 26]. A PA function is
globally Lipschitz, and we thus call it a Lipschitz PA function in order to distinguish it from a
discontinuous PA mapping to be discussed later. A Lipschitz PA function possesses an appealing
geometric structure for its domain, which provides an alternative representation for the function.
To elaborate this, we review basic notions and properties of face lattice of a polyhedron as follows.

Consider the polyhedron &; := {z € R" : Ciz > h;} for a matrix C; € R™*™ and a vector
h; € R™i. Define the family of index sets for Xj:

N(Cy, hyi) == {a C{1,...,m;} : there exists z € R™ such that (C;z — h;)o = 0 and (C;z — hj)g > O},
where & denotes the complement of a.. A face of X; is given by
Fio = {x eR" : (Ciz — hi)o =0, and (Cix — h;)a > 0} (1)

for some nonempty index set a € RX(Cj, h;) [26, Proposition 2.1.3]. If « is singleton, e.g., a = {s},
we simply write F; o as F; 5. A face of A; is called proper if it does not coincide with &;. Moreover,
the relative interior of the face Fj, is {x € R" : (Cijx — hj)o = 0, and (Cjz — h;)a > 0} (cf.
[26, Proposition 2.1.3]). The dimension of the face F;, of A; is the dimension of the subspace
{z € R": (Cjx)q = 0}. We call an (n—1)-dimensional face of &; a facet of X; and a zero dimensional
face an extremal point of X;. Since two faces I , and F; g of X associated with different index sets
a, € X(C;, h;) are distinct [26, Proposition 2.1.3], each point in A is either in the interior of X;
or in the relative interior of a unique g-dimensional face of X;, where ¢ € {0,1,...,n — 1}.

Let = be a finite family of polyhedra {X;}!",, where each &; := {x € R" : Cyx > h; }. We
call = a polyhedral subdivision of R™ [11, 26] if



(a) the union of all polyhedra in = is equal to R, i.e., |J/*, X&; = R™;

(b) each polyhedron in = has a nonempty interior (thus is of dimension n); and

—

(c) the intersection of any two polyhedra in Z is either empty or a common proper face of both
polyhedra, i.e., if X;NA; # 0, then ;N AX; = ;N {z : (Ciz — hj)a = 0} = X;N{x :
(Cjxz — hj)s = 0} for nonempty index sets o and f with {z € &; : (Cix — hy)a = 0} # X;
and {z € X; : (Cjz — hj)g =0} # Xj.

If each polyhedron in = is a cone, then = is called a conic subdivision. See Figure 1 for illustration
of a polyhedral subdivision. For a Lipschitz PA function f, one can always find a polyhedral
subdivision of R™ and finitely many affine functions g;(x) := A;x + d; such that f coincides with
one of g;’s on each polyhedron in = [11, Proposition 4.2.1]. Therefore, an alternative representation
of the Lipschitz PA fis f(z) = Ajx +d;, Vo € Xj, and v € X, NAX; = Aix +d; = Ajo + dj.
Similarly, a Lipschitz piecewise linear system admits a conic subdivision.

Since each X; in = has nonempty interior, we assume, without loss of generality, that each row
of C; corresponds to an (n — 1)-dim face of Xj, namely, a facet of X;. In other words, for each s,
Fis ={x € X; : (Cixz —h;)s =0} is a polyhedral set of dimension (n — 1), and its relative interior
is given by {x € R" : (Cjz — h;)s =0, (Ciz — hy)¢ > 0,V # s}. Since F; s and F;,, are distinct
whenever s # w (cf. [26, Proposition 2.1.3]), each F;, corresponds to a unique facet of &j;, and
each face of X; is either a facet or an intersection of some facets of X;. We assume throughout this
paper that the vector norm on R” is the Euclidean norm || - ||2 and the matrix norm || - ||2 is induced
by the Euclidean norm. Moreover, we assume that each vector (C;)7, is unit, i.e. [|[(C;)L]2 = 1.
Hence, each (C;)Z, can be viewed as a unit normal vector of the facet F; ;.

A highly instrumental result in dealing with multiple modes in non-Zeno analysis of general PASs
is Proposition 2.1 and Theorem 2.1. Roughly speaking, this result states that if two polyhedra are
(path-)connected through facets, then the difference of their corresponding system matrices (i.e.,
A;’s) is the sum of rank-one matrices, each of which is an outer product of a vector and the normal
vector of a facet that a connecting path passes through. While this result is geometrically intuitive
and is implicitly treated as a fact without proof in [4], its rigorous argument is nontrivial since
two neighboring polyhedra may intersect on a face of an arbitrary dimension, instead of a facet
of dimension (n — 1). To establish this result, we need to exploit the geometry of polyhedral
subdivision. Toward this end, we present a few technical lemmas as follows.

The first lemma states that each facet F; ; is the intersection of &; and a unique polyhedron.
(Note that the definition of polyhedral subdivision does not specify the uniqueness.) A by-product is
that a conic subdivision has two modes only if a facet of one of its polyhedral cones is a hyperplane.

We introduce more notation. Let {X;}F_; be a collection of polyhedra in R™ (not necessarily to
form a polyhedral subdivision). For a given z* € R", define the index set Z(z*) := {i : 2* € A;} C
{1,...,p}. Moreover, for each i € Z(z*), define L(z*,i) := {s : (Cjz* — h;)s = 0}.

Lemma 2.1. Consider a polyhedral subdivision = = {X;} | of R™. The following hold:

1) Given a facet F; s of X;, there exist a unique polyhedron X; € Z with j # i and a unique facet
; Y J J
-Fj,w of Xj such that X; N Xj = .7:1'75 =Sjw-

(2) E is a bimodal conic subdivision of R™ if and only if a facet of a polyhedral cone in = is the
hyperplane {x € R™ : ¢’z = 0} for a unit vector c.

(3) Giwven x* and ' € R™. If Z(x*) C Z(x'), then for each i € Z(x*), L(x*,i) C L(a,7).
Furthermore, if Z(x*) = Z(x2'), then L(x*,i) = L(2',i) for each i € T(x*).
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Figure 1: Left: a polyhedral partition of R? but not a polyhedral subdivision; Right: a valid
polyhedral subdivision of R2.

Proof. (1) We first show that for a given facet F; 5, there exists a unique X; € Z such that X;N4&; =
Fi.s. To show the existence, consider 2’ in the relative interior of F; ;. Clearly, 2’ is on the boundary
of X;. Hence, there exists X; with j # i such that 2/ € ;N ;. By (c) of the definition of polyhedral
subdivision, there exists an index set « such that X; N X; = {z € &; : (Ciz — h;)q = 0}. Since 2’
is in the relative interior of F; 5, we have (Cjz’ — h;)s = 0 and (C;a’ — h;)g > 0 for all £ # s. This
shows that o = {s}. In other words, X; N X; = F; ;.

We show the uniqueness of X; via contradiction. Suppose not. Then there exists another X}, € =
with k # ¢ and k # j such that X; N X), = F; ;. Without loss of generality, we label F; s as the first
facets of X;, Xj and X}, respectively, i.e., Fi s = {z € X : (Ciz—h;i)1 =0} ={x € &; : (Cjz—hj)1 =
0} = {z € & : (Cxx — hg)1 = 0}. Since F; is of dimension (n — 1), there exists a unit normal
vector ¢ € R™ such that (C})1e = (Ck)1e = ¢ and (C;)1e = —c. Let 2* be in the relative interior
of Fis. Therefore, (Cjz* — hj), > 0 for all p # 1 and (Cra* — hy)q > 0 for all ¢ # 1. This shows
that there exists a real number ¢ > 0 such that Cj(z* + ec) — h; > 0 and Cy(z* + ec) — hy, > 0.
Hence &; N X}, has nonempty interior, a contradiction to the definition of polyhedral subdivision.

Let &; be the unique polyhedron that intersects &; on F; . We show that there exists a unique
facet Fj,, such that X; N &X; = Fj,. Let an index set 8 be such that {x € X; : (Cjz — hj)g =0} =
Fis = XiNX;. Since F; , is of dimension (n—1), f is singleton (otherwise, {x € X : (Cjz—h;)z = 0}
has dimension strictly less than (n — 1)). This shows that F;, is also a facet of X;. Since all the
facets of & are distinct, there must be a unique one denoted by Fj,, that yields F; ;.

(2) The “only if” part follows directly from [6, Example 2.1]. To see the “if” part, consider a
conic subdivision Z, and let a facet of X; € = be the hyperplane F := {x € R" : ¢/z = 0}. By (c)
of the definition of polyhedral subdivision, 7 = X; N {z € R" : (Cjz)o = 0} for a nonempty index
set . Since F has dimension (n — 1), « is singleton. Furthermore, X; must be defined by a single
linear inequality, since otherwise, &; N F would be a proper subset of F. Hence, it is easy to show
X; = {x € R": ¢T'z > 0} without loss of generality. By statement (1), there exists a unique X; with
J # i such that X;NA; = F, ie., F is a facet of Aj. By a similar argument as before, X; is defined
by a single linear inequality. Since the boundary of X; is F, it is easy to see X; = {z : Tz < 0}.
This shows that &; U X; = R". Hence = contains &; and &; only, and thus is bimodal.

(3) Suppose Z(z*) C Z(2') and fix i € Z(z*). It is easy to see that Z(x*) is singleton if and
only if * is in the interior of a polyhedron of the polyhedral subdivision. In this case, £(z*,1) is
empty so that £(z*,i) C L(2,4) holds trivially. Without loss of generality, we assume that £(z*,17)
is nonempty. Let s € L(z*i). Hence, (Ciz* — h;)s = 0. This implies that x* is in the facet
Fis :={x € & : (Ciz — h;)s = 0}. By statement (1), there exists a unique polyhedron X; € = such
that z* € F; ; = &; N &j. Therefore, j € Z(z*) C Z(2') so that 2’ € X; N X;. By the uniqueness
of an intersecting facet shown in statement (1), 2’ € F; 5. This shows that (C;z’ — h;)s = 0 and
s € L(2,1). Consequently, L(z*,i) C L(2',4). The rest of statement (3) follows readily as well. []



Remark 2.1. An immediate consequence of statement (1) of Lemma 2.1 is that if a polyhedral
subdivision Z contains m polyhedra, then each polyhedron has at most (m — 1) facets and the total
number of facets of = is not greater than (m — 1)m/2.

The following lemma states that under the common face condition (¢) specified in the definition
of polyhedral subdivision, the affine hulls of relative interiors of intersecting faces are identical.

Lemma 2.2. The following hold:

(1) Let {X;}_, be a family of polyhedra in R™ (not necessarily to form a polyhedral subdivision)
Assume that the family {X;}_, satisfies (c) of the definition of polyhedral subdivision. Then
for any x* € UY_, X; and any i,j € Z(2*), {x € R" : (Ciz — h;)s = 0,Vs € L(z*,7)} = {z €
R"™ : (CJSL‘ — hj)g =0,V/l e ﬁ(l‘*,])}

(2) Let & = {X;} be a polyhedral subdivision of R". Given z* € R™ and i,j € Z(z*). Then
{x eR": (Ciz — h;)s =0,Vs € L(z*,i)} = {z € R": (Cjz — hj)=0,Yl € L(z*,7)}.

Proof. (1) For the ease of notation, define the affine sets S; := {z € R" : (Cjz — h;)s = 0,Vs €
L(z*,4)} and S5 = {z € R" : (Cjz — hj)p = 0,YL € L(z*,j)}. Since z* € §; and z* € S,
Vi = §; — 2" and V; := S§; — 2 are linear subspaces of R". To prove S; = S, it suffices to show
Vi = Vj. Suppose not. Then, without loss of generality, there exists a nonzero vector v € V;
but v ¢ V;, ie., (Cjv)y # 0 for some w € L(z*,j). By possibly switching the sign of v, we also
assume that (Cjv), < 0. Since (Cjz* — hi)s > 0,Vs ¢ L(x*,1), there exists a constant ¢ > 0
such that z := 2* + ev satisfies (C;z — h;)s > 0,Vs ¢ L(z*,i). Since z* € X; N X}, A; and X
intersect on a common face, i.e., there exist index sets a C L(z*,7) and 8 C L(z*,7) such that
XiNAX; = Fio = Fjp. Since v € V;, it is easy to verify z € F; o. Therefore, 2 € X;. However,
(Cjz — hj)w = €(Cjv)y < 0, implying z ¢ X;. This yields a contradiction. Consequently, S; = S;.

(2) This is a direct consequence of statement (1). O

Remark 2.2. Note that statement (1) may be invalid if a family of polyhedra fails to satisfy the
common face condition (c). To see this, consider the example in the left display of Figure 1. Clearly,
I(z*) = {1,2,3}. However, {z € R? : (C1x — h1)s = 0, Vs € L(x*,1)} is one dimensional affine
space containing z*, but {z € R? : (Coz — h2)s = 0, Vs € L(2*,2)} = {z € R? : (C3x — h3)s =
0, Vs € L(z*,3)} = {z*}. This discrepancy is due to the failure of the common face condition.

Recall that Lemma 2.1 shows that under the polyhedral subdivision assumption, each facet of
a polyhedron in a polyhedral subdivision is a unique intersection with another polyhedron in the
subdivision, which we call the unique intersection property below. Informally speaking, the fol-
lowing proposition shows a converse result, namely, if condition (a) of the definition of polyhedral
subdivision is replaced by the unique intersection property, then the family of polyhedra in consid-
eration will cover the entire space and thus become a polyhedral subdivision. This result forms a
cornerstone for a critical algebraic relation of system matrices in Theorem 2.1.

Proposition 2.1. Let {C;}]_; be a family of polyhedral cones in R™ such that

(i) Fach C; :== {x € R™ : Cijx > 0} has nonempty interior, where C; € R"™*" and {x € R™ :
Cix =0} = {0} for any i;

(ii) For anyi,j € {1,...,r} withi# j, C;NCj is a common proper face of C; and C; (in the sense
of (¢) of the definition of polyhedral subdivision);

(iii) For each s € {1,...,m;}, {x € C;: (Cix)s = 0} is an (n — 1)-dimensional facet of C;, and each
facet of C; is the unique intersection of C; and some C; with © # j in the given family.
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Figure 2: Left: the illustration of V and V* in R3; Right: the isomorphic of V.

Then the following statements hold:

(1) for any relative interior point =* of any q-dimensional face F of each C;, where g € {0,1,...,n—
1}, there exists a neighborhood N'(x*) such that N'(x*) C Ul_,C;;

(2) UL_,Ci = R".

Proof. Let U := U]_,C;. We prove statement (1) via induction on n € N. Consider n = 1 first. In
this case, it is easy to see that the only family of polyhedral cones satisfying (i)—(iii) is two rays of
R, i.e., C; = R4 and C; = R_. Clearly, the only face of each C;,i = 1,2 is F = {0} and the relative
interior point * = 0 of F is in the interior of &« = C; U Ca. Hence, statement (1) holds.

Assume that statement (1) holds for n = 1,...,p, and consider n = p + 1. Consider two cases
as follows: (a) z* is a relative interior point of a (unique) g-dimensional face F of some C;, where
ge{l,...,n—1}; and (b) z* is an extremal point of some C;, i.e., {z*} is a face of dimension zero.

Case (a). Since z* is in the relative interior of a g-dimensional face F of some C; with ¢ > 1,
it follows from condition (ii) and Lemma 2.2 that for any i,5 € Z(z*) C {1,...,r}, {x € R" :
(Cix)s =0,Vs € L(x*,i)} = {x € R": (Cjx)s =0,Vs € L(x*,7)}. Let V C R" denote this common
linear subspace which is of dimension ¢, i.e., V := {x € R" : (Ciz)s = 0,Vs € L(z*,i)}, and let
V1 be the orthogonal complement of V in R™. Furthermore, for each i € T (z*), let the polyhedral
cone S; = {r € R": (Cjz)s > 0,Vs € L(x*,i)} and K} denote the projection of S; onto V*. Let
P € R™™ be the projection matrix corresponding to the projection onto V*, i.e., Px € V* for
x € R™. Since Pz* =0 and (I — P)x € V,Vz, we have

K = {Pzx:(Ciz)s >0,Vs € L(z*,i)} = {Px: (Ci([I — Plx + Px), > 0,Vs € L(z*,i)}
= {Pz:(CiPz)s >0,Vs € L(z*,i)} = {v e VL : (Civ)s > 0,Vs € L(z*,i)} = S;nVE.

We show the following claims for K},Vi € Z(z*) that are illustrated in Figure 2:

1

(a.1) Claim 1: Each K. has nonempty relative interior in V- and {v € V* : (Civ)s = 0,Vs €
L(z*,i)} = {0}.
To show claim 1, note that for each s € L(x*, 1), there exists a vector s € R" such that
(Cizs)s = 0 and (Cias)e > 0 for any ¢ € L(z*,i) with s # (. Letting z := > ¢ 1y Ts,
we have (Cjz), > 0 for all w € L(z*,7). Let u, and v, be the (unique) projections of z
onto V and V*, respectively. Noting z = u, + v,, we have (Cijv,)s = (Ciz)s > 0 for all
s € L(x*,1). Hence v, is in the relative interior of K} such that ' has nonempty relative
interior in V. Finally, since {v € V1 : (Cjv)s = 0,Vs € L(z*,4)} C VLNV = {0}, we deduce
that {v € V*+: (Civ)s = 0,Vs € L(z*,i)} = {0}.



(a.2)

Claim 2: For any i,j € Z(z*) with i # j, Ki N K is a common proper face of K and K.

To see this claim, observe that for any 4, j € Z(z*), 2* € C;NC; such that C;NC; = F; o = Fj g,
where F; o, Fj g are respective faces of C; and C; defined in (1) with h; = 0 and h; = 0 for some
(nonempty) index sets o C L(z*,7) and 8 C L(x*,j). Since (C;z*)s > 0 for all s ¢ L(x*,1)
and (Cjz*), > 0 for all £ ¢ L(z*,j), there exists a neighborhood N (z*) of z* such that for
each x € N(z*), (Ciz)s > 0 for all s ¢ L(z*,i) and (Cjz), > 0 for all £ ¢ L(z*,7). This
shows that for each k € {i,j}, &y NN (2*) = S NN (2*) and Fi o NN (z*) = Gi o NN (2¥),
Fipg NN(x*) = G NN (z*), where G; o := {x € R" : (Cjz)q = 0, and (Cjz)s > 0,Vs €
L(z*,i)\ o} and G5 :={x € R": (Cjz)g =0, and (Cjz), > 0,V¢ € L(z*,j) \ f}. Hence, we
have §;NS; NN (%) = Gioa NN (2*) = Gj g NN (2*). Next we show that S;NS; = Gin = Gj
via the fact that for each k € {7, j}, (Cxz*)s = 0 for any s € L(z*, k) in two directions:

(a.2.1) S;NS; C Gi o and S;NS; C G; 3. It suffices to show the first inclusion. Let 2’ € §;NS;.
Suppose ' ¢ G;o. Then either (C;a’)y # 0 for some s’ € a or (Ciz'),, < 0 for some
w € L(x*,i) \ . Since (Ciz*)s = 0 for any s € L(z*,i), it is easy to see that for any
sufficiently small ¢ > 0, (1 — €)z* + 2’ ¢ G;o. In view of (1 —e)a* +e2’ € §;NS; NN (z¥)
for all small £ > 0, this yields a contradiction to S; N S; NN (z*) = G; o NN (z*).

(a.2.2) Gio € SiNSj and G g C S§;NS;. Again, we show the first inclusion only. Let 2’ € G; .
Suppose &’ ¢ S; N'S;. This means that there exist k € {7,j} and w' € L(z*, k) such that
(Crx')w < 0. Similarly as in (a.2.1), it is easy to see that for any sufficiently small ¢ > 0,
(Crl(1 —e)z* +ex']) , < 0. This shows (1 —¢e)z* +ex’ ¢ S NN (¢*), where k € {i,j}. Since
(1 —e)z* 4+ ea’ € Gio NN (a*), a contradiction is reached.

Thus S; NSj = Gia = Gjp. In light of Kj N K} = (S;nVH) N (S;nVE) = (SinS;) Nyt =
Gia NV =GjsNVE, we deduce that K} N K is a common proper face of K and K.

Claim 3: For each s € L(z*,1), the polyhedral cone {v € V*+ : (Civ), = 0, and (Civ), > 0,VL €
L(z*,i)\ {s}} is an (n —q—1)-dim face of K. Furthermore, each of such an (n—q—1)-dim
face of K} is the unique intersection of KC; and K, for some j € Z(x*) with i # j.

The first statement of claim 3 follows directly from the definition of a face and the fact that
V- is of dimension (n — ¢). To show the second statement, recall from condition (iii) that for
each s € L(x*,1i), the facet F; s = {x € C; : (Cjz)s = 0} is the unique intersection of C; and
some C; with ¢ # j € Z(x*), i.e., C;NC; = F; 5. By a similar argument in the proof of claim
2 (namely, (Ciz*), > 0 for all w ¢ L(z*,4) and (Cjz*), > 0 for all £ ¢ L(z*,j)), we have
SiNSj = Gis, where G; s :={z € §; : (Cjz)s = 0}. In view of K} = SN VL for each k =1, j,
we deduce K} N IC; = Gi s N V1, leading to the second statement.

Note that V* is isomorphic to R”~? via an isomorphism F : V- — R ¢ defined by an invertible
matrix, and let K; = F(K}) for each i. In light of the three claims shown above, it can be verified via
the isomorphism that the family of the polyhedral cones {IC;,7 € Z(x*)} in R" ™4 satisfies conditions

(i)—(iii) of the proposition with respect to the topology of R"~%?. Moreover, the vector z* € R"
uniquely corresponds to the zero vector in R”~4 via the projection and the isomorphism. Since the
zero vector in R™™? is an extremal point of each ;, it follows from the induction hypothesis that
there is a neighborhood N of the zero vector of R"~7 such that N C Uz (=) /Ci.

Now suppose that z* is not an interior point of U with respect to the topology of R™. Then
there exists a sequence (zx) in R™ such that z; — x* as k — oo and each z;, ¢ U. Since for each
i, (Ciz*)s > 0 for all s ¢ L(x*,i), we deduce that for all k sufficiently large, there exists some
sk € L(x*,1) with (Cizp)s,, < 0 for each i € Z(z*). Recall that Pz is the projection of z, onto
V1 and it is easy to verify (CiPz)s,,, <0 for each i € Z(x*). Letting v}, := Pz, € V-t we see that



(v},) converges to Pz* = 0 in V* and v}, ¢ Ujez(,+) K} for all k sufficiently large. Let vy = F(v},) for
each k such that (v) is a sequence in R"~9. By the virtue of the above argument, (vg) converges
to the zero vector. But for all k arbitrarily large, vy ¢ Ujcz(,+)K;. This leads to a contradiction.

Case (b). By condition (i) and the conic property of C;, the zero vector is the unique extremal
point of each C;. Hence, " = 0. We show that z* = 0 is in the interior of & by contradiction.
Suppose not. Then there exists a sequence (zj) such that z; — 0 as k — oo with each 2z, ¢ U.
Clearly, each zx # 0 as z* = 0 € Y. This shows that x* is a boundary point of U, i.e., x* € U NUC,
where U°¢ := R™ \ U. Moreover, it is shown in Case (a) that any relative interior point of a ¢-
dimensional face of each C; is an interior point of U, where ¢ € {1,...,n — 1}. Hence, z* is
the only boundary point of & and U¢. Choose z* := z; € U° for some k and a nonzero vector
z € U. Clearly, z* # 0 since z; # 0. Let [z*,Z] denote the line segment joining z* and Z, i.e.,
[2%,2] :={z: Az* + (1 — Nz, A € [0,1]}. Note that [z*,Z] contains at most one zero vector if there
is any. Consider two subcases:

(b.1) 0 ¢ [2%,Z]. Clearly, z* # 0 is not a boundary point of /¢, and thus is in the interior of /°.
Similarly, Z is an interior point of /. Hence, there exist scalars e; > 0 and 3 > 0 such
that the line segments {z : Az* + (1 — Az, A € [0,e1]} C U and {z : Az* + (1 = N)Z, X €
[l —e9,1]} C U. This shows that the line segment [z*,Z] contains a boundary point of . In
fact, let A* := sup{\ € [0,1] : Az* + (1 — N\)Z € U, VYA € [0,\)}. In view of 67 < A* < 1 — g9,
Az* 4 (1 — X\*)Z is a desired boundary point. Since 0 ¢ [z*,Z], this contradicts the fact that
the zero vector is the only boundary point of U.

(b.2) 0 € [2*,2]. As shown in (b.1), z* # 0 is in the interior of A€ and Z is in the interior of U.
Hence, there exist a unit vector v orthogonal to (z* — 2) and a constant €3 > 0 such that
z* 4+ e3v is in the interior of U°. It is easy to show that the line segment [z* 4 e3v, Z] does not
contain the zero vector. A similar argument as in (b.1) leads to a contradiction.

Consequently, statement (1) follows from the induction principle. Since x = 0 is an extremal
point of some C;, it follows from statement (1) that there exists a neighborhood N of x = 0 such that
N C U. Furthermore, noting that the union ¢ is a closed cone, statement (2) follows readily. [

The next lemma treats a special case of Theorem 2.1, and it establishes an algebraic relation
between different A;’s and d;’s when two polyhedra in = share a common facet. Its proof is
straightforward and is omitted.

Lemma 2.3. Let f be a Lipschitz PA function such that f(x) = Ax + d;,Vr € X; and f(z) =
Ajx 4 d;, Vo € Xj. Suppose that F := X; N & is a common facet contained in the hyperplane
{z € R" : Tz = 7} for a unit vector ¢ € R™ and v € R. Then there exists a vector b € R™ such
that A; = A; + bel and dj = d; —vb.

Lemma 2.4. Let > 0 be such that | A;|l2 < p for alli. Suppose that A; = Ap+bel with ||c[l2 = 1.
Then ||b||2 < 2u.

PT’OOf- Since A] = Ak + bcT and HCHQ = 17 Ajc = AkC—I— bCTC such that b = AjC . Akc. Hence7
1]l2 < | 4jll2 + [|Akll2 = 2p. -

Theorem 2.1. Consider a polyhedral subdivision {X;}[",. For a given * € R"™ and a fized index
iv € I(x™), there exist vectors by; ; € R™ such that for any { € Z(x*),

Ay = Ay + 3 beij(Ci)je,  de=di, — > (ha)jbeay (2)
JEL(x* ) i€T(x*) JEL(z* i) i€L(x*)



Moreover, if there exists a constant p1a > 0 such that ||Ailla < pa for any i, then ||bg; ;|2 < 2pa
for alli,j,¢.

Proof. To avoid triviality, consider the non-singleton Z(z*). For any ¢, j € Z(z*), we denote X; ~ X
if there is a finite sequence {Xs,, X, ..., X, } with s, € Z(2*) such that (i) s; = 4; (i) s, = J;
and (iii) for each k =1,...,s, — 1, X5, N Xy, is a facet Fy, , of X, for some w € L(x*,5;). By

Lemma 2.1, condition (iii) says that two consecutive polyhedra X, and X, , in the sequence share

k+1
a (unique) common facet containing z*. Geometrically, X; ~ X; means that+there is a path crossing
several facets containing x* that connects X; and X;. It is easy to verify that the binary relation ~
is reflexive, symmetric, and transitive, and thus it defines an equivalent relation on {X;, i € Z(x*)}.

For a fixed i, € Z(x*), we claim that for any j € Z(z*), &; ~ &;,. Suppose not. Let £ := {j €
Z(xz*) : Xj ~ &;,}. Thus there exists k € Z(x*) such that k ¢ £. We prove as follows that there
exists an open neighborhood N of z* such that N' C UjcgX;. To show this, recall that in view of
Lemma 2.2, {x € &}, : (Ci,x—h;,)s =0,Vs € L(z*,iy)} ={x € X : (Cjx—hj)e=0,VL € L(z*,j)}
for each j € £. For each i € &, define the polyhedral cone S; := {z € R" : (Cix — h;)s >
0,Vs € L(z*,i)} —a*. Clearly, S; = {v € R" : (Cyv)s > 0,Vs € L(z*,i)}. Define the subspace
V= {veR": (Cv)s = 0,Ys € L(z%i«)}, and let C/ be the projection of S; onto V1 for
each i € £. Since Z(x,) is non-singleton, V is a proper subspace. By a same argument as in
Proposition 2.1, we see that C, = S; N VL and {Cl,i € &} satisfies the three claims shown in the
proof of Proposition 2.1. Since V' is isomorphic to R” for some r € N, we obtain the isomorphic of
C/, denoted by C;, in R". Hence, the family of polyhedral cones {C;,i € £} in R" satisfies conditions
(i)—(iii) in Proposition 2.1. Consequently, U;ceC; = R". Along with the observation that for all =
sufficiently close to z*, (Cjz — h;)s > 0 for each ¢ € £ and any s ¢ L(x*,17), it suffices to show the
existence of a desired neighborhood N of * such that N' C Ujce X;j. However, since z* € X}, and
X has nonempty interior, there exists a vector 2’ in the interior of X such that the sequence (zs)
with zg := (1 —1/s)z* + 2 /s € X} converges to z* as s — oo. This yields a contradiction as k ¢ €.

Consider an arbitrary index £ € Z(x*). Since &;, ~ Ay, there exists a sequence { Xy, , X, , ..., X, }
with s, € Z(x*) such that (i) s1 = i; (ii) s, = £; and (iii) for each k =1,...,s, — 1, X, N A, .| is
a facet Fy, o, of X, for some w € L(x*, ;). This yields a sequence of common facets {F;, ., }. For
each sy, it follows from Lemma 2.3 that A, = As, + bw(Cspe)w and ds, ., = ds, — (hs;, )wbw for
some vector b,,. Repeating this process and letting b, ; ; := 0 for (C;);e that corresponds to a facet
not in {Fjs, v}, we obtain the identities in (2). Finally, under the boundedness assumption on A;,
it follows from Lemma 2.4 that each nonzero by; ; satisfies ||bg; jll2 < 2pa. O

The following corollary presents a global extension of Theorem 2.1.

Corollary 2.1. Given a Lipschitz PA function f : R™ — R" and its polyhedral subdivision = with
corresponding PA pieces {Ajx + d;}1" . Fiz ani, € {1,...,m}. Let {(ck,Vk)} define distinct facets
of polyhedra in =. Then for any € € {1,...,m}, there exist vectors by, € R™ such that

Ap=Ai,+) bexcl,  dp=di, =Y wbes. (3)
K B

Proof. For a given index i, define the index set %1 := {j € {1,...,m} : &;NA;, # 0}. It follows
from Theorem 2.1 that for each £ € H1, there exist vectors by, € R™ such that (3) holds, by possibly
setting some by, = 0 if a facet defined by (c,7%) is not a common facet of X}, j € H1. Then define
Ho = {je{l,....m} : X;NA; # 0 for some i € H;}. It is easy to see that (3) holds for each
¢ € Hy for suitable vectors by ;. Repeating this process in a similar manner, we obtain p € N with
Hp = Hpr1. Let U := Ujep, Xj. Since U is a finite union of closed sets, it is closed. On the other
hand, as shown in the proof of Theorem 2.1, each point in I/ is an interior point of ¢ such that U
is open. This shows that &/ = R"™ and H, = {1,...,m}. Hence (3) holds for each ¢ € H,,. O
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2.2 Lipschitz Piecewise Affine Systems: Mode Switching and Critical Time

Consider the ODE system & = f(z), where f : R” — R" is a Lipschitz PA function. We call
such a system the Lipschitz piecewise affine system or simply Lipschitz PAS [6]. Similarly, if f
is Lipschitz piecewise linear, then we call the system conewise linear system (CLS). Based on a
polyhedral subdivision {X;}"; of f, we can write the PAS in the following equivalent form

T =A;x+d;, Vaxedi (4)

where [z € X; N X;| = [Aiz +di = Ajz + dj] holds due to the continuity of f. The PAS (4)
has a unique continuously differentiable solution for each initial state. In what follows, we call each
affine dynamics & = A;x + d; and its associated polyhedron X; a mode of the PAS. The Lipschitz
PASs form a class of affine hybrid systems, for which the vector fields are affine, the invariant sets
are the polyhedra X; of dimension n, the guard sets are the boundaries of these polyhedra, and
the reset maps are all identities. Associated with the PAS (4), we define a reverse-time system as
follows: for a given terminal time T > 0, let 2"(¢) := (T — t) and z"(0) = (7). Then we have

" = —A;z" — d;, V e X (5)
This system remains a Lipschitz PAS. We introduce the definition of mode switching as follows.

Definition 2.1. Let z(¢,2") be a state trajectory of the PAS (4) from the initial state z°. A time
instant ¢, > 0 is not a switching time along x(t, z%) if there exist X; and a constant € > 0 such that
z(t,2%) € X for all t € [t. — ¢,t. + ¢; otherwise, ¢, is a switching time along x(t,2°), and we say
that the PAS has a mode switching at t, along z(t,z").

Let %= denote the lexicographical nonnegative order. For the ith mode of the PAS, define
Y; = {IL‘ eR" : (Cl$ — h;, Cz(Azl‘ + dl), CzAz(AzZL‘ + dz), cee, CZA:Lil(AZSL‘ + dz)) =0 }

For any 2, x(t,z") € &; for all t > 0 sufficiently small if and only if 2° € ;. Given ¢ € R™, recall
Z() = {ie{l,...,m} : £ € X}, and define J(§) := {i € {1,...,m} : € € V;}. It is clear that
J (&) € Z(£). Similarly, we can define J"(§) for the associated reverse-time system. Furthermore,
it is easy to show that i € J(§) if and only if there exists € > 0 such that &(¢,&) = A;z(t,£) + d;
(or equivalently z(t,§) € &;) for all ¢t € (0,¢).

The following proposition shows that the Lipschitz PAS enjoys the simple switching property
[31], which gives a neat algebraic characterization of a non-switching time. The proof is similar to
that of [31, Proposition 2.2]; we present the proof for self-containment.

Proposition 2.2. For any state trajectory x(t,z°) of the PAS (4), a time t, > 0 is a non-switching
time along z(t,z°) if and only if J(x(ts,2°)) = T "(x(t«, 2)).

Proof. Let x* := x(t.,z"). First of all, it follows from [39] that J(x*) and J"(x*) are nonempty.
Moreover, it can be shown using a similar argument in [6, Propositon 3.11] that . is a non-
switching time if and only if J(z*) N J"(2*) is nonempty. Hence, the “if” part follows readily.
To show the “only if” part, it is observed that since t,. is a non-switching time, there exists one
j € J(x*)NJ"(z*) and there exists ¢ > 0 such that z(¢,2°) € X; for all t € [t, —e, t. +¢]. It suffices
to show J"(2*) C J(z*) because J"(z*) O J(z*) can be proved in a similar way via the reverse-
time system. Suppose not. Then there exists i € J"(z*) but ¢ ¢ J(«*). Note that this implies i # j.
Since 4,5 € J"(z*), z(t,2°) € X; N X on [t, — €', t.] for some ¢ > 0. By the common proper face
property of polyhedral subdivision, z(t, 2°) € X;n{z : (Ciz—h;)o = 0} = X;N{x : (Cjz—h;)s = 0}
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on [t, — &', t.] for nonempty index sets a and §. This implies that (Cj z(t,z") — hj)s = 0 for all
t € [t« — €', ts]. Hence, letting z* := x(t,, 2°), we have

(C'ws* — hi, Ci(Air® + di), CiAi(Aix* + di), -+, GAT ' (Ai* + di))ﬁ =0

In view of this and x(t,2°) € X; on [t. — e, t. + €], we further have (Cjz(t,2°) — h;)g = 0 for
all t € [ti,ts + €]. Therefore, z(t,2°) € X; N {z : (Cjz — hj)s = 0} = X; N & on [t t. + €.
Consequently, z(t,2°) € X; on [ts,t. + €] and thus i € J(2*). This yields a contradiction. O

We introduce the concept of critical time originally defined in [28] as follows.

Definition 2.2. For a given state trajectory z(t, z%), if a time t’ satisfies J (z(t', 2°)) # Z(z(t', 29)),
then we call t a critical time along x(t, 2") and its corresponding state x(t',2°) a critical state. In
other words, J(z(t',2°)) is a proper subset of Z(x(t',2°)) at a critical time ¢'.

Let 2’ := x(t',2°) be a critical state, and let i € Z(z') \ J(2'). It is easy to see that 2’ must be
on the boundary of Xj, i.e., (C;z’ — h;)s = 0 for some s. Furthermore, we must have 2/ ¢ ), i.e.,

(Cix/ — hi, CZ(All‘/ + di), CZAZ(AZJJ, + di), Ty CzAzlil(Aﬂ:/ + dl)) % 0.

This implies that there exist an index s and a constant &’ > 0 such that (Cjz(#',2°) — h;)s = 0 and
(Ciz(t,z%) — hy)s < 0 for all t € (#',#' + ¢’). Tt is easy to show via a similar argument as in [28]
that a switching time must be a critical time, albeit the converse may not hold. By extending the
argument in [28, Proposition 7], we also obtain the following result whose proof is similar to that
of [28, Proposition 7] and is omitted.

Proposition 2.3. Given a time interval [0,T] with T > 0, there are finitely many critical times
on [0,T] along a state trajectory xz(t,zq). Specifically, there exists a partition 0 =ty < t; < --- <
tr—1 <ty =T such that for each i =0,..., M —1, there exists an index set Z* C {1,...,m} with
I(x(t, o)) = T (x(t,z0)) =L for allt € (t;,tis1).

Consider a state trajectory z(¢,2°) on the time interval [0, T]. Define the following sets:

To = {tel0,T]: (Cix(t,xo) — hi)s = 0 for some ¢ and s }, (6)
Ta = U Z(x(t,z?)), (7)
. = {(Ci)se : (C’ix(t,xo) — hi)s =0 for some t € Ty }, (8)
T, = {(hi)s : (Ciz(t,z") — h;)s = 0 for some t € Ty }. (9)

Note that Ty C [0, 7] may be empty. For a subset 7 C [0, 7], we also define

Za(T) = Uer I(a(t,2°)),
Z.(T) = {(Ci)se : (Ciz(t,2°) — hy)s = 0 for some t € TyN'T },
Tn(T) = {(hi)s : (Ciz(t,2°) — h;)s = 0 for some t € ToN'T }.

Proposition 2.4. Given a state trajectory x(t,z") on the time interval [0,T] for some T > 0. Fiz
an index is € I(z°). Then for each { € T4, there exist vectors by; € R™ such that

Ay =A;, + Z be CJT, dy =d;, — Z v be-

ch €7, Vi €Ln

Moreover, if a constant s > 0 is such that ||Aill2 < pa for any i, then ||byjll2 < 2ua for all €, 5.
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Proof. Since Proposition 2.3 assures finitely many critical times on [0, 7], we shall prove the propo-
sition by induction on the number M of the subintervals in the partition defined by critical times.

Consider M = 1 first, i.e., there exists an index set Z* such that Z(x(t,2°)) = J(z(t,2°)) = Z*
for each t € (0, 7). For the initial state 20 and the fixed i, € Z(z°), it follows from Theorem 2.1 that
there exist vectors by; ; € R™ such that for any ¢ € Z(2°), 4, = A4;, + Zjeﬁ(xo,i),iel'(xo) beii(Ci)je
and dy = d;, — Zjeﬁ(wo,i),iGZ(xO)(hi)j be;j. It is noted that (Cj)je € Z. and (h;); € Iy for each
j € L(z°,4) and each i € Z(2°). Hence, Z.({0}) = {(Ci)je : j € L(2°,4),i € Z(2°)} and Z,({0}) =
{(hi); : j € L(2%4),i € Z(a")}.

Next consider ¢ € (0,7). By a similar argument as in [6, Proposition 3.9], we deduce that
there exists a constant ¢4 > 0 such that J(2°) = J(z(¢,2°)) for all ¢ € [0,e;]. This, along with
I(x(t,2%) = J(x(t,2°)) = Z* for all t € (0,T), implies that T* = Z(z(t,2°)) = J(z°) C Z(2°) for
any t € (0,T). In view of statement (3) of Lemma 2.1, we have L(z(t,z%),i) C L(2°,i) for any
i € Z* and each t € (0,T). Therefore, Z.([0,7)) C Z.({0}), and Z,(]0, 7)) C Z5({0}). Furthermore,
for each £ € 74(]0,T)), A¢ = Ai, + cheIc([o,T)) b ; CJT and dy = d;, — Z'yjezh([o,T)) v be ;-

Now consider z(T) := z(T,2"). By using [6, Proposition 3.9] again, we obtain a constant e_ > 0
such that J"(x(T)) = J(z(t,2")) for all t € [T —e_,T). It follows from the similar argument as
before that Z* = J " (x(T)) C Z(x(T)). Choose an index i, € Z*. Applying Theorem 2.1 to z(T),

we deduce that for each ¢ € Z(z(T')), there exist vectors bjz € R™ such that

T
TeT.({T}) ¥EIL({T})

where Z.({T'}) = {(Ci)je : j € L(2(T),1),i € Z(x(T))} and Z,({T}) = {(hi)je : j € L(x(T),),i €
Z(x(T))}. Since A; = A;, + ch“el-c([oﬂ—\)) bi*vjc?, it is easy to see that for each ¢ € Z(z(T)),

T
cFez.([0,1)) €L ([0,T])

It is obvious that for each £ € Z4([0,T)), Ay = Ai*+2c{ezc([0,T]) be c;‘g, dp = di*_ZWkeIh([O,T]) Vi be ke
by setting by = 0 once cf. € Z.({T'}). This establishes the proposition for M = 1.

Given r € N, and assume that the proposition is valid for the partition of [0,7] into M =1,...,r
subintervals defined in Proposition 2.3. Consider M = r + 1. By the induction hypothesis, the
proposition holds on the interval [0,¢,], namely, given some i, € Z(2°), for each £ € Z4([0,t,]),
there exist vectors by ; € R™ such that

Ag=Ai+ Y by, dg=di.— ) vjbey
CJTEIC([O;tTD ’YjeIh([O?tT])

Now consider ¢ € (t,tpr). Using the similar preceding argument, we have Z.([t,,tar)) C Z.({t-}) C
Z.([0,tr]) and Zp([tr, tar)) € Zn({tr}) C Zxn([0,t,]). Therefore, the proposition can be extended to
the interval [0,%,7). Finally, by exploiting [6, Proposition 3.9] and Theorem 2.1 to z(T) := z(T, z),
where T = t,.1 = tps, we have, for a fixed index = Z(z(t,2°)) for some t € (t,,t,41) and each
¢ € I(x(T)), there exist vectors by5 € R" such that

_ T _
Ap=A+ D o, dp=di— Y g
C?EIC({T}) 7 €LL({T})

The rest of the proof follows from the essentially same argument as above and is thus omitted.
Hence, the proposition holds on [0,¢y/] = [0,T] by the induction principle. O
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Consider the state trajectory z(t,2°) of a Lipschitz PAS on [0,T], and the index sets Z. and
Ty, defined in (8)—(9). Suppose that {As : s € Zu} = {41,..., A}, Z. = {clT,...,cg}, and
In ={7,---,Yp}, where p < m(m —1)/2 (cf. Remark 2.1), A; € R"*", ¢; € R™ and ~; € R. Here
llcill2 = 1 for all i. Without loss of generality, we assume that x° is contained in the polyhedron
X1, whose affine piece is defined by (A1,d;). Define

C? Cp 71
C, = C? cRPM T .= CP‘AI e R(n—i—l)pxn7 h,, = 72 € RP.
Cg Cp(Ar)" Tp

Moreover, define ¢’ : [0,7] — RP with j =1,...,n+ 1:

¢*(t) :== Cpz(t,2") —hy,, ¢ (t):=C, AT g, 20) + A{_2d1] , J=2,...,n+1, (10)
and define q : [0, 7] — RHDP a5
q'(t)
ait):=| | =Ta(ta")+d,
anrl(t)

where T € RTDrxn and d € R™TDP is a constant vector.

Proposition 2.5. Let q(t) be defined above for the Lipschitz PAS (A, di, X;)™, with || As|l2 <
pa,Vi=1,....,m for a constant ua > 0. Then there exists a matriz-valued measurable function
G :[0,T] — ROTDPx( D0 gyych that

q(t) = G(t)q(t), a.e. [0,T].

Furthermore, there exists a constant ug > 0 (depending on pa and m only) such that ||G(t)|2 < pa
for allt € [0,T].

Proof. Tt follows from the (regular) non-Zenoness of the Lipschitz PAS [6, Theorem 3.5] or [39]
that for any ¢ € [0,T], there exist ey > 0 and some index ¢ € T4 such that x(t,2°) € X, for all
t € (t',t' + ey). Hence, on the open sub-interval (¢',t' + ¢y), we have

q(t) =Ta(t,2") =T [Apx(t,a) + d¢], Vte ' t +ep).

In light of Proposition 2.4 and letting i, = 1, we have the vectors b, ; € R" such that

p p
A€:A1+Zb£,j ol dy = dy —Z%‘ by, ;.
=1

j=1
Therefore, for any k € N,

p

(A)F [Apa(t,a®) + do| = (ADF| (Ara(ta®) + di ) + D b (T a(t,a”) = ).
s=1

Consequently, for each k =0,1,...,n—1,

e (A’f“x(t, %) + A’fdl) + 3577 F Ak, (csTx(t, 20) — 'ys)
C, (A1) [Aga:(t, %) + d@} - :
CZ (A’f“x(t, 20) + A’fd1> +>P CZ:Alfbg’s (csTx(t, 2%) — fys>
= ¢"(t) + Hid' (1),
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where Hy is a p X p matrix whose elements are given by C]TAIfbgjs.

Let the coefficients a, ; be such that A} = Z?:_ol as,jA{. Since a ;’s are continuous in A; and
[A1l2 < pa for all s, there exists a constant p, > 0 (dependent on pa only) such that |as ;| < pa
for all s and j. Noting that A7 x(t,20) + Apd; = Z?:_& as,j(A{Ha:(t,xO) + Aldy), we have

cr (A?'Hx(t, 20) + A’fdl) + 3P T AT, (ch(t, 20) — ’ys)
Cpl(An)" [ Ara(t,a®) + di| = :
cg (A?Hx(t, 20) + A’fdl) +>P ch’fb&s (CSTx(t, 20) — ’ys)

n—1
= N as ) + Had\(t),
7=0

where H, is a p X p matrix whose elements are given by C?A?bg,s. Since ||A;ll2 < pa, |cFlla =1
and ||bg ;|2 < 2ua for all 4,4, j, there exists a constant gy > 0 such that maxg—o 1., [[Hill2 < pn.
By virtue of the above results, we obtain a matrix G, € R(tDx(n+1p guch that

qt) = Gy q(t), Vte (', t' +ep).

Note that there are at most |Z4| copies of such the matrices G;, where |Z4| < m. Furthermore, in
view of the uniform bounds on Hj, and ay j, there is a uniform bound pug > 0 (dependent on pg
and m only) such that [|Gill2 < pg foralli =1,...,m.

Let 1g denote the indicator function of a set S, and define

G(t) = Y Gy Lye 1] a(tad)er,}-
s=1

Consequently, if ¢t € [0,T] is not a critical time, then

q(t) = G(t)a(t). (11)

Due to the (regular) non-Zenoness of the Lipschitz PAS [6, Theorem 3.5] or [39], we see that for
each s, the set {t € [0,7] : z(t,2") € X; such that @(¢,2%) = Agz(t,2°) + ds} is a countable (in
fact, finite) union of open intervals and thus is Borel measurable [12]. This implies that G(¢) is a
measurable (piecewise constant) function on [0,7]. Furthermore, since (11) holds except countably
(in fact, finitely) many ¢ € [0, 77, it holds almost everywhere on [0,7]. Moreover, ||G(t)|2 < pq for
all t € [0,T], where pug > 0 depends on 4 and m only. O

The next result states a critical property pertaining to linear transformations of q(t). Given
the Lipschitz PAS (4;,d;, ;)™ with ||A;ill2 < pa,Vi=1,...,m for some constant p4 > 0, define
the set of matrix-vector pairs & := {(A;,d;)}™,. Let ¢! € Z.,i = 1,...,p. Define the tuple

n—1
i = | (], %), (Sin,dv), Sia1(Sizo,da), Siz1Siz2(Siss,ds), -, (H&‘;m) (S dn) |
j=1

where each S ; € {As s € Za} C{A1,...,Ap}tfor k=1,...,nand j =1,...,k — 1, and each
(Sikks di) € {(As,ds) : s € Ty} C S. Note that there are at most (m™*! —1)/(m — 1) such tuples.

15



Furthermore, define ¢%i : [0, T] — R™*! corresponding to 1; as

0 = (0, B0, ) (12)

= (CiTw(t,u’Co) — i, cF [Si;1,156(t,$0) + 671] , ¢t Si2n [Si;2,2$(t,560) + 672] s

n—1 T
...... , RN CZT ( H Si;n,j) [Simmx(t’ "I}O) + Jni| ) .
j=1

Define the string of the tuples v := (¢1,...,v,), and q¥ : [0,T] — RMHLP a9

a’(t) == | ¢ (1), d” (@), a" (1), @ (1), dS2(t), s (E), e s al L (),q (1), gl ()
with subscript 1 with subscrlpt 2 with subscript (n + 1)
(13)

Proposition 2.6. Given the Lipschitz PAS (A;, d;, X;)7", with ||Aill2 < pa,Vi=1,...,m for some
constant pa > 0, consider q¥(t) defined above for some tuple 1. Then there exists a matriz-valued
measurable function G¥ : [0,T] — ROHDPX(4+Dp gych that

&) = Y a’(t), ae [0,7].
Furthermore, there exists a constant k > 0 (depending on pa and m only) such that

sup  [|GY(1)]|2 < .
¥,t€[0,7]
Proof. Consider a fixed i and its corresponding tuple ;. Since each S ; € {As : s € Ia},
it follows from Proposition 2.4 that S;j; = A1 + ZT 1 ij,,c for suitable vectors b; j, with
bikjrll2 < 2pa. Therefore, for each k =1,...,n,

k—1 k—2
T T(A k 1
¢; HSZyk7] = ¢ ( + ansﬁc Al )
j=1 0=0 s=1
where the coefficient 7; s, = c¢; (l_[;€ 12 651 k}j) - bi, k—1—¢,s- Due to the uniform bounds on

| A1l|2, ||bik,j,s]|2, and ||c;||2, we deduce that there exists a uniform bound p,, > 0 (dependent on p4
and m only but independent of ¢ and (A;,d;)) such that |n; s | < py, for all i,s,¢. Hence, given
ke {1,...,n} and letting (S, di) = (Aw,dw) € {(As,ds) : s € Ta}, we have

k—1
j=1

k=2 p p
= (Cz'T(Al)k_l + Zm,s,z ct (Ar) > (Arz(t,2°) + di) +wa, (cs(t,2”) =)
=0 s=1 s=1
ko p
= T +DD Siesds(t), (14)

where ¢%(t) denotes the sth component of ¢‘(t) defined in (10), and the coefficients ¢; ¢, are uni-
formly bounded, i.e., there exists a constant ;15 > 0 (dependent on p14 and m only but independent
of ¢ and (A, d;)) such that |¢; s ¢| < pg for all i, s, and £.
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Based on (14) and the definition of q¥(¢), we obtain, for a given tuple 1,

PY

where I, is the identity matrix of order p, PY € RHDpx(n+1p and x denotes the matrix blocks
whose elements are such that their absolute values are uniformly bounded by p4, regardless of 1
and (4;,d;). In view of this, we conclude that there exists a uniform bound on ||P¥||s, regardless
of ¢ and (A;,d;). Let adj(-) denote the adjugate of a square matrix. In light of det(P¥) = 1 and
(P”’)_1 = adj(P¥)/ det(P¥) = adj(P?), there exists a uniform bound on || (Pw)_ng, regardless of
¥ and (A;,d;). In summary, there exists a constant pp > 0, which depends on 14 and m only, such
that sup, (|P¥|2, ||(P1/’)_1||2) < pp. Let G¥(t) := PY G(t) (Pw)_l. Hence, in view of (11),

q“(t) = G*() (1), ae. [0,T].
Due to the uniform bounds on ||[P¥ ||z, || (Pw)_1||2 and ||G(¢)]|2, we have

k= sup [GY(t)||2 < oco.
$,te(0,T]

where k depends on p4 and m only but is independent of v, ¢, and (A;, d;). O

The above proposition can be extended to a family of Lipschitz PASs with uniformly bounded
|Ail|2 and m via an almost same argument. Precisely, we have the following corollary.

Corollary 2.2. Given a family of Lipschitz PASs {(Asi,dsi, X5i)io }. Suppose that there exist a
constant pa > 0 and m, € N such that for each o, ||Agill2 < pa,Vi=1,...,mq, and my < m,.
For a PAS indezed by o, let g% (t) denote q¥(t) on [0,T] defined in (13) for some tuple 1. Then
there exists a matriz-valued measurable function Gg(t) such that

ay(t) = GE () ay(t), a.e [0,T].
Furthermore, there erists a constant k > 0 (dependent on pa and m, only) such that

sup [|[GE(t)]|2 < k. (15)
$,0,t€[0,T]

2.3 Robust Non-Zenoness of Piecewise Affine Systems: Main Results

In this section, we establish a main robust non-Zeno result for a family of Lipschitz PASs. This
result states that under suitable uniform bounds on the number of modes and subsystem matrices,
there is a uniform bound on the number of mode switchings of each PAS on a given time interval.

Specifically, consider a family of Lipschitz PASs {(Aq.i, doi, X5i);2% } on R, where o is the index
and =, := {X,;};29 is a polyhedral subdivision of R” corresponding to PA pieces {Ay iz +dyi}i7.
Let z,(t,2°) denote the state trajectory of the PAS indexed by o from the initial state 2. We
introduce the following standing assumptions for robust non-Zenoness:

(H1) There exists an m, € N such that each PAS has at most m, modes, i.e., m, < my,Vo;

(H2) There exists a constant pig > 0 such that ||Ay;||2 < pa for each i =1,...,m, and each o.
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Some equivalent assumptions are presented as follows. Since each polyhedron has at least one
facet, it follows from Remark 2.1 that an equivalent condition for (H1) is:

(HY’) There exists p. € N such that the total number of facets of all the polyhedra of each PAS
indexed by o is not greater than p,.

Moreover, let f, : R™ — R"™ be the right-hand side function of the PAS indexed by o. It is easy to
show, via [11, Proposition 4.2.2(c)] for example, that condition (H2) is equivalent to

(H2’) The family of functions {f,} is uniformly Lipschitz, i.e., there exists a real number u > 0
(independent of o) such that for each o,

1fo(@) = foW)ll2 < plle—yl2, Va,yeR™

Given the fact that a mode switching occurs on a facet of a polyhedron, it is clear that condition
(H1) is necessary for robust non-Zenoness. We show shortly that condition (H2) is not restrictive
either. In fact, the violation of (H2) may yield the failure of robust non-Zenoness (see Example 2.1).
Under these assumptions, we present a main result at follows; its proof is given in Section 2.3.1.

Theorem 2.2. Consider a family of Lipschitz PASs {(As.i, doi, X5i)iy } on R™, each of which has
a polyhedral subdivision {X,;}i% of R™. Suppose that conditions (H1) — (H2) hold. Then for a
time interval [0,T] with T > 0, there exists N(T, pna) € N such that for any o and any initial state
20 € R", there are at most N (T, ua) critical times on [0,T] along the state trajectory z,(t,z°).

Since a switching time is a critical time, we obtain a direct consequence of Theorem 2.2.

Theorem 2.3. Under the same conditions stated in Theorem 2.2, for a time interval [0,T] with
T > 0, there exists N'(T, ua) € N such that for any o and any initial state 2° € R™, there are at
most N'(T, j14) mode switchings on [0,T] along the state trajectory z,(t,z°).

Remark 2.3. It is noted that the robust non-Zenoness of PASs does not impose any assumption
on the constant drift vector d; in each subsystem. In other words, the robust non-Zenoness remains
valid even if the constant drift vectors d,; are unbounded.

The following example shows that if the uniform bound on |4, ;|2 is dropped, then robust
non-Zenoness may fail.

Example 2.1. Consider a planar bimodal conewise linear system (CLS), i.e., n = 2. This system
can be compactly written as: @ = Az + bmax(0, —c’ ), where A € R?*2? and b,c € R?. Suppose
that A and A — be! have complex eigenvalues 1 £ 1wy and o & 2ws respectively, where wy,ws are
positive real numbers. It is shown in [5] via the Poincaré map that if 5—1 + c% = 0, then the CLS
has a periodic solution from any nonzero initial state with the constant period -+ /-. Let

Sl S At

The eigenvalues of A and A — be! are 1wy and 4 11/w; (w1 + 1), respectively. Clearly for a fixed
T > 0, the number of mode switchings along a trajectory from a nonzero initial state is roughly
proportional to wy for all wy > 0 sufficiently large. Consequently, a uniform bound on the number
of switchings of a family of the CLSs does not exist if ||A,|2 — oo for an index sequence of o.
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2.3.1 Proof of Theorem 2.2

A state trajectory x(t,z") is generally known to be only once time differentiable with respect to ¢,
due to possible switching at t. In spite of this, the next lemma states a combinatorial property of
zeros on a hyperplane. A similar idea is given in [4, 29)].

Lemma 2.5. Let x(t,2°) be a trajectory of a Lipschitz PAS whose subsystems are defined by the set
of matriz-vector pairs S = {(Ai, d;)}™,, and [t1,t2] be a time interval. Given ¢ € R™ and v € R.
If cTx(t,2%) — v has H?Zl(mj_1 + 1) zeros on [t1,t] for some k € N, then there exist t, € (t1,t2),

S;e {Ai}, withj=1,....,k—1, and (Sk,dy) € S such that CT(H;?;II Sj> [Sk z(ts,2%) + dj | = 0.

Proof. We prove the lemma by induction on k. Consider k& = 1. Since ¢’ 2(¢, %) —~ has two zeros on
[t1,to] and ¢’z (t,20) — v is (time-)differentiable, there exists t, € (¢1,t2) such that ¢! @(t,,2%) =0
by the mean-value theorem. Thus we have ¢ [A;z(t., 2°) +d;] = 0 for some (4;,d;) € S. Hence the
lemma holds. Now suppose that the lemma holds true forall k = 1,...,¢, where £ € N. Consider k =
¢+ 1. Without loss of generality, we assume that the zeros 7; € [t1,t2],i=1,..., Hfill (mi=1+1), of
cT'z(t,2%) —~ are in the strictly increasing order. For notational simplicity, let p := Hle (mi=1+1).
Define the time interval I; := |71 (j_1)p, Tjp] C [t1,%2], where j = 1,... ,m‘+1. Hence c"z(t, 2°) —v
has p zeros on each I;. It follows from the induction hypothesis that for each j, there exist 7; €
(T (j—1)ps Tip) and S € {A;}™, such that ¢7 ( 1) SM) [S;.03(7;,2°%) +dy] = 0, where (S;4,dy) €
S and all the 7;’s are distinct. Since the tuple {Sj1,5;2,...,5;¢-1, (S}, de)} has m! combinations
but j = 1,...,m’ + 1, there must be two identical tuples, denoted by {55,553, ..., Si_1,(S7,dy)}-
Therefore, CT(Hf;l Sf) [Sp z(t, ") + dj) has two distinct zeros on [tq,¢2]. Using the mean-value

theorem again, we obtain t. € (t1,t2) and (S7,,d¢y1) € S such that CT<Hf:1 SZO) (57,1 @(te, 2°) +
dgH] = 0. This show that the lemma holds for £k = ¢ + 1, and thus for all £ € N. ]

The following lemma is due to Sussmann [38, Lemma A1l]:

—Kn

Lemma 2.6. Let k > 0 and n € N. Let AT > 0 be such that AT < min(l, T) If
n2eK

d1(t), ..., On(t) are absolutely continuous functions on a time interval I of length AT that sat-

isfy a linear system of differential equations:

(Zgi(t)zzaij(t)(ﬁj(t), izl,...,n, a.e. [,
j=1

where the coefficients o (t) are measurable real-valued functions on I such that |oy;(t)| < & for all
1<i,5<nandallt €I, then either (i) all the ¢;(t) vanish identically on I, or (ii) at least one of
¢;i(t) has no zeros on I.

Equipped with the above results, we are ready to prove Theorem 2.2 as follows.

Proof of Theorem 2.2. We prove the theorem by contradiction. Suppose not. Then for a fixed time
interval [0, 7] with T' > 0, there exists a sequence of the pairs {(oy,2%*)} such that the number
of critical times on [0, 7] along the state trajectory z,, (t, %), denoted by Ny, satisfies Nj, — oo
as k — oo, where z, (t,a:o’k) represents the trajectory of the Lipschitz PAS indexed by oy in the
given family from the initial state 2%*.

For each Lipschitz PAS indexed by o, let (c§k75,70k7s)§i 1 be a collection of all the facets of

the associated polyhedral subdivision, where each py < m.(m. —1)/2 and each |c,, s[l2 = 1. At
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a critical time ' € [0, 7] of x4, (t, %), it follows from the discussion before Proposition 2.3 that
c?hs To, (t, 29F) — 75, s = 0 for some s € {1,...,px}. Since the number of critical times tends to
infinity as k& — oo, we deduce via [4, Lemma 8] that for any M e N, there exist a sub-interval
T C[0,7] and K € N such that for each s € {1,...,px}, X 24, (t, aco KY) — 45, s either has no
zeros on 7 or has more than M zeros on 7.

Let k > 0 be defined in (15) for the family of Lipschitz PASs, where x depends on 4 and m.
only. Furthermore, define p, := my(m. —1)/2, N, := [\ (me1 +1), My := [T/er] - N, where

j=1
[] denotes the ceiling of a real number, and

1 —Kpx(n+1)
er:= —min | 1, .
2 [p*(n—l— 1)]3/25
Now choose M > M, € N. This implies that there exist a Lipschitz PAS indexed by o, from the

given family, a time sub-interval 7, C [0,7], and an initial state 2%* such that ¢ _z,, (t,2%%) —

Yo.,s has more than M, zeros on T, for s = 1,...,p with p < p,, and each of the remaining
O,*)

¢l xo, (t,2%%) — 45, s has no zero on 7.

Since the length of T, is no more than 7', we obtain, by the deﬁnition of M,, a time interval
Ter C T. of length er > 0 such that (i) for each s = 1,...,p, ¢ 2, (t,2%*) — 7,, s has more
than N, zeros on T.,; and (i) each of the rest of ¢l x, (t, 2% ) — Yo.,s has no zeros on Tc,.
Therefore, Zo(Te,) = {ck. s =1,...,p} and Zy(Tzp) = {Yo..s : s = 1,...,p}. Since m,, < m,

and N, := HJ 1 ( mit 4+ 1), it follows from Lemma 2.5 that for each ¢ = 1,...,p, there is a tuple

T
Vi = | () ( Zl,ladf)a 1'*;2,1( 122ad2) 1315* (:;3,37 . (H zn,j) isn,mo dy)

such that each component of the vector-valued function ¢%i (¢) defined in (12) based on %} has
at least one zero on 7T, where each S7; ;. € {Ao. s s € Za(Ter)} C {A1,..., Ap,, } for k =
1,...,nand j = 1,...,k — 1, and each (Si*;hk,dZ) {(As, 5:do.s) 5 € Ta(Tep)} € S. Let
Y* = (Y71,...,9,), where p < p.. This shows that each component of q?" (t) (cf. (13)) has at least
one zero on 7T.,. For the given tuple ¢*, it follows from Proposition 2.4 and Corollary 2.2 that
there exists a measurable function G, (t) with SUPseT., ||Gg: (t)|l2 < K such that

qﬁ’*(t) = Gf:(t) qq’[’*(t)7 a.e. Top.

Note that ‘(Gf: (t) < HG H2 < k for any i,j and all ¢t € [0,T]. In view of Lemma 2.6, we
deduced that each component of q¥” (¢) is identically zero on 7.,.. This thus shows that for each
s=1,...,p, ¢l x5, (t,2°%) =75, s = 0 for all t € T.,.. For the rest of ', either ¢! _ x,, (t,2°%) —
Yo.,sr > 0 or CZ* o To, (t,2%%) — 4, ¢ < 0 for all t € T;,. On the other hand, since there are
multiple critical times on Tz, along z, (t,#%*), there exists at least a critical time ¢’ in the interior

of 7T,. By observing the discussions before Proposition 2.3, we conclude that at the critical time
, there exist an index § and a constant & > 0 such that (¢l Cy, 5 %0 (t',2%*) — ~,.5) = 0, and
(CZ 2 %o (1, 2%%) —7,.5) <0 forall t € (', +&'). This yields a contradiction. O

3 Robust Non-Zenoness of Non-Lipschitz Piecewise Affine Sys-
tems

In this section, we extend robust non-Zeno analysis to a family PASs with discontinuous (or equiv-
alently non-Lipschitz) right-hand sides. The discontinuous property of this class of PASs renders
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many difficulties not only in switching dynamics analysis but also in fundamental issues, such as
solution well-posedness. Partial robust non-Zeno results are obtained for well-posed biomdal PASs
via the recent work on well-posed PASs and a technical result of Sussmann.

3.1 Non-Lipschitz PASs: Solution Concepts and Mode Switching

We introduce a non-Lipschitz PAS on a polyhedral subdivision first. Let = = {&;}7, be a poly-
hedral subdivision of R", and let {(A;,d;)}™, be a tuple of matrix-vector pairs, where the affine
functions A;x + d; need not be continuous on the boundary of polyhedral &; in =. This gives rise
to the set-valued mapping F : R" = R™:

Fla) = Az + d;, if z€intA;
S {diz+diieZ(n)}, if 2 €Nt

where int denotes the interior of a set. A non-Lipschitz PAS is thus defined by the following
differential inclusion (DI):
t € F(x). (16)

Note that if the right-hand side of a PAS is continuous, then F(z) is singleton for any x so that
(16) becomes a Lipschitz PAS. Moreover, if each d; = 0 and each polyhedron in Z is a cone, then
(16) becomes a non-Lipschitz piecewise linear system (PLS).

In what follows, we introduce several widely studied solution concepts [8].

Definition 3.1. Given an initial state x° € R”. A R"-valued function z(t,z") with x(0,2%) = z°
and t € [0, 00) is:

(1) a weak solution in the sense of Carathéodory (or simply a Carathéodory solution) if z(¢, z°)
is absolutely continuous in ¢ and satisfies the DI (16) for almost all ¢ € [0, 00);

(2) a forward Carathéodory solution if it is a weak solution in the sense of Carathéodory and for
any to > 0, there exist the ith mode and a real g, > 0 such that i (¢,2°) = A;z(t,2°) + d; for
all t € (to, to + €1,) (a backward Carathéodory solution can be defined in a similar way);

(3) a Filippov solution if z(t, z°) is absolutely continuous in ¢ and satisfies the DI: & € conv(F(x))
for almost all ¢ € [0,00), where conv(-) denotes the convex hull of a set.

Clearly, the concept of forward Carathéodory solutions is the most restrictive one among the
three, and it rules out the existence of a left Zeno time but allows a right Zeno time [8, 17].
Furthermore, a Carathéodory solution is a Filippov solution but not vice versa in general. Extensive
research has been carried out to characterize well-posedness of non-Lipschitz PASs under the above
solution concepts. For instance, necessary and sufficient algebraic conditions are derived in [17] for
well-posedness of forward Carathéodory solutions of bimodal PLSs and their extensions, and this
issue is addressed in [8, 40] for Filippov solutions of bimodal PLSs and PASs, which has led to the
non-Zeno property of well-posed bimodal PLSs and PASs. It should be pointed out that in spite of
the above-mentioned progress, verifiable algebraic conditions for general well-posed non-Lipschitz
PASs remain unavailable, even for forward Carathéodory solutions.

Given a solution x(t, 2") of a non-Lipschitz PAS (16) on a polyhedral subdivision, mode switch-
ing can be defined in the same way as in Definition 2.1. Moreover, for a forward Carathéodory
solution z(t,z%), the index set J (z(t,2°)) is nonempty for any ¢ > 0. Therefore, critical times along
x(t, 2%) can be defined, namely, a time t' is a critical time along x(t, 2°) if J (2 (¢, 2°)) # Z(x(t', 2°)).
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3.2 Robust Non-Zenoness of Well-posed Bimodal Non-Lipschitz PASs

Robust non-Zeno analysis of a general non-Lipschitz PAS is much more challenging than that of its
Lipschitz counterpart due to the discontinuity induced analytic difficulties. To elaborate on this,
recall that one of important steps in robust non-Zeno analysis of Lipschitz PASs in Section 2.3
is Lemma 2.5, where one obtains zero derivatives using time differentiability of a state trajectory.
However, a trajectory of a non-Lipschitz PAS (in any sense of Definition 3.1) is absolutely continuous
and need not be time differentiable everywhere. This invalidates Lemma 2.5 and its subsequent
argument. Another analytic difficulty pertains to solution well-posedness. It is known that if
solution uniqueness of a switching system fails, then its trajectory may be Zeno [2, 34, 36]. On the
other hand, there are few characterization results of general well-posed non-Lipschitz PASs except
bimodal PASs, even when a relatively simple solution concept (e.g., forward Carathéodory solutions)
is considered. For these reasons, we focus on bimodal non-Lipschitz PASs, whose well-posedness
conditions are recently established by Camlibel [8, 40].

A bimodal PAS consists of two modes characterized by affine functions A;x + d;, ¢ = 1,2 and
a polyhedral subdivision = = {X}, X»} with X; := {z € R* : (=1)""(cTa — ) > 0} for i = 1,2,
where A; € R™*" d; € R", 0 # ¢ € R, and v € R. In this case, the two polyhedra are halfspaces
of R” defined by ¢’z > v and ¢’z < ~, respectively. To describe the well-posedness conditions of
the bimodal PASs, let h; be the observability index of the pair (¢, 4;),i = 1,2, i.e., the largest
integer such that (c, ATc,..., (A")Te)T has full row rank, and define the following matrices and
vectors similar to those before Proposition 2.5:

' [ = ]
CTAZ' Csz'
T, = | P47 | RO o | T Aidi | e RUSHD =12,
T 'hi+1 T 'hi
LC 14Z i LC Az d;]

It is shown in [40, Theorem 3.1] that the bimodal PAS has a unique Filippov solution for any initial
state if the following conditions hold:

(H3) (i) h1 = ho; (ii) there exists a lower triangular matrix M of order (h; + 2) with positive
diagonal elements such that T} = M T, and p; = Mpe; and (iii) the implication [T1z + p; =
O] — [All‘ +dy = Asx + dg] holds.

Furthermore, under (H3), any Filippov solution is both a forward and backward Carathéodory
solution and thus is non-Zeno [40].

We introduce more notation. Let h := h; = hy under (H3). Since h is the observability index of
both (¢, A;),i = 1,2, we obtain real numbers ;. j such that CTA?—H = Zh

T AT
=0 Qij € A;. Moreover,
for any z € R",

(A + d;) T Az + cTd; e —~
T (A J : : - Az + cTd;
il Aix+ 2) = : = ’ = W; . )
cTA?'Haf + T Ald; cTA?Hx + ' Ahq; ‘ :
AN (A 4 ) Z?:o a;j T (AT e 4+ Aldy) (A 4 Abdy)
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where the matrices

0 1 0 0 ]
0 1 0 0
0 0 0 1
0 @i o0 e Qo1 Qi

We present a technical lemma due to Sussmann that gives a bound on the number of zeros of
absolutely continuous functions. This result plays a key role in robust non-Zeno analysis of bimodal
non-Lipschitz PASs.

Lemma 3.1. [37, Lemma 3] Let ¢1,...,on be real-valued absolutely continuous functions that
satisfy the system of equations for almost allt € [0,T]:

o1(t) = an@)ei(t) + Bi(t)p2(t)
Go(t) = an1(t)e1(t) + ana(t)a(t) + Ba(t)ps(t)

@i(t) = ain(®)e1(t) + ia(t)pa(t) + - + ii(t)pi(t) + Bi(t)piv1(t)

on(t) = ani(t)ei(t) + ana(t)p2(t) + - + ann(t)en(t),

where oy, i =1,...,N,j7=1,...;i and B;,1 = 1,..., N — 1 are real-valued measurable functions.
Suppose that there exist positive constants v < p such that for all suitable i,7, |a;;(t)] < p and
v < |Bi(t)| < p for allt € [0,T]. Then there exists a positive real number 6(N, p,v) such that for
any time sub-interval T C [0,T] of length not greater than 6(N, u,v), either ¢1(t) is identically zero
on T or ¢i(t) has at most N — 1 zeros on T.

For a matrix S = (s;5), let ||S]|max denote the max norm of S, i.e., ||S||max = max; j |si;]|.

Proposition 3.1. Consider a family of bimodal PASs defined by {(Ae,i,ds,i),Co,Vo} satisfying
(H3) with the observability index hy, the lower triangular matriz My = (my;j), and the matrices
Wo.i defined in (17), where o is the index and h, may be different. If there exist two positive
constants v and p with v < p such that for each o,

(1) V<%§uforalli:1,...,hg+l, and

— Mo (i+1)(i+1
(2) max (HWJ,1||max> HMO'WG',QM;:LHHI&X) <,

then the family of bimodal PASs is robust non-Zeno, namely, for a time interval [0,T] with T > 0,
there exists N(T, u,v) € N such that for any o and any initial state 2°, there are at most N (T, ji,v)
switchings (resp. critical times) on [0,T)] along any Filippov solution x,(t,x°).

Proof. Consider a Filippov trajectory z(t) of a bimodal PAS satisfying the condition (H3), where
we drop the dependence on an initial state 20 for notational simplicity when the setting is clear.
Given the (common) observability index h, define the R"**2)-valued functions ¢ and § as

cla(t) — v cla(t) -y
' Az(t) + cldy B el Asz(t) + cT'dy
q(t) = , =Tiz(t)+p1, qt) = : = Thz(t) +po.
(A g (t) + Aldy) (A 2 (t) + Abdy)
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Note that ¢(t), q(t) are absolutely continuous, and ¢(t) = M¢q(t) for a lower triangular matrix M
with positive diagonal entries. It follows from condition (H3) and [40, Theorem 3.1] that z(¢) is a
forward Carathéodory solution. Hence, for any ¢, > 0, there exists a scalar €;, > 0 such that for all
t € (ts, ts +¢1,), either (i) @(¢t) = A1x(t) + dy or (ii) ©(t) = Asz(t) + da. For case (i), in view of the
definition of W7, we have ¢(t) =Ty (Alx(t) + dl) = Wiq(t) on (ts,t. + e, ). For case (ii), we have

q(t) = T1 (Asz(t) + do) = MTo(Asz(t) + do) = MWag(t) = MWaM " 'q(t), Vt€ (te,ti+er).

It follows from the lower triangular structure of M = (m;;) and the definition of W5 in (17) that

mii1 e
om0 0 0
ma2 .
x ok 2 0 0
MWQMil _ : : c R(h+2)><(h+2)’
M(h41)(h+1)
M (h+2)(h+2)
* P * PR *

where x denotes possibly nonzero elements in the matrix. For each ¢ = 1,2, define the sets
S = {t* >0 : there exists ;, > 0 such that z(t) = A;z(t) + d; for all t € (t., s + €t*)},

and T; := U, es, (s, tx + ¢, ). Clearly, S; is countable, and 7; is a countable union of open intervals
in R and thus is Borel measurable. This gives rise to a measurable function

W(t) := Wy - 17 (t) + MWoM ™ - 14, (),

where 1g(t) denotes the indicator function, such that the absolutely continuous ¢(t) satisfies ¢(t) =
W (t)q(t) for almost all ¢t > 0.

Now consider a Filippov solution z,(t) and its corresponding absolutely continuous function
4o : Ry — R("+2) of 3 bimodal PAS indexed by o from the given family. Hence, 4o (t) = W, (). (t)
for almost all ¢ > 0. In light of the properties of W, (¢) established above and the stated uniform
bounds in the proposition, it follows from Sussmann’s Lemma 3.1 that there exists a real number
d(hg, pt,v) > 0 such that for any time interval whose length is not bigger than §(h,, u, v/), (qo(t)) 1
cl'z,(t) — vy either is identically zero or has at most (h, + 1) zeros on that time interval. For the
first case, it is easy to show via condition (iii) of (H3) and the fact that z,(¢) is both a forward and
a backward Carathéodory solution that ¢!z, (t) —~ is identically zero for all ¢. For the second case,
since 0 < hy < n— 1, we define 6(p, v) := ming<p, <n—190(he, pt,v) > 0 such that ¢!z, (t) — v has at
most n zeros on the time interval of length no greater than g(,u, v), regardless of 0. Therefore, the
uniform bounds on the number of switching and critical times on a time interval [0, 7] along any
Filippov solution z,(t) follow readily. O

4 Robust Non-Zenoness of Linear Complementarity Systems

In this section, we apply the robust non-Zeno results to a class of Lipschitz CLSs, i.e., linear
complementarity systems (LCSs) [3, 16, 32]. As a special class of differential variational inequalities
(DVIs) [21, 22, 23] at the interface between differential systems and constrained optimization,
complementarity systems provide a unified modeling framework for applied problems containing
dynamics, inequality constraints, and mode switching. From a dynamical system perspective,
complementarity systems constitute a class of nonsmooth hybrid systems subject to state-dependent
switchings determined by differential dynamics and complementarity conditions.
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4.1 Linear Complementarity Systems: Switching and Non-Zeno Concepts

Given the matrices A € R"*", B € R™™ (C € R™*"™ and D € R™*™, the linear complementarity
system, denoted by LCS(A, B,C, D), is defined as

& = Az + Bu, 0<ulCzx+Du>0, (18)

where z € R”, u € R™, and v | v means that two real vectors u and v are orthogonal, i.e., u’v = 0.
The latter condition in (18) is known as the linear complementarity problem (LCP) denoted by
LCP(Cz, D) for a given z. In what follows, let SOL(C'z, D) denote the solution set of LCP(Cz, D).

The non-Zeno property of the LCS critically depends on the definitions of “modes” and “mode
switching” of the system. This leads to several different non-Zeno notions, such as strong non-
Zenoness and weak non-Zenoness [15, 22, 32, 33]. This fine classification of a seemingly intuitive
concept turns out to be necessary and crucial due to mathematical subtleties associated with the
complementarity condition. We introduce the notions of strong and weak non-Zenoness as follows.

Given a solution pair (z(t),u(t)) of the LCS (18) for which we drop the dependence on z° for
notational simplicity, let the fundamental triple of index sets for (m(t), u(t)) be:

a(t) = {j:u(t) > 0= (Cxt)+ Du(t)), },
Bt) = {Jj:ui(t) = 0= (Cx(t)+ Du(t)), },
v(@t) = {j i ui(t) =0 < (Cx(t) + Du(t)); }-

Definition 4.1. For a solution pair (z(t),u(t)) of the LCS (18), a time ¢, > 0 is a non-switching
time in the strong sense if there exist a real number ¢, > 0 and a triple of index sets (au, Bx, V«)
such that for all t € [t, —e., te 4], (a(t), B(t), ’y(t)) = (a*, B*,fy*); otherwise, we call t, a switching
time in the strong sense or there is a switching in the strong sense at t, along (z(t), u(t)).

A solution pair (z(t),u(t)) is strongly non-Zeno on a time interval [0, T] if there are finitely
many switchings in the strong sense on [0, 7] along (m(t), u(t)) Equivalently, this implies that for
each t,. € [0, T], there exist two real ex > 0 and two triples of index sets (o, f+,v+) such that

(), B1),7(#) = (a4,B4+,74), VtE (tu by +e4],
(a(t), B(t), (1)) = (a=,B-,7=), V€ [ti—e_,ts).

To define switching and non-Zenoness in the weak sense for a solution pair (z(t),u(t)), consider
a linear differential algebraic equation (LDAE) characterized by a pair of disjoint index sets (6, 9)
whose union is {1,...,m}:

@(t) = Ax(t) + Bu(t), (Cxz(t)+ Du(t))g=0, wug(t)=0. (19)

It is clear that there are finitely many LDAEs (namely, modes) and that every solution pair
(z(t),u(t)) of the LCS must satisfy one of such the LDAEs for some pair (6,6) at each time.

Definition 4.2. A time t, > 0 is a non-switching time in the weak sense if there exist a real number
e« > 0 and a pair of index sets (6, 6,) such that (z(t),u(t)) satisfies the LDAE (19) corresponding
to (9*, 9*) for all ¢ € [t, — &4, tx + €4]; otherwise, we call t, a switching time in the weak sense or
there is a switching in the weak sense at t, along ((t), u(t)).

Similarly, (z(t),u(t)) is weakly non-Zeno on a time interval [0,7] if there are finitely many
switchings in the weak sense on [0, 7] along (z(t),u(t)). This means that for each time ¢, € [0, 7],
there exist a scalar £, > 0 and two pairs of index sets (6,60, ) and (6_,0_) such that
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(i) (z(t),u(t)) satisfies the LDAE (19) corresponding to (64, 64) for all ¢ € (t.,t. + ., and
(i) (2(t),u(t)) satisfies the LDAE (19) corresponding to (6_,60_) for all t € [t. — e, ts).

Moreover, for a given z-trajectory and each ¢, € [0, 7], if the above positive scalar €, and the index
partition hold for any u-trajectory in both forward-time and backward-time directions, then we call
the LCS uniformly weakly non-Zeno along x(t) on [0,T]. If the strong (resp. weak) non-Zenoness
holds for any solution pair (:z:(t), u(t)) of the LCS on any [0, 7], then we simply call the LCS strongly
non-Zeno (resp. (uniformly) weakly non-Zeno).

Some important classes of LCSs are shown to be non-Zeno under certain singleton properties
of the associated LCP solution set. Specifically, for a given LCS(A, B,C, D) and a matrix I’ €
R>™ e call that FSOL(Cz, D) is singleton for any x € R", if for each x € R", SOL(Cz, D) is
nonempty and FSOL(Cx, D) is a singleton set. The singleton property implies that FSOL(Cz, D)
is a Lipschitz piecewise linear function on R™ [6, 33]. The following non-Zeno results are established
for LCS(A, B, C, D) under singleton properties [33]:

(1) If SOL(C=z, D) is singleton for any = € R™, then the LCS is strongly non-Zeno;

(2) If both BSOL(Cxz, D) and DSOL(Cx, D) are singleton for any = € R™, then the LCS is
uniformly weakly non-Zeno.

For a given matrix F € R*™ let FSOL(Cz, D) be singleton for any 2 € R™. The piecewise lin-
ear form of FSOL(Cx, D) and its conic subdivision play an important role in the subsequent robust
non-Zeno analysis; for one thing, the (uniform) bounds on the number of polyhedral cones in a sub-
division and their facets critically depend on construction of a conic subdivision of FSOL(Cz, D).
To obtain a piecewise linear form of FSOL(Cx, D), consider u € SOL(Cz, D) for an arbitrary
x € R". Let w := Cx + Du. Hence, there exists an index subset § C {1,...,m} such that ug > 0,
ug = 0, wy > 0, and wy = 0, where 0 denotes the complement of §. Hence, Gy(D)v = Cx, where
Gy(D) = [I.g —D.g] is the complementarity matrix of D corresponding to 6 [9, Section 1.3] and
v = (wgz,ug) > 0. Let ¢» C {1,...,m} be the support of v, ie., ¥ := {i : v; # 0}. (If ¢ is an
empty set, then v = 0.) Without loss of generality, we assume (GQ(D)). v # 0. Therefore, there
exists an index subset ¢ C 1 such that the columns of (Gg(D))

(G@(D)).¢U¢ = Cz with vy > 0 and vz = 0. This shows that

o ATC linearly independent and

v = ((Co(D) L, (ColD)),,) " (ColD)L,C.

Let ¢/ :== 6 N ¢. Hence z := FSOL(Cxz,D) = Fu = Feyvy. (If ¢/ is empty, then z = 0.) This
shows that FSOL(Cz, D) : R® — R’ is a piecewise linear function with at most 22" linear pieces.
We summarize this result as follows.

Lemma 4.1. Given an m € N, then for any F € R*™ such that FSOL(Cx, D) is singleton for
any x € R*, FSOL(Cx, D) admits a conic subdivision = of R™ with at most 2°™ linear pieces.

4.2 Robust Non-Zenoness of Linear Complementarity Systems with Singleton
Properties

In this section, we show robust strong and weak non-Zenoness of a family of LCSs under singleton
properties and uniform Lipschitz properties.

Theorem 4.1 (Robust Strong Non-Zenoness). Consider a family of LCSs {(As, Bs,Cs,Ds)},
where o is the index. Assume that
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(1) For each o, SOL(C,x, D) is singleton for any x € R™, and {SOL(Cyx, D)} is a family of
uniformly Lipschitz piecewise linear functions, i.e., there exists k1 > 0 such that

|SOL(Co, Dy)||, < killzll2, Vo, z€R™

(2) {Asx + BoSOL(Cyx,Dy)} is a family of uniformly Lipschitz piecewise linear functions, i.e.,
there exists ko > 0 such that

| Aoz + BUSOL(C'U:E,DU)H2 < kallz|l2, Vo, xR

(3) {Cozx + D;SOL(Cyz,Dy)} is a family of uniformly Lipschitz piecewise linear functions, i.e.,
there exists k3 > 0 such that

|Cor + DULSYOL(C’UQL‘,DU)H2 < k3l|zl|2, Vo, zeR™

Then the family of the LCSs {(As, Bs, Cy, Dy)} is robust strongly non-Zeno, i.e., on any finite time
interval [0, T), there exists N(T, k1, k2, k3) € N such that for any initial state z° € R™ and any index
o, the solution pair (xg(t,xo),uo(t,xo)) of the LCS(Ay, By, Cy, Dy) has at most N(T, k1, ko, K3)
switchings in the strong sense on [0,T].

Proof. Tt follows from Assumption (1) and Lemma 4.1 (with F' = I,,) that for each o, SOL(Cyx, D)
is a Lipschitz continuous, piecewise linear function on R™ and thus admits a conic subdivision =,
of R"™ with at most m, linear pieces, where m, depends on m only but is independent of ¢. Hence,
each A,x + B,SOL(Cyx, D) is a Lipschitz piecewise linear function on R™ with the same conic
subdivision Z,. Under Assumption (2), each A,z + B,SOL(Cyx, D,) has uniformly bounded
matrices associated with linear pieces. This yields a family of Lipschitz CLSs indexed by ¢ whose
system matrices are uniformly bounded by xo. By Theorem 2.3, this implies that for a given time
interval [0, 7], there are at most N (T, x2) mode switchings in the sense of Definition 2.1 on [0, 7]
along each trajectory z,(t,2°) of any LCS, regardless of 2° and o.

For a state trajectory z,(t,z"), consider two consecutive switching times t;, ;11 € [0,7] in
the sense of Definition 2.1 along z,(t,2°). Let z := x,(t;,2°). Since there is no switching on
(ti,tiz1), there exists a matrix A € R™™ with ||Als < ko such that z,(t,2°) = et~z for all
t € [ti,tiy1]. In addition, let the conic subdivision Z, of SOL(Cyz,D,) be Z5 = {Ps s} and
SOL(Cz,D) = E, sz for all x € P, for some matrix E, ¢ with ||E,s|l2 < k1 for each s, where
me < m,. It is easy to see that z,(t,2°) = eA(t=%) 2 has at most N(T,ks) mode switchings in
the sense of Definition 2.1 on [0,7] in the conic subdivision =, thus on [t;,t;+1], where N (T, k2)
depends on T" and ks only (but independent of o and z). Let 7, 7j41 be two consecutive switchings
of this kind, where ¢; < 7; < 7541 < t;41. Hence, there exists a matrix E with ||E||2 < k1 such that
Uy (t,29) = Exg(t,2°) = EeAt=m% > 0 for all t € [7;,Tj+1], where 7 := eA(%—t) 2. Furthermore,

Coo(t,2°) + Dotig(t,2°) = (Coy + D, E)eAC™Z >0, Vit € [rj,7541].
Fix k € {1,...,m}, and define the following real-valued function on [}, 7j41]:
hoi(t) = (uo(t, xo))k = E’k.eg(tfﬂ')z.
Since ||E’||2 < k1, we have ||Ek.||2 < Ky for any k. Therefore, hy ), and its fth order derivatives with

£ =1,...,n— 1 satisfy a time-invariant linear ODE whose n X n system matrix is bounded by a
positive constant depending on x; and kg only. It follows from [38, Lemma A1] of Sussmann (cf.
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Lemma 2.6) that that either (i) h,(t) is identically zero on [7;,7j41] C [0,T7], or (ii) hsx(t) has
at most N'(T, k1, K2) (isolated) zeros on [0,T], where N'(T, k1, ko) depends on T, k1, K2 only. In
case (ii), we see that between any two consecutive times where h, j is zero, h, ;(t) must be strictly
positive such that (Cozo(t, 2%) + Dous (¢, zV)) ., 18 identically zero. It follows from time continuity of
24 (t,2%) and uq (¢, %) that (Cox,(t, 2°)+ Doug(t, $0))k is identically zero on [7;, 7j41]. This implies
that the kth component of the solution pair (ma (t, 2%), uq (t, xo)) has at most N'(T, k1, ko) switchings
in the strong sense on |7}, 7j41]. In case (i) where hy () = 0 on [7;, 7j11], it follows from Assumption
(3) and a similar argument for u,(t,2°) that for each k, (Coz,(t,2°) + Dgug(t,xo))k is either
identically zero on [7;, 7;4+1] or has at most N”(T', kg, k3) zeros on [0, T'], where N”(T', k2, k3) depends
on T, ko, k3 only. Similarly, this shows that the kth component of the pair (:pg(t, 29), uy(t, xo)) has
at most N”(T, kg, k3) switchings in the strong sense on [7j, 7j41].

In light of the above results, there are at most m - max(N'(T, k1, k2), N"(T, k2, k3)) switchings
in the strong sense on [7}, Tj4+1], regardless of 2% and o. In total, we deduce that there are at most

N(T, k1, ke, K3) = N(T, K2) - ]/\\T(T, ko) - m - max(N'(T, k1, ko), N'(T, ko, k3))

mode switchings in the strong sense on [0, 7], where N(T, k1, k2, 3) is independent of 2° and o.
This yields robust strong non-Zenoness of the family of LCSs. 0

An important special case is when each D, is a P-matrix. Recall that a square matrix is a P-
matrix if all its principal minors are positive; see [9] for other equivalent characterizations. The class
of P-matrices plays a fundamental role in the LCP theory since LCP(g, M) has a unique solution
for all ¢ if and only if M is a P-matrix [9]. The P-class includes several important subclasses
of matrices, e.g., positive definite matrices (but not necessarily symmetric). In the following, let
©(D,) denote the smallest principal minor of D,.

Corollary 4.1. Consider the family of LCSs{(A,, Bs,Cy, Dy)}, where each D, is a P-matriz. If
there ezist real numbers k > 0 and x > 0 such that max(||As||2, | Bsll2, ||Coll2, | Doll2) < k and
©(Dy) > x for all o, then the family of LCSs{(As, By, Cy, Dy)} is robust strongly non-Zeno.

Proof. We shall show that under the given conditions, the LCSs satisfy the assumptions in Theo-
rem 4.1. First of all, for each o, due to the global solution existence and uniquness under the P-
property, SOL(Cyx, D, ) is singleton for any z. Therefore, it suffices to show that {SOL(C,z, Ds)}
satisfies the uniform Lipschitz property; the rest of the proof follows directly from the uniform
bounds on [|As||2, [ Bsll2, |Coll2, and || Ds|f2.

Toward this end, we consider complementarity cones associated with LCP(C,x, D, ). For nota-
tional simplicity, we shall drop the subscript ¢ when the setting is clear. Specifically, for each index
subset § C {1,...,m} whose complement is denoted by @, define the polyhedral cone

-1
_(D%) | 0 a>0\
—Dgy(Dag) " Igg

where Dgg denotes the principal matrix defined by 6. By the P-property of the matrix D, the union
of Cy’s is R™. Let the matrix

Co = {qERm:

—(Dgg)™" 0

c Rme'
0 0

Ky =

It follows from the LCP theory that if Cx € Cy, then SOL(Cz, D) = KyCz. In what follows, we
show that || (Dgg)iluz, thus || Kyl|2, is uniformly bounded, regardless of # and o. Note that

—1 N adj(Dgg)
()= Qe (D)
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where adj denotes the adjugate of a square matrix. Without loss of generality, we assume that
6 is nonempty. If |§] = 1, then H(Dgg)ilug < 1/x. If 2 < |0 < m, then the absolute value of
each element of adj(Dgy) is bounded above by (|0| — 1) - | D||;. Hence, | adj(Dgg)ll1 < |0](]0] —
1)2-||D|j; € m3m!/?k for any 0 and o. Furthermore, since det(Dpg) is a principal minor of D,
we have det(Dgg) > x for any 6 and o. This shows || (D99)71H2 < m*k/x, regardless of § and o.
This also leads to the uniform boundedness of ||Kyl||2 and thus the uniform Lipschitz property of

{SOL(Cyz, Dy)}. O

The next result extends Theorem 4.1 to robust uniformly weak non-Zenoness under similar
singleton and uniform Lipschitz properties.

Theorem 4.2 (Robust Uniform Weak Non-Zenoness). Consider a family of LCSs {(As, By, Cs, Ds)},
where o is the index. Assume that

(1) For each o, B,SOL(Cyx,Dy) and Dy SOL(Cyx, Dy) are singleton for any x € R™;

(2) {Asx + BoSOL(Cyx,Dy)} is a family of uniformly Lipschitz piecewise linear functions, i.e.,
there exists k1 > 0 such that

|Aoz + BoSOL(Coz, Dy )||, < killzl2, Vo, z € R

(3) {Cozx + D;SOL(Cyz, D)} is a family of uniformly Lipschitz piecewise linear functions, i.e.,
there exists ko > 0 such that

HC’Ul‘ + DUSOL(C'UQC,DU)H2 < Kol|zl|2, Vo, z€eR™

Then the family of the LCSs {(Ay, By, Cy, Dy)} is Tobust uniformly weakly non-Zeno, i.e., on any
finite time interval [0,T], there exists N(T,k1,r2) € N such that for any initial state 20 € R™
and any index o, the state trajectory x,(t,z") of the LOS(Ay, By, Cy, Dy) has at most N (T, k1, ko)
mode switchings in the uniform weak sense on [0,T)].

Proof. Since the proof is similar to that of Theorem 4.1, we will be brief on the overlapping part but
focus more on the distinct part. First, it follows from the singleton property of B,SOL(C,z, D,),
Lemma 4.1, and Assumption (2) that the family of the LCSs gives rise to a family of Lipschitz CLSs
whose system matrices are uniformly bounded by k1 with uniformly bounded numbers of modes.
This leads to a uniform bound N (T, x1) on the number of switchings of any state trajectory z, (¢, 2°)
in the sense of Definition 2.1 on [0,7]. Hence, for two consecutive switching times ¢;,¢;41 of this

kind, we have z,(t, 2°) = etz with z := z,(t;,2°) and ||Al]z < k1. Moreover, it can be shown

via the singleton property of D,SOL(C,z, D,) and Assumption (3) that C,x + D,SOL(Cyx, D)
is Lipschitz continuous and piecewise linear in x and admits a conic subdivision Z, of R” with
uniformly bounded numbers of pieces. In addition, coefficient matrices of its linear pieces are uni-
formly bounded by x2. This further shows that there exists N (T, k1, k) such that each component
of Coy(t, 2°) + Dyuy (t, 20) is either identically zero or has at most N (T, k1, Kk2) (isolated) zeros on
[ti,tir1], regardless of uy(t,2°), 2°, and o. By a similar argument as in Theorem 4.1, we conclude
that there are at most R
N(T,k1,k2) := N(T,k1) - N(T, k1, K2)

mode switchings in the weak sense on [0, 7] along z, (¢, 2°), regardless of u,(t,z2%), 2°, and 0. O

A particular class of uniformly weak non-Zeno LCSs is when the matrix D is positive semidef-
inite plus (or simply PSD-plus) that appears in a wide range of applications (cf. [33]). One
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definition for a PSD-plus matrix D is that D is written as D = FMFT for some matrix F and
a positive definite matrix M (not necessarily symmetric). This definition is matrix-theoretic ana-
log of the“monotonicity-plus” property of a nonlinear mapping [11], which has been employed in
the study of DVIs [23]. Under this condition, it is known that for any ¢, SOL(Fq, FMFT) is
nonempty and FTSOL(Fq, FMFT) is singleton. In light of this result, it is shown in [33] that the
LCS (A, BFT  FC, FMFT) is uniformly weakly non-Zeno. In what follows, we establish a robust
non-Zeno result for a family of PSD-plus LCSs with the help of Theorem 4.2.

Corollary 4.2. Consider a family of LCSs {(A,, Bo,FY,F,C,, F,MyF)}, where each M, €
Rl *ts s positive definite and F, € R™* A, € R™" B, € R C, € Rlo-*" If there ex-
ist real numbers k > 0 and x > 0 such that max(||As||2, || Bsll2, [|Coll2s | F5ll2, || Msll2) < & and

)\min(M"—gM"T) > x for all o, then the family of the LCSs {(As, BoFY, F,C,, F,MyFL)} is robust
uniformly weakly non-Zeno.

Proof. We show that the family {FZSOL(F,q, F;M,FZ>)} is uniformly Lipschitz in g first. Given
any q € R let d := Flu for any u € SOL(F,q, F,M,FT). Hence, d'(q + Myd) = 0. By the

Cauchy-Schwarz inequality, we have 0 = d’ (q + Myd) > d* M,d — ||q||2 - ||d||2 such that d” M,d <
My+MT
2

llg||2- |ld]|2. Since M, is positive definite and Amin ( ) > x for all o, we see that ||d||2 < ||q]|2/x
for any q and o. This establishes the uniform Lipschitz property of {F? SOL(F,q, F, MyFL)}. The
rest of the proof follows directly from the uniform bound on || A, |2, | Bsll2, [|Coll2, | Fxll2, || Mo ||2
and Theorem 4.2. O

5 Conclusion

In this paper, we establish a uniform bound on the number of mode switchings and critical times
for a family of Lipschitz PASs whose right-hands are uniformly Lipschitz. This result is applied
to several classes of Lipschitz linear complementarity systems under different switching notions.
Partial results are also obtained for non-Lipschitz PASs, particularly well-posed bimodal PASs. An
open question is whether the robust non-Zeno property holds for general well-posed non-Lipschitz
PASs. Addressing this question calls for comprehensive understanding of well-posedness, which will
be a future research topic. The robust non-Zeno analysis of PASs sheds light on that of piecewise
(nonlinear) smooth systems that will also be addressed. Furthermore, application of robust non-
Zenoness to sensitivity and uncertainty analysis of PASs will be studied in the future.
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