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Abstract. Let A be a smooth affine domain of dimension d over an infinite perfect field k and
let n be an integer such that 2n >d + 3. Let I C A[T] be an ideal of height n. Assume that
I=C(f],..., fu)+I*T). Under these assumptions, it is proved in this paper that I = (g, ..., gn)
with f; —g; e (I 2T), thus settling a question of Nori affirmatively.
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1. Introduction

Let A be a commutative Noetherian ring and let / be an ideal in A[T] such that
1/1? is generated by n elements. Assume that n > dim(A[T]/I) + 2. If I contains
a monic polynomial, then a result of Mohan Kumar (a proof of which is implicit in
the proof of [15], Theorem 5) says that / is a surjective image of a projective A[T |-
module of rank n with trivial determinant. Subsequently, Mandal improved this
result by showing that 7 is generated by n elements ([12], Theorem 1.2). Now sup-
pose that A is the coordinate ring of the real three sphere and m is a real maximal
ideal. Let I = mA[T]. Then, it is easy to see that u(1/1?) = 3 = dim(A[T]/I) +
2. Since m is not generated by three elements (see [8]), I cannot be generated by
three elements. Such examples show that the above result of Mandal is not valid for
an ideal I not containing a monic polynomial without further assumptions. Obvi-
ously, one such natural assumption would be that 7 (0) is generated by n elements,
where 1 (0) denotes the ideal { f(0): f(T) € I} of A. Even then, as shown in ([4],
Example 5.2) I may not be generated by n elements. Therefore, it is natural to ask:
what further conditions are needed to conclude that I is generated by n elements?
Towards this goal, motivated by a result from topology (see Appendix by Nori in
[13]), Nori posed the following question:

QUESTION. Let A be a smooth affine domain of dimension d over an infinite
perfect field k and let n be an integer such that 2n > d + 3. Let I be a prime ideal
of A[T] of height n such that A[T]/I and A/I(0) are smooth k-algebras. Let P
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be a projective A-module of rank n and let ¢: P[T] — 1/(I>T) be a surjection.
Then, can we lift ¢ to a surjection from P[T]to I?

In this paper, we give an affirmative answer (Theorem 4.13) to this question.
More precisely, we prove the following theorem:

THEOREM. Let k be an infinite perfect field and let A be a regular domain of
dimension d which is essentially of finite type over k. Let n be an integer such that
2n>d + 3. Let I C A[T] be an ideal of height n and let P be a projective A-
module of rank n. Assume that we are given a surjection ¢: P[T] —— I/(I’T).
Then there exists a surjection ®: P[T] —> I such that ® is a lift of ¢.

Prior to our theorem, the following results were obtained: Mandal ([13],
Theorem 2.1) answered the question in affirmative in the case / contains a monic
polynomial even without any smoothness condition. An example is given in the
case d = n = 3 (see [4], Example 6.4) which shows that the question does not
have an affirmative answer if we do not assume that / contains a monic polynomial
and drop the assumption that A is smooth.

Mandal and Varma ([14], Theorem 4) settled the question, where A is a
regular k-spot (i.e. a local ring of a regular affine k-algebra). Subsequently,
Bhatwadekar and Raja Sridharan ([4], Theorem 3.8) answered the question in the
case dim A[T]/I = 1.

A few words about the method of the proof. The essential ideas are contained in
the case where P = A" is free. To simplify the notation, we denote the ring A[7]
by R.

Following an idea of Quillen (see [17]), we show that the collection of elements
s € A such that the surjection ¢; can be lifted to a surjection W: R;" —— I, is an
ideal of A. This ideal, in view of the result of Mandal-Varma (the local case), is
not contained in any maximal ideal of A and, hence, contains 1. Therefore, we are
through.

Denote this collection by S. It is obvious that S is an ideal if we show that for
s,t €8,s+t € S. Asin [17], we assume that s + ¢ = 1. Since A is regular, if some
power of s is in /, then, by using Quillen’s splitting lemma for an automorphism
of Ry," which is isotopic to identity, one can easily show that 1 = s + ¢ € S (for
example see [4], Lemma 3.5). The crux of the proof is to reduce the problem to this
case. We indicate in brief how this reduction is achieved. First we digress a bit.

The surjection ¢p: R" — I/(I*T) can be lifted to ®': R" —> I N I’, where
I’ is an ideal of R of height n comaximal with I (we say I’ is residual to I with
respect to ¢). A ‘Subtraction principle’ (see Theorem 3.7 and Corollary 4.11) says
that if the surjection (induced by ®') ¢y: R" —> I'/(I T) has a surjective lift
from R" to I’, then ¢ can be lifted to a surjection ®: R" —— I.

Now, using the fact thatr = 1 —s € S, we first show the existence of an ideal /;
which is residual to I with respect to ¢ and satisfying the additional property that
I, is comaximal with Rs. Then, using the fact that s € S, we show that there exists
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an ideal I, which contains a power of s and is residual to ;. Thus, the desired
reduction is achieved.

Since the problem is solved for I, a repeated application of a ‘Subtraction
principle’ completes the proof.

The explicit completion of the unimodular vector (a?,b,c), given by
Krusemeyer, also plays a crucial role in the above arguments.

2. Preliminaries

In this section we define some of the terms used in the paper and state some results
for later use.

All rings considered in this paper are commutative and Noetherian. All modules
considered are assumed to be finitely generated. For a ring A, the Jacobson radical
of A is denoted by J(A).

Let A be aring and let A[7T'] be the polynomial algebra in one variable T'. Then
A(T) denotes the ring obtained from A[7'] by inverting all monic polynomials. For
anideal I of A[T]and a € A, I(a) denotes the ideal { f(a): f(T) € I} of A.

Let P be a projective A-module. Then P[T] denotes the projective A[T ]-module
P ® oA[T] and P(T) denotes the projective A(T)-module P[T]® A7 A(T).

Let B be aring and P a projective B-module. Given an element ¢ € P* and an
element p € P, we define an endomorphism ¢, as the composite P S BA P

If o(p) =0, then ¢ ,,2 = 0 and hence 1 + ¢, is a unipotent automorphism of P.

DEFINITION 2.1. By a ‘transvection’, we mean an automorphism of P of the
form 1+ ¢, where ¢ (p) = 0 and either ¢ is unimodular in P* or p is unimodular
in P. We denote by E(P) the subgroup of Aut (P) generated by all transvections
of P. Note that E(P) is a normal subgroup of Aut (P).

DEFINITION 2.2. Let B be a ring and let P be a projective B-module. An auto-
morphism o of P is said to be ‘isotopic to identity’, if there exists an automorphism
@ (W) of the projective B[W]-module P[W] = P ® B[W] such that ®(0) is the
identity automorphism of P and (1) = o.

DEFINITION 2.3. Let B be a ring and P a projective B-module. Elements p,
p> € P are said to be ‘isotopically connected’ if there exists an automorphism o
of P such that o is isotopic to identity and o (p;) = p».

Remark 2.4. Let B be aring and P a projective B-module. Let o be an auto-
morphism of P and let ¢* be the induced automorphism of P* defined by
o*(ax) = ao fora € P*.

If o € E(P)theno* € E(P*). If o is isotopic to identity then so also is o*.

If o is unipotent then it is isotopic to identity. Therefore any element of E(P)
is also isotopic to identity.

Now suppose that B = A[T] and P = Q[T] = QO ® 4A[T]. Then, since
Endp(P) = Ends(Q)[T], we regard o as polynomial in T with coefficients in
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End,(Q) say o = 6(T). If 6(0) is the identity automorphism of Q, then, since
(W) = 6(WT) is an automorphism of Q[T, W] = QQJAIT,W] =
P ® pB[W], it follows that ¢ is isotopic to identity.

The following lemma follows from the well known Quillen splitting lemma
([17], Lemma 1) and its proof is essentially contained in ([17], Theorem 1).

LEMMA 2.5. Let B be a ring and let P be a projective B-module. Let a, b € B be
such that Ba + Bb = B. Let 0 be a Byp-automorphism of P, which is isotopic
to identity. Then o = 1, 0), where T is a By-automorphism of Py, such that T = Id

modulo the ideal Ba and 0 is a B,-automorphism of P, such that 0 = Id modulo
the ideal Bb.

The following result is proved in ([3], Proposition 4.1).

PROPOSITION 2.6. Let B be aring, I an ideal of B and P a projective B-module.
Then any transvection of P/I P can be lifted to an automorphism of P.

The following result is a consequence of a theorem of Eisenbud—Evans as stated
in ([16], p. 1420).

THEOREM 2.7. Let R be a ring and let P be a projective R-module of rank r.
Let (a,a) € (P* @ R). Then, there exists an element 8 € P* such that htl, >r,
where I = (o 4+ aB)(P). In particular, if the ideal (o(P), a) has height > r, then
ht I >r. Further, if («(P), a) is an ideal of height >r and I is a proper ideal of
R, thenhtl =r.

The following result is due to Lindel ([11], Theorem 2.6).

THEOREM 2.8. Let B be a ring of dimension d and R = B[Ty, ..., T,]. Let P be
a projective R-module of rank > max (2,d + 1). Then E(P @ R) acts transitively
on the set of unimodular elements of P & R.

Now we quote a result of Mandal ([13], Theorem 2.1).

THEOREM 2.9. Let A be a ring and let I C A[T] be an ideal containing a
monic polynomial. Let P be a projective A-module of rank n > dim A[T]/I + 2.
Let ¢: P[T] —— I/(I*T) be a surjection. Then ¢ can be lifted to a surjection
®: P[T] - I.

The following theorem is due to Mandal and Varma ([14], Theorem 4).

THEOREM 2.10. Let A be a regular k spot, where k is an infinite perfect field. Let
I C A[T]beanideal of height > 4 and let n be an integer such that n > dim A[T]/
I+2. Let fi,..., f, € I be such that I = (fi,..., f,)+I*T). Assume that
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1(0) is a complete intersection ideal of A of height n or 1(0) = A. Then I =
(F\, ..., F) with F; — f; € (I*T).

The following proposition is a variant of ([2], Proposition 3.1). We give a proof
for the sake of completeness.

PROPOSITION 2.11. Let B be a ring and let I C B be an ideal of height n.
Let f € B be such that it is not a zero divisor modulo I. Let P = Py ® B be
a projective B-module of rank n. Let «: P — I be a linear map such that the
induced map oy Py —— I is a surjection. Then, there exists W € E(P;*) such
that (1) B = V() € P* and (2) B(P) is an ideal of B of height n contained in I.

Proof. Note that, since f is not a zero divisor modulo I and af(Py) = I, if A
is an automorphism of P;* such that § = A(«) € P*, then 6(P) C 1.

Let Sbetheset {I" € E(P;*): I'(w) € P* }. Then S # @, since the identity
automorphism of P* is an element of S. For I' € S, let N(I") denote height of the
ideal I'(«)(P). Then, in view of the above observation, it is enough to prove that
there exists W € & such that N(W) = n. This is proved by showing that for any
I' € S with N(I') < n, there exists I'y € S such that N(I') < N(I'y).

Since P = P; @ B, we write « = (0,a), where 6 € P;* and a € B. Let
I' € S be such that N(I') < n.Let T'((0, a)) = (B,b) € Pi* @ B. By (2.7), there
exists ¢ € P;* such that ht L, >n — 1, where L = (8 + bg)(Py). It is easy to
see that the automorphism A of P;* @& B defined by A((5,¢)) = (§ +c¢,c) isa
transvection of P;*@® B and A(B, b) = (8+b¢, b). Hence, AT € S and moreover
N([I) = N(AT). Therefore, if necessary, we can replace I' by A I" and assume
that if a prime ideal p of B contains S(P;) and does not contain b, then we have
htp >n — 1. Now we claim that N(I') = ht 8(Py).

We have N(I') <n—1. Since N(I') =ht (8(P}), b), we have ht B(P;) < N(I') <
n — 1. Let p be a minimal prime ideal of §(P;) such that htp = ht S(P;). If b ¢ p
then htp >n — 1. Hence, we have the inequalities n — 1 <ht 8(P) < N(T') <
n — 1. This implies that N(I') = ht(P;) = n — 1. If b € p then ht B(P;) =
htp > ht (B(Py), b) = N(I') > ht B(Py). This proves the claim.

Let X denote the set of minimal prime ideals of 8(P). Since P is a projective
B-module of rank n — 1,if p € L then htp <n — 1.

Let ;i ={p e K: b ep}andlet £, = I — Iy. Note that, since ht 8(P;) =
ht (B(Py), b), K| # &. Moreover, every member p of K is a prime ideal of height
< n which contains 11 = (B(P), b). Therefore, since (I}); = Iy and ht I = n, it
follows that f € p for all p € ICy.

Since ﬂpelCz p e Upe/Cl p, there exists x € mpeICz p such that x ¢ UpelCl p.
Since f € p for all p € Ky, we have xf € mpeIC p. This implies that (xf)" €
B(Py) for some positive integer r.

Let (xf)" = B(g). As before, it is easy to see that the automorphism & of
P;* & B defined by ©((z, d)) = (7, d + 7(g)) is a transvection of P;* @ B. Let A
be an automorphism of (P;) ;* @ B/ defined by A(n,c) = (n, f"c). Then, since
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E((P)) " @ By) is a normal subgroup of GL((Py) ;" @® By), ®; = A™' ® Aisan
element of E((Py) " @ By). Moreover, ®;((8, b)) = (B, b + x").

LetI'y = &; I". Then I'1 (@) = I'1((B, a)) = D,1((8, b)) = (B, b + x"). There-
fore I'y € S. Moreover, since b + x” does not belong to any minimal prime ideal
of B(Py), we have N(I') = ht 8(P;) < N(I'y). This proves the result. O

3. Subtraction Principle

We begin with the following lemma which is easy to prove.

LEMMA 3.1. Let B be a ring and let I be an ideal of B. Let K C I be an ideal
suchthat I = K + 1. Then I = K if and only if any maximal ideal of B containing
K contains 1.

The proof of the next lemma is given in ([5], Lemma 2.11).

LEMMA 3.2. Let B be a ring and let I C B be an ideal. Let I, and I, be ideals
of B contained in I such that I, C I*and I, + 1, = 1. Then I = I, + (e) for some
echandl, =1IN1I',where, +1 = B.

LEMMA 3.3. Let B be a ring and let I = (¢, ¢3) be an ideal of B. Let b € B be
such that I + (b) = B and let r be a positive even integer. Then I = (ey, e3) with
cip—e €l?andb’c, — e, € I°.

Proof. Replacing b by b"/?, we can assume that r = 2. Since b is a unit modulo
I = (c1, ¢2), it is unit modulo (c2, ¢22). Let 1 — bz = x'ci? + y'e? = xc1 +
ycy, where x = x'c; € I and y = y’c, € I. The unimodular row (z2, ¢i, ¢»)
has the following Krusemeyer completion ([10]) to an invertible matrix I" given

by

22 C1 (&)
—c1 — 2zy y2 b—xy

—cy+2zx —b—xy  x?

Let ®: B> —> I be a surjective map defined by ®(1,0,0) =0, ©(0, 1,0) = —c;
and ©(0,0,1) = c¢;. Then, since I' is invertible and ® (z2, ¢;, ¢2) = 0, it fol-
lows that I = (d;,d,), where di = —y?cy + ¢;(b — xy) and d» = c»(b +
xy) + cix?. From the construction of elements d; and d», it follows that
di —cib € I? and dy — c;b € 1. Let A = diag(z,b) € M,(B). Since diag-
onal matrices of determinant 1 are elementary, A® B/l € E,(B/I). Since the
canonical map E,(B) — E»(B/I) is surjective, there exists ® € E,(B) such that
AQB/I = ®QB/I. Let [di,d,] ® = [e], e2]. From the construction of &, it
follows that I = (ey, e;) with e; — ¢; € I? and e, — b%c, € I?*. This proves the
lemma. O
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LEMMA 3.4. Let R be a ring and let I be an ideal of R. Let s € R be such that
I + (s) = R. Let Q be a projective R-module such that Q/1Q is free and let
P = Q®R? Let ®: P —> I be a surjection. Let r be a positive integer. Then
the map ® = s" ®: P — I induces a surjection ® @ R/1: P/IP — 1/I>.
Moreover if r is even, then the surjection ® ® R/I can be lifted to a surjection
W: P —> 1.

Proof. Since I 4 (s) = R and ®: P —— [ is a surjection, it is easy to see that
®' ® R/1 is a surjection from P/I P to I/I%. Now we assume that r = 21.

Since P = Q ® R?, we write ® = (¢, fi, f»). Letrank Q/IQ = n — 2. Let

‘tilde’ denote reduction modulo 1. Then, since Q/IQ is free of rank n — 2, fixing a
basis of Q/10,we canwrlte d = (kl, e ko, fl, fz) Let B = diag (s', ,87).
Then ﬁ € Aut(P/IP)and P = ﬂ Slnce diagonal matrices of determlnant 1 are
elementary, we get ﬂ =diag(1,...,1, s”’) ﬂ’, where ﬁ’ € E(P/IP).By (2.6), ﬂ
can be lifted to an automorphism of P. Therefore, to prove the lemma, it is enough
to show that the surjection (¢, f1, s" f2) ® R/I: P/IP — I/I?* can be lifted to
a surjection (¢, g1, g2): P —> I. Since nr is even, s" = s512. Therefore, replacing
s by s1, we can assume that nr = 2.

Let K = ¢(Q) and let ‘bar’ denote reduction modulo K. Then I = ( f 1> f 2)
Applying (3.3), we get T = (hy, hy) with f, — hy € I2 and szfz —hy € I2.
Therefore, I = (hy, hy) + K, where fi —hy = f| +h| and s> f, — hy = f; + k),
for some f|, f, € 1% and hy,h, € K.Let gi = h; + h; fori = 1,2. Then, we
have I = (g, g») + K with f; — g, € I? and s> f, — g, € I?. This proves the
result. a

LEMMA 3.5. Let B be a ring and let s,t € B be such that Bs + Bt = B. Let
I, L be ideals of B such that L C I°. Let P be a projective B-module and let
¢: P —> I /L be a surjection. If ¢ ® B; can be lifted to a surjection ®: P, — I,.
Then ¢ can be lifted to a surjection V: P —> [ /(sL).

Proof. Without loss of generality, we can assume that t = 1 modulo the ideal
(s). Let [ be a positive integer such that t'®(P) c I.Let ®': P — I be alift of
¢. Then, since ® is a lift of ¢,, there exists an integer r > [ such that (t"® — " ®’)
(P)c L.LetI' =t ®and K = I'(P). Then, since r >[, K C I and K; = I,.
Since 1 —t € (s),wehave K +sI =1.Lett" =1 —saandlet® =T + sad’.
Then ® — @' =T — " ®'. Therefore (® — &')(P) C L and, hence, O is also lift of
¢. Moreover, ®(P) + sl = I'(P) 4 sI = I. Therefore, by (2.1), ©(P) +sL = 1.
If I'': I —> I/sL is a canonical surjection, then putting ¥ = I'®, we are
through. a

LEMMA 3.6. Let B be a ring and let 1, I, be two comaximal ideals of B. Let
P = P, & B be a projective B-module of rank n. Let ®: P — I, and V: P —
Iy N I, be two surjections such that ® ® B/, = V ® B/I,. Assume that

(1) a=®(@,1) iia non zero divis_or modulo the ideal \/® (P;).
2)n—1>dimB/J(B), where B = B/(®(P})).
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Let L C L,? be an ideal such that ®(P,) + L = B. Then, the surjection W:
P —— I, N I, induces a surjection W: P —> I,/L. Moreover, ¥ can be lifted to
a surjection A: P ——> 1.

Proof. Since L + I} = B (in fact L + ®(P;) = B), it is easy to see that ¥
induces a surjection W: P —> I,/L.

Let K = ®(P;)and S = 14+ K. Then SNL # &. Therefore, we have surjections
®g and Wy from Ps to (I;)s. O

CLAIM. There exists an automorphism A of Pg such that A*(Wg) = Vg A = Py,
where A* is an automorphism of Ps* induced from A.

Assume the claim. Then, there exists s = 1 +¢ € §, t € K such that A €
Aut (P;) and ¥; A = &,. Since S N L # &, we can assume thats € SN L.

With respect to the decomposition P = P; & B, we write ® € P* as (P4, a),
where ®; € P;* and a € B. Similarly, we write ¥ = (¥, b), where ¥; € P;* and
b € B. Let pr: P ® B(= P) —> B be the map defined by pr(p,, b) = b, where
P1 € P1 and b € B.

Since s € L, (I;); = B, and, therefore, we can regard pr; as a surjection
from (P;); @ B, to (I,),. Since t € K = ®,(P,), the element (®;), € (P;)," is a
unimodular element. Hence, there exists an element I € E((P;),; @ B,;) such that
r*((®y1,a)s;) = pryg,ie. (P,); ' = (pry);. Note that W, is a surjection from P, to
(12)1

We also have W A = ;. Hence (P, A); F = (pr,),. Let A = AT AL
Then we have (W), A = (V;); A = (pry); A, ' Since T is an element of E(P;;)
which is a normal subgroup of Aut (Py,), AcE (Py;) and hence is isotopic to
identity. Therefore, by (2.5), A=A s A’t, where A’ is an automorphism of P;
such that A’ = Id modulo (#) and A” is an automorphism of P, such that A” = 1d
modulo (s).

Thus we have surjections (¥, A”): P, —> (I); and (pry A=' (A))™1): Py —>
(1), such that (W, A”), = (pry A=' (A’)~1),. Therefore, they patch up to yield a
surjection A: P —— I,.Since s = 1+t € L, the map B — B/(s) factors through
B,. Since A” = Id modulo (s), we have AQ® B/L =V ® B/L.

Proof of the claim. To simplify the notation, we denote Bg by B, (P;)s by P;
and (/;)s by I. Then we have two surjections ® = (¥, a) and ¥ = (¥, b) from
P @ Btolsuchthat ®® B/l =V ® B/I. Moreover, ®,(P;) = K C J(B) and
n — 1 (rank P;) > dim B/J(B), where B = B/K. Our aim is to show that there
exists an automorphism A of P = P; & B such that W A = .

Hence onward, we write an element o € End (P; & B) in the following matrix
form

o= <°‘ P), where @ € End(P,), p € P,,n € P,* and d € B.
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Note that, with this presentation of o € End (P), if ® = (®,¢) € P;* D B,
then 0*(®) = Qo = (O a + en, O1(p) + ed). Moreover, if ¢’ € End (P) has

a matrix representation ¢’ = (’i" fl ), then the endomorphism ¢’ ¢ has the matrix
representation ‘

oo — <ﬁa+nm ﬁ(p)+dp1)
pa+ fnou(p)+ fd)’

where 1, € End (Py) is the composite map P; N JEAN P;.
Since ® ® B/I = ¥ ® B/I, there exist ', I’ € End (P) which are identity
modulo the ideal 7 and (1) ®T =¥, 2) VIV = ®. Let

(v q (v 4
F‘(@ ) F‘(ﬁ/ )

be the matrix representation of I and I"/, where y,y’ € End(P)), q,q¢" € Py,
¢,¢ € Pfandc, ¢’ € B. Then

- (VV’ +¢y @)+ c’q> _
sy 4+t ¢(g) +cec

Since ®T'T = @, we get ©,(y(¢') + 'q) + a(¢(q’) + ¢c’) = a. Hence
a(l1—¢(q’)—cc’) € K. Since, by hypothesis, no minimal prime ideal of K contains
a, wehave (1—¢(qg")—cc’) € VK, ie. (¢(q")+cc)++vK = B.But K C J(B) and
hence (£(g¢") + ¢¢’) = B, i.e. the element £(q") + ¢c’ € B*. Therefore (¢, ¢) € P*
is a unimodular element. Note that, since I" is an endomorphism of P which is
identity modulo I, (¢, c) = (0, 1) modulo /. Now, we show that there exists an
automorphism A; of P such that (1) (¢,¢) A; = (0, 1) and (2) A is an identity
automorphism of P modulo /.

Let ‘bar’ denote reduction modulo K. Since dim F/ J(B) <n—1, by a classical
result of Bass ([1]), there exists ¢ € P;* such that (¢ + ¢ ¢;) is a unimodular
element of P;*. But then, since K C J(B), ¢ + ¢¢; is a unimodular element of
Pi*. Let g, € P; be such that (¢ + ¢ ¢1)(g1) = 1. Let

_(10 _ (1 d=0oaq _ 1 0
wl_(é“ll)’ <p2_(0 ! ) ‘”3_(—(<:+c<;1>1>'

Let Ay = @1 ¢ ¢3. Since (¢,c¢) = (0, 1) modulo 7, from the construction,
it follows that A; is an automorphism of P = P; @ B which is identity mod-
ulo /. Moreover, it is easy to see that (¢,c)A; = (0, 1). Therefore, we have
A = ()3 qf). Since both I" and A, are identity modulo 7, y; is an endomorphism
of P; which is identity modulo I and ¢, € I P;. Therefore, A, = (10_’112) 1S an
automorphism of P; & B which is identity modulo /. Moreover,

A:AQFA1:<)(/)1 (1))
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Let @ = ®(q2) + a. Then ® A;' = (®,d) and, hence, K + (@) =
Moreover, (®1,a) A = (®;y;,d) = WA, Let ¥; = @, y,. Therefore, to
complete the proof (of the claim), it is enough to show that the surjections
b = (®y,a) and U = (\Ill, a) from P to I are connected by an automorphism
of P.

Since y; € End (P)) is identity modulo I, (1 — y;)(P;) C I P,. Since P; is a
projective B-module, we have Hom (P;, I P;) = I Hom (P}, P;). Hence 1 — y; =
> b; Bi, where B; € End(P)) and b; € I.Let b; = ¢; + d; d, where ¢; € K and
die B.Thenl —y;, = > ¢;Bi+a ) d; Bi.Hence y; = 0 + a6, where 6 =
1 =) ¢ Biand 0’ = —> d; B;. Since det (f) = 1 + x for some x € K C J(B),
¢ is an automorphism of P;.

We have U, = Dy =D 0+ad 0. Let A = (<1>9' ).Then (P, a) A =
(\IJ 1,d) and A is an automorphism of P. This proves the result. O

THEOREM 3.7 (Subtraction Principle). Let B be a ring of dimension d and let
11, I, C B be two comaximal ideals of height n, where 2n >d—+3. Let P = P, ® B
be a projective B-module of rank n. Let I': P —> Iy and ©: P —> I{ N I, be
two surjections such that I' ® B/I;, = ® ® B/I,. Then there exists a surjection
V: P —> I suchthat V @ B/I, = ®Q B/ I,.

Proof Let ' = (I'j,a). Let ‘bar’ denote reduction modulo I,. Then
T = (T';,a) is a unimodular element of P*. Slnce dim B/I, < rank P, by
([1]), there exists ®; € P/ such that T, +a ®1 is a unimodular element of
Fl*. Therefore, replacing I'y by I'} + a’ ©,, we can assume that I';(P}) = K is
comaximal with /. Moreover, using similar arguments, one can assume that height
of K is n — 1 and therefore, n — 1 > dim B/K. Since K is a surjective image of P,
(a projective B-module of rank n — 1), every minimal prime ideals of K has height
n — 1. Hence, since Iy = K + (a) is an ideal of height n, a is a nonzero divisor
modulo the ideal ~/K . Therefore, by (3.6), there exists a surjection ¥: P —— [,
which is a lift of ® ® B/I,. This proves the result. O

Remark 3.8. The above theorem has been already proved in ([7], Proposition
3.2) in the case P is free and in ([5], Theorem 3.3) for arbitrary P but n = d. Our
approach is different from that of [5, 7] and we believe is of some independent
interest.

4. Main Theorem

In this section, we prove the main theorem. We begin with a lemma which is proved
in ([4], Lemma 3.1).

LEMMA 4.1. Let A be a ring of dimension d. Suppose K C A[T] is an ideal such
that K + J(A)A[T] = A[T] (recall J(A) denotes the Jacobson radical of A).
Then any maximal ideal of A|T] containing K has height <d.
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LEMMA 4.2. Let A be a ring of dimension d and let n be an integer such that
2n>d + 3. Let I be an ideal of A[T ] ofheight nandlet J =1NA. Let P be a
projective A[T]-module of rank n and f € A[T]. Suppose ¢: P —>> I1/(If) be
a surjection. Then we can find a lift ' € Hom A[T](P I) of ¢ such that the ideal
Q'(P)=1" satisfies the following properties:

i) I=1"+J*f).
) I”=1N1,wherehtl >n.
(i) I’ + (J2f) = A[T].

Remark 4.3. The above lemma has been proved in ([4], Lemma 3.6) in the case
A is an affine algebra over a field and f = T. Since the same proof works, we omit
the proof.

LEMMA 4.4. Let C be a ring with dim C/J(C) = r and let P be a projective
C-module of rank m >r + 1. Let I and L be ideals of C such that L C I*. Let
¢: P —> I /L be a surjection. Then ¢ can be lifted to a surjection V: P — I.
Proof. Let W: P — I be alift of ¢. Then W(P) + L = I. Since L C 1%, by
(3.2), there exists e € L such that V(P) 4+ (e¢) = I.
Let the ‘tilde” denote reduction modulo J(C). Then \IJ(P) +() = T. Applying
(2 7) to the element (\IJ e) of P* ® C we see that there exists ® € P* such that if
= (¥ + e ©)(P), then htK;;)m As dimC = r<m — 1, we have K = C
Hence ¢! € K for some positive integer /. Since K+ (e) = Tande € L C I?,
by (3.1), K = T. Since e € L, the element W Fel ® is also a lift of ¢. Hence,

replacing W by W + ¢ ©, we can assume that \IJ(P) =Tie. U: P >> Tisa
surjection. Therefore, since T = I+ TJWC))y/Jgw) =1/(INJ(C)), we have
W(P)+ (INJ(C)) = I.We also have W(P) + L = I. Therefore, since L C I?,
by 3.1), W(P) = 1. a

As a consequence, we have the following result.

LEMMA 4.5. Let A be a ring with dim A/ J(A) = r. Let I and L be ideals of
A[T] such that L C 1? and L contains a monic polynomial. Let P’ be a projective
A[T1-module of rank m >r + 1. Let ¢: P'@® A[T] —> I/L be a surjection.
Then we can lift ¢ to a surjection ®:. P' @ A[T] —— I with ®(0, 1) a monic
polynomial.

Proof. Let @ = (®, g(T)) be a lift of ¢. Let f(T) € L be a monic poly-
nomial. By adding some large power of f(T) to g(T), we can assume that the
lift ® = (©,g(T)) of ¢ is such that g(7) is a monic polynomial. Let
C = A[T]/(g(T)). Since A — C is an integral extension, we have J(A) =
J(C) N A and, hence, A/ J(A) — C/J(C) is also an integral extension. There-
fore, dimC/J(C) =r.

Let ‘bar’ denote reduction modulo (g(7")). Then, ® induces a surjection «:
P’ —> I/L, which, by (4.4), can be lifted to a surjection from P’ to I. Therefore,
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there exists a map I': P’ — [ such that I'(P’) + (g(T)) = I and (® — T")(P’) =
K C L+ (g(T)).Hence, ® —I" € K P'*. This shows that ® —I' = @, + g(T) I'y,
where ®; € LP" and '} € P,

Let ®; = T' + g(T)T"y and let ® = (P, g(T)). Then, ®(P' @ A[T]) =
1 (P)+(g(T)) =T (P)+(g(T)) = 1.Thus ®: P’ ® A[T] — I is asurjection.
Moreover, ®(0, 1) = g(T) is a monic polynomial. Since & — &' = (&; — ©, 0),

— ©® € LP"™ and @' is a lift of ¢, we see that ® is a (surjective) lift of ¢. |

In the case A is semi-local, the following lemma has been proved in ([9],
Lemma 3.6) forn =d > 3.

LEMMA 4.6. Let A be a ring of dimension d and let n be an integer such that
2n>d + 3. Let I be an ideal of A[T] of height n such that I + J(A)A[T] =
A[T], where J(A) denotes the Jacobson radical of A. Assume that
ht 7(A) >n — 1. Let P be a projective A-module of rank n and let ¢: P[T] ——
1/1? be a surjection. If the surjection ¢ @ A(T): P(T) — I1A(T)/I*>A(T) can
be lifted to a surjection from P(T) to 1 A(T), then ¢ can be lifted to a surjection
®: P[T] - I.

Proof. 1t is easy to see that, under the hypothesis of the lemma, there exists a
monic polynomial f(7) € A[T] and a surjection ®': P[T]; —— I such that &’
is a lift of ¢ ;. Since I + J(A)A[T] = A[T], I is not contained in any maximal
ideal of A[T] which contains a monic polynomial and, hence, f(T) is a unit
modulo /.

Since dim A/ J(A) <d —n +1<n — 2, P has a free direct summand of rank
2,ie. P = Q@ A% _ _

For the sake of simplicity of notation, we write R for A[T], Q for Q[T] and P
for P[T]. Since ®’ € Hom g Ry (Pf, I7), there exists a positive even integer N such
that ®” = f¥N®' € Hom (P, I ). Itis easy to see, by the very construction of ®”,
that the induced map ®” s from Pf to I is a surjection. Since f is a unit modulo I
the canonical map R/I — Ry/Iy is an isomorphism and, hence, /1 2=1/ 1* .
Putting these facts together, we see that ¢”" = ®”" ® R/I: P> /17 is surjective.
Moreover, ¢ = fN¢. O

CLAIM. ¢": P —> I /1? can be lifted to a surjection JSrom_. Piol.

Progf. We first note that if A is an automorphism of P and if the surjection
¢"A: P 1 /1% has a surjective lift from P to /, then so also ¢”. We also note
that, by (2.6), any element of E (P /1 P) can be lifted to an automorphism of P.
Keeping these facts in mind, we proceed to prove the claim.

By (2.11), there exists A € E(Pf) such that (1) ¥ = A *(®") € HomR(P 1)
and (2) \D(P) is an ideal of R of height n, where A;* is an element of E (P*)
induced from A _

Since Wy (Py) = Iy and f is a unit modulo 7, we have I = W(P) + I%. Hence,
by 3.2), W(P) =1, =1N1I',where I'+ 1 = R. Since (1)) = Iy, I‘/f = Ry and
hence I’ contains a monic polynomial f” for some positive integer r.
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Since A € E(Pf) A = A1 ®Ry/ly € E(Pf/IfPf) Since P/IP = Pf/
Iy Pf, we can regard A as an element of E(P/I P). By (2.6), A can be lifted to an
automorphism A of P. _

The map W: P —— I N I’ induces a surjection ¥: P —> [/I? and it is easy
to see that Yy = ¢"A. Therefore, to prove the claim, it is enough to show that ¥
can be lifted to a surjection from P to I.If I’ = R, then obviously W is a required
surjective lift of 1. Hence, we assume that /" is an ideal of height .

The map W: P ——> I N I’ induces a surjection ¥ P —> I'/I'*. Recall that
P = Q @ R?and Q Q|[T]. Therefore, since I’ contains f”; ; amonic polynomial,
by (4.5), ¥’ can be lifted to a surjection W'(= (I, hy, hy)): P —> I, where T €
O* hy,h, € R = A[T] and h, is monic. l\N/Ioreover, if necessary, by (2.7), we can
replace Fbe "+ h,> Ty for suitable 'y € QO* and assume that ht K = n — 1, where
K =T(Q)+Rh,.LetR =R/K and A = A/(KNA).Then A — R is an integral
extension and, hence, dim R/J(R) = dim A/ J(A) < dimA/J(A) <d—n+1 <
n—1.

Let P, = Q @ R. Then P = Pi®R and K = V'(P)). Slnce K contains a
monic polynomial 7y, K + I 2 = R. Moreover, surjections W: P —>>1INTI and
W': P —> I’ are such that V@R/I'" =WV ®R/I' Therefore, since R = R/K
and dim R /T (R) <n—1, by (3.6), there exists a sur]ec‘uon Ay P —> I with
A ®R/I = V®R/I = . Therefore, A = A; A™': P —> [ is a lift of ¢
Thus the proof of the claim is complete. a

Let L denote the ideal of R = A[T'] generated by J(A) f(T) andlet D = R/L.
Slnce L+ 1=Rand A(P) =1,AQ® D is a unimodular element of P* ® D. Let

= (A,d;,d,), where A € HomR(Q, R)and d,,d, € R.

Since f(T) is monic, D/ J(D) = A/J(A)[T]. Moreover, dim A/ J(A) <d +
1 —n <n — 2. Therefore, in view of (2.8), the unimodular element (4, dy, d2) ® D
can t be taken to (0, 0, 1) by an element of £ (P* ® D). By (2.6), every element of
E (P* ® D) can be lifted to an automorphism of P Moreover, since I 4+ (f) =
a lift can be chosen to be an automorphism of P* which is identity modulo 7.

The upshot of the above discussion is that there exists an automorphism €2 of P
such that €2 is identity modulo / and Q*(A) = A Q = (0, 0, 1) modulo L. There-
fore, replacing A by A 2, we can assume that A = (A di,dy)withl —d, € L.

Recall that our aim is to lift the surjection ¢: P —> I/I? to a surjection
@: P —> I. Recall also that the surjection A: P —> [ is a lift of fNo:
P —> 1/1%

Let g € R be such that fg = 1 modulo (d,) and, hence, modulo /. Let
a=(gVd,, d»). Then since N is even, by (3. 3) a = (e}, e;) withe; — gVd; € a?
and e; — gVd, € a®. Since A = (A, d;, d»), A(P) = I and Rg + Rd, = R, we see
that

= 1(0) + (di, dy) = g"A(Q) + (gVd1, dy) = g 1(0) + (e, e2).

I =
Let td = gVr, e, e) € HomR(ﬁ, I). From the above equality, we see that
®: P —> I is a surjection. Moreover, since 1 — fg € I, PQ R/I = g"A®R/I
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and AQR/I = fNo®R/I, ® is a (surjective) lift of ¢. This proves the
lemma. O

LEMMA 4.7. Let A be a ring of dimension d and let 1,1, C A[T] be two
comaximal ideals of height n, where 2n>d + 3. Let P = P, ® A be a pro-
jective A-module of rank n. Assume J = I NA C J(A) and I} + (J*T) =
A[T]. Let ®: P[T] - I NI and V: P[T] —— I| be two surjections with
PR A[T]/I, =V Q A[T]/I,. Then we get a surjection A: P[T] ——> I such that
(® — A)(P[T]) C (I*T).

Proof. We first note that, to prove the lemma, we can replace ® and ¥ by ® A
and W A, where A is an automorphism of P[T].

Let ¥ = (¥, f). Let ‘bar’ denote reduction modulo (J?T) and let
D = A[T1/(J?T) . Since I, + (J*>T) = A[T], it follows that (¥, f) € Um
(P[T]*® D). Since J C J(A), JD C J(D). Moreover, D/JD = A/J[T] and
dimA/J <d+1—n <n—2. Therefore, since rank P; = n— 1, by ([16], Corollary

2, p. 1429), P,[T] has a unimodular element. By (2.8), E(P;[T]* @ D) acts tran-
sitively on the set of unimodular elements of P;[T]* & D and by (2.6), any element
of E(Pi[T]*® D) can be lifted to an automorphism of P,[T]&® A[T]. Putting
above facts together, we can assume, replacing (¥, f) by (¥, f)A (A: suit-
able automorphism of P[T]) if necessary, that W;(P[T]) + (J?’T)A[T] = A[T]
and f € (J2T). Moreover, applying (2.7), we can assume, that ht W, (P [T]) =
n—1.

Since J C J(A) and W, (P,[T]) + (J?T) = A[T], we have ¥,(P,[T]) +
J(A)A[T] = A[T] and therefore, by (4.1), dim A[T]/ (W (P [T]) <d — n +
1 <n — 2. Hence, applying (3.6), we get a surjection A: P[T] — [ such that
(® — A)(P[T]) C (I*T). O

The following result is due to Bhatwadekar and Raja Sridharan ([4], Lemma
3.5).

LEMMA 4.8. Let A be a regular domain containing a field k, I C A[T] an
ideal, ] = AN T and B = A,;. Let P be a projective A-module and let ¢:
P[T] — I/(I?T) be a surjective map. Suppose there exists a surjection 0:
Py j[T] = I,y such that 0 is a lift 0f$® B. Then there exists a surjection
®: P[T] —— I such that ® is a lift of ¢.

PROPOSITION 4.9. Let A be a regular domain of dimension d containing a
field k and let n be an integer such that 2n >d + 3. Let I be an ideal of A[T]
of height n. Let P be a projective A-module of rank n and let :
P[T1] —— I/(I*T) be a surjection. If there exists a surjection W'
PIT1® A(T) —— 1A(T) which is a lift of ¥ ® A(T). Then we can lift ¥ to a
surjection W: P[T] — I.

Proof. In view of (4.8), we can assume that / = I N A C J(A). Hence,
ht 7(A)>n — 1 and n > dim A/J(A). Therefore, we can assume that P has a
unimodular element i.e. P = P; @ A.
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Applying (4.2) for the surjection y: P[T] — I/(I?T), we get a lift ® ¢
Hom 47 (P[T], I) of ¥ such that the ideal ® (P[T]) = I” satisfies the following
properties:

G) I =1"4+ J?T).
(i) I" = I NI, where I is an ideal of height n.
(iii) I' + (J?T) = A[T].

The surjection ®: P[T] —— I N I’ induces a surjection ® @ A(T): P(T) —>
(I NI")A(T) such that ' ® A(T)/ITA(T) = (®® A(T)) ® A(T)/T A(T). Since
dim A(T) = d and I, I’ are two comaximal ideals of height n, where 2n > d + 3,
applying (3.7) to surjections W' and ® ® A(T), we get a surjection ®": P(T) ——
I"A(T) such that &' @ A(T)/I'A(T) = (O R A(T)) @ A(T)/I' A(T).

The map ®: P[T] — I N I’ induces a surjection ¢ (= O R A[T]/I'):
P[T]/I'P[T] —> I//I’Z. Since I’ + J(A) = A[T] and ¢ ® A(T) has a sur-
jective lift, namely, ®": P(T) —— I'A(T), by (4.6), there exists a surjection
®: P[T] —— I’ which is a lift of ¢.

Thus, we have surjections ®: P[T] —> I’ and ®: P[T] —> I N I’ such that
ORA[T]/I' =¢ =O R A[T]/I'.Hence,as I' + (J?>T) = A[T]and J C J(A),
by (4.7), there exists a surjection W: P[T] — [ such that (W — ®)(P[T]) C
(I?T). Since O is a lift of ¥, we are through.

Thus the proposition is proved. O

Remark 4.10. For n = d, the above proposition has been already proved in ([9],
Theorem 4.7) in the case A is an arbitrary ring containing a field of characteristic
0. As an application of (4.9), we prove the following result.

COROLLARY 4.11 (Subtraction Principle). Let A be a regular domain of dimen-
sion d containing an infinite field k and let n be an integer such that 2n >d + 3.
Let P = P, ® A be a projective A-module of rank n and let I, 1' C A[T] be two
comaximal ideals of height n. Assume that we have surjections I': P[T] —— [
and ©: P[T] —> I NI such that T ® A[T]/I = ® ® A[T1/1. Then, we have a
surjection W: P[T] —> I’ such that ¥ @ A[T]/I' = ©Q A[T]/I'.

Remark 4.12. Since dim A[T] = d + 1, if 2n > d + 4, then we can appeal to
(3.7) for the proof. So, we need to prove the result only in the case 2n = d + 3.
However, the proof given below in this case works equally well for 2n > d + 3
and, hence, allows us to give a unified treatment.

Proof. Let K = I N I'. Then, since k is infinite, there exists a A € k such that
K()) = A or K (A) has height n. Therefore, replacing T by T — A, if necessary, we
assume that K(0) = A or ht K(0) = n.

Note that ® induces a surjection 8: P[T] —> I'/I 2. We first show that 8 can
be lifted to a surjection from P[T] to I’/(I/QT).
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If I'(0) = A, then, since P = P, @ A, we can lift 6 to a surjection ¢:
P[T] — I’/(I/ZT). Now we assume that ht /'(0) = n. The map © induces a
surjection ®(0): P — K(0)(= 1(0) N I'(0)). If 1(0) = A, then K(0) = I'(0)
and therefore it is easy to see that ©(0) and 6 will patch up to give a surjec-
tion ¥: P[T] —— I’/(I’ZT) which is a lift of 6. If ht /(0) = n, then, since
I'® A[T]/I = ©® A[T]/I, we can apply the subtraction principle (3.7) to the
surjections I'(0): P —— I(0) and ®(0): P — 1(0)N1'(0) to conclude that there
is a surjection ¢: P —— I'(0) such that p @ A/I'(0) = ®(0) ® A/I'(0). Hence,
as before, we see that 6 and ¢ will patch up to give a surjection y: P[T] ——
I'/(I'*T) which is a lift of 6.

In view of (4.9), to show that there exists a surjection W: P[T] —— I’ such
that W @ A[T]/I' = 0 = ® ® A[T]/I’, it is enough to show that ¥ ® A(T) has a
surjective lift from P(T) to I'A(T).

The surjections I', ® induces surjections

I'®AT): P(T) - 1A(T), O A(T): P(T) >> (INI1")A(T),
respectively, with the property
T®AM) QA /TAT) = (O A(T)) ® A(T)/TA(T).

Therefore, by (3.7), there exists a surjection W': P(T) —— I'A(T) with the
property

W' A(T)/I'AT) = (©® A(T)) ® A(T)/I'A(T).
Since, (O ® A(T)) @ A(T)/I'A(T) = v ® A(T), we are through. O

Let k be a field. Recall that a k-algebra A is said to be ‘essentially of finite type
over k’, if A is a localization of an affine algebra over k.
Now we prove our main theorem.

THEOREM 4.13. Let k be an infinite perfect field and let A be a regular domain
of dimension d which is essentially of finite type over k. Let n be an integer such
that 2n >d + 3. Let I C A[T] be an ideal of height n and let P be a projective
A-module of rank n. Assume that we are given a surjection ¢: P[T] —— I/(I*T).
Then there exists a surjection ®: P[T] —> I such that ® is a lift of ¢.

Proof. 1If I has height d 4 1, then [ contains a monic polynomial in 7. Hence,
by (2.9), we are through. Therefore, we always assume that n < d and, hence, the
inequality 2n > d 4 3 would imply that d > 3.

We first assume that A is local. In this case, if n >4 and /1 (0) = Aor I(0)is a
complete intersection ideal of height n, then, by (2.10), we are through. It is easy
to see that in the case /(0) = A, (2.10) is valid even if ht/ = dimA = 3. To
complete the proof in the case A is local we proceed as follows.
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Let J = I N A. By (4.2), the surjection ¢: P[T] —— I/(I’T) has a lift
@’ € Hom 4(7;(P[T], I) such that the ideal ®'(P[T]) = I” satisfies the following
properties:

G 1"+ (J*T) = 1.
(i) I” = I NI, where I is an ideal of height > n.
(iii) I' + (J?T) = A[T].

Since I’ is locally generated by n elements, if ht I’ > n, then I’ = A[T] and
we are through. So assume that ht I’ = n. The surjection ®’: P[T] — I"(=
I N I') induces a surjection ¥': P[T] —— I’/I’Z. Since I’ + (J?’T) = A[T],
I'(0) = A. Hence, as P is free, {' can be lifted to a surjection : P[T] ——
I’/(I’ZT). Now, as I'(0) = A, by (2.10), the surjection i can be lifted to a
surjection W: P[T] —— [I'. Thus, we have surjections ®": P[T] —— I NI
and W: P[T] —— I’ such that &' ® A[T]/I’ = ¥ ® A[T]/I'. Therefore, since
I' + (J?T) = A[T], by (4.7), there exists a surjection ®: P[T] — I such that
(® — ®)(P[T]) C (I?T). Since @' is a lift of ¢, we are through.

Now we prove the theorem in the general case. Let

S={seA|TA: P[T]—>> I ; Aisaliftof ¢ ® A,[T] ).

Our aim is to prove that 1 € S. Note that if 1 € S and a € A, then at € S.
Moreover, since the theorem is proved in the local case, it is easy to see that for
every maximal ideal m of A, there exists s € A — m such that Py is free and s € S.
Hence we can find sy, ...,s. € § such that P is free and sy 4+ --- + 5, = 1.
Therefore, by inducting on r, it is enough to show that if 5,7 € S and P is free,
then s + ¢ € S. Since, in the ring B = Ay, x +y = 1, where x = s/s + ¢
and y = t/s + t, replacing A by B if necessary, we are reduced to prove that if
s,1—s=teSand P is free, then 1 € S.

The rest of the argument is devoted to the proof of this assertion. The proof is
given in steps.

Step 1. Let J =1 N A. In view of (4.8), replacing A by A}, if necessary, we
assume that / C J(A). If s or ¢ is a unit in A, then obviously 1 € S. So, without
loss of generality, we can assume that s and ¢ are not invertible elements of A.
Therefore, as J C J(A), s ¢ JJ and ¢t ¢ V.

Since ht I = n, ht J >n — 1. Therefore

dimA/J(A) < dmA/J < dimA—htJ <n—2.

Hence, since rank P = n, P = 0@ A%

Let I'y: P[T] —— I, be a surjection which is a lift of ¢ ® A,[T]. Since
As + At = A, applying (3.5) (with L = (I’T) and B = A[T]), we get a
surjection y': P[T] — I/(I?Ts) which is a lift of ¢. By (4.2), we can find a lift
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I € Hom 47)(P[T], I) of y’ such that the ideal I''(P[T]) = T satisfies the
following properties:

@) T+ (J?Ts) =1.
(i) I =1N1I;,where htl; >n.
(iii) I; + (J*Ts) = A[T].

As before, if ht I} > n, then I} = A[T] and we are through. So we assume that
ht I; = n. The surjection I'': P[T] —— I N I, induces a surjection : P[T] —>
I,/1,%. Recall that J C J(A) and hence P — Q & A2. Moreover, I, + (J2T) =
A[T]. Therefore, if 6 can be lifted to a surjection ®: P[T] —— I, then, by (4.7),
¢ can be lifted to a surjection ®: P[T] — I.

In subsequent steps, we will show that 6 has a surjective lift ©: P[T] — I,.

Step 2. LetI'y: Ps[T] —— I, be a surjection which is a lift of ¢ ® A,[T]. Since
the map I'': P[T] —— I N I, is a lift of ¢, applying (4.11), we get a surjection
®;: P,[T] - (I}), which is a lift of 6 ® A,[T].

Since I + (J?Ts) = A[T], there exists an element g € A[T] such that
1 — sg € I; and the canonical map A[T']/I;, — A[T]/(l,), is an isomorphism.
Therefore, as P[T] = Q[T]1® A?*[T] and P,[T] is a free A;[T]-module, Q[T]/
1,Q[T] is a stably free A[T]/I;-module of rank n — 2. Since J C J(A), I, +
JA[T] = A[T] and ht I} = n, by (4.1),

dimA[T]/]; <dimA[T]-htl; =d —n+1<n 2.

Hence, by a classical result of Bass ([1]), Q[T1/1,QIT] is a free A[T]/I-
module. ~

Let N be a positive even integer such that (sV ®1)(£[T]) C I and let ® =
s¥®; € Hom 4;7y(P[T], I;). Then, as 1 —sg € I;, © induces a surjection 6:
P[T] — 11/112. Since N 1is even, if 6 can be lifted to a surjection ©;:
P[T] —— I, then, by (3.4), there would exist a surjection ®: P[T] — I,
such that ® ® A[T]/I;, = g"®,®A[T]/I;. In that case, since 1 — sV
gVel,

A[T1/ I = A [T1/(11)s, ©,®A[T]/1 =50, @ AIT1/1,

and ©; is a lift of 8, ® would be a lift of 6. _
Thus, it is enough to show that the surjection 8: P[T] — I;/] % can be lifted
to a surjection ®,: P[T] — I;.

Step 3. Recall that ®: PJ[T] —— (I}), is a surjection and 0 = sVNO;:
P[T] — I, is a lift of 6. Therefore, the induced map (:)S: P(T] —— (),
is alio a surjection. Hence, by (2.11), there exists A € E(P;[T]) such that if
A*(®) = A then (1) A € P[T]* and (2) A(P[T]) = K C I, is an ideal
of A[T] of height n, where A* is an element of E(P[T]*) induced by A. Since
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K, = (1)) and A[T] N (I;)y = I; (as the ideals I; and sA[T] are comax-
imal), we get K = I N I, with (I,); = A[T]. Therefore, s" € I, and, hence,
I, + I, = A[T], since I} + (s) = A[T]. Since K is an ideal of A[T] of height
n which is a surjective image of P[T], either I, = A[T] or I, is an ideal of
height .

Since

A[T]/1 = A[T]/(1)s, P[T]/LP[T] = P[T]/1, P[T].

Hence, the element A of E(P;[T]) gives rise to an element A of E(P[T]/I,P[T)).
By (2.6), there exists an automorphism Ay of P[T] which is a lift of A Letd A =
A: P[TY1/LP[T] = 11/112 be a surjection. Then, it is obvious that if A; can
be lifted to a surjection A;: P[T] —— I, then g also has a surjective lift ©;:
P[T] — I,.

Step 4. Note that A: P[T] —— I, N I, is a surjection such that A ® A[T']/
I} = Ay. Therefore, if I, = A[T], then we are through. Now we assume that [, is
an ideal of A[T] of height n.

Since 1;(0) = A, A gives rise to a surjection A,: P[T] —— Iz/(IQZT). If A,
has a surjective lift from P[T] to I, then, by (4.11), A; would have a surjective
lift A;: P[T] — I;. Therefore, it is enough to show that A, can be lifted to a
surjection Ay: P[T] —— I.

Since s" € b, NAandt = 1 — s, by (4.8), it is enough to show that 1, ® A;[T]:
P(T] = (IL),/ (122T), has a surjective lift. In view of (4.9), it is sufficient to
prove that the surjection A, @ A;(T): P,(T) = IzAt(T)/IzzAt(T) can be lifted
to a surjection 1~\2: P.(T) > LAT).

Recall that we have a surjection I'y: P;[T] —— [, which is a lift of ¢ ® A,[T].
Moreover, we also have surjections I'': P[T] —> I NI}, A: P[T] - I, N I,
where I} and I, are ideals of A[T] of height n and an automorphism A, of P[T]
such that

(1) T'@ A[TY/I = ¢.

(@) I1 + (J*Ts) = A[T],where J = I N A C J(A).

3) I + L =A[T].

@) sNTVQ A[T]/I; = A Aal ® A[T]/I,, where N is an even integer.

Let Ry = A,(T). Then, by (3.7), there exists a surjection ®;: P[T]® R} =
IR, such that ®; ® R,/I;R; = I"® R,/I,R,. Since P[T] = Q[T]1® A[T]? and
QI[T]/1,0[T] is free, by (3.4), there exists a surjection ®,: P[T]® Ry - L1 R,
such that ®, ® R\ /IR, = s"T"® R /[R, = A Aal ® R;/IR;. Since Ay is an
automorphism of P[T], there exists a surjection ®3: P[T]® R; —> I R; such
Qlat D3RR /IR = A® Rl/IlRl.NTherefore, by (3.7), there exists a surjection
Az: P[T] ® Rl —> Ile such that A2 ® Rl/Ile =AQ® Rl.

Thus the proof of the theorem is complete. a



348 S. M. BHATWADEKAR AND MANOJ KUMAR KESHARI

5. Some Auxiliary Results

In this section we prove two results. Though these results do not have any direct
bearing on the main theorem (proved in the last section), we think that they are
interesting offshoots of (4.5) and (3.7) and are of independent interest.

First result gives a partial answer to the following question of Roitman:

QUESTION. Let A be a ring and let P be a projective A[T ]-module such that
Py has a unimodular element for some monic polynomial f (7). Then, does P
have a unimodular element?

Roitman in ([18], Lemma 10) answered this question affirmatively in the case
A is local. If rank P > dim A, then, by ([16], Theorem 2), P has a unimodular
element. In ([6], Theorem 3.4) an affirmative answer is given to the above question
in the case rank P = dim A under the additional assumption that A contains an
infinite field. In this section we settle the case (affirmatively): P is extended from
A, rank P > (dim A + 3)/2 and A contains an infinite field.

For the proof we need the following two lemmas which are proved in ([6],
Lemma 3.1 and Lemma 3.2 respectively).

LEMMAS.1. Let A be a ring containing an infinite field k and let Pbea projective
A[T ]-module of rank n. Suppose Py ) has a unimodular element for some monic
polynomial f(T) € A[T]. Then, there exists a surjection from P to I, where I C
A[T] is an ideal of height > n containing a monic polynomial.

LEMMA 5.2. Let R be a ring and Q a projective R-module. Let («(T), f(T)):
Q[T]® R[T] —— R[T] be a surjective map with f(T) monic. Let pry:
OI[T]1® RIT] —— RI[T] be the projection onto the second factor. Then, there
exists an automorphism o (T) of Q[T]1® R[T] which is isotopic to identity and
prao(T) = (a(T), f(T)).

THEOREM 5.3. Let A be a ring of dimension d containing an infinite field k and
let P be a projective A[T]-module of rank n which is extended from A, where
2n >d + 3. Suppose Py(ry has a unimodular element for some monic polynomial
f(T) € A[T]. Then P has a unimodular eleinent.

Proof. By (5.1), we get a surjection ®: P —> I, where [ is an ideal of height
> n containing a monic polynomial. If ht / > n, then I = A[T] and, hence, P has
a unimoduiar element. Hence, we assume tllat htI =n.

Since P is extended from A, we write P = P[T], where P is a projective A-
module of rank n. Then ® induces a surjection ¢: P[T] —— 1/( 2T) which in its
turn induces a surjection ®(0): P —— I(0).

LetJ = ANI.Sincerank P > dim A/J, P, has a free direct summand. Let
Pii; =0 ®A;,,. Then by (4.5), there exists a surjection

V(= Y, h(T))): Piy[TI(=QITI® A1 y[T]) = 114y



A QUESTION OF NORI 349

such that W is a lift of ¢ ® A14y[T] and h(T) is a monic polynomial. Hence
PO)R® AL, = ¥(0).

It is easy to see that there exists a € J such that if b = 1 + qa, then there
exists a projective Ap-module Q; with the properties (i) Q1 ® A1+;y = O,
(i) P, = Q1 Ay, (iii) V: P,[T] —>> 1A,[T] and (iv) ®(0), = W (0). Let pr:
O.[T]® Ap[T] —> A,[T] be the surjection defined by pr,(g,x) = x for g €
O[T and x € A,[T].

Since a € J, 1(0), = A, and, hence, ®(0), is a surjection from P,[T] to
A,[T]. Since ¥V, = (y, h(T)), is a unimodular element of P,,[T]* with h(T)
monic, by (5.2), unimodular elements (pr;), and ¥, of P,,[T]* are isotopically
connected. Moreover, since /h(T) is monic, kernel of W, is a projective A ;[T ]-
module which is extended. Therefore, it is easy to see that there exists an auto-
morphism ® of P,,[T] such that ® (0) is identity automorphism of P,, and ¥,0 =
Y(0), R ALIT] = ®0), @ Awp[T]. Hence ¥, and ®(0),p ® Aup[T] are iso-
topically connected. Thus, unimodular elements (pr;), and ®(0),, ® A,p[T] are
isotopically connected. Therefore, there exists an automorphism I" of P,,[T] such
that I" is isotopic to identity and ® (0) ® A,[T] T = (pra2)a.

Applying (2.5), we get I' = @, Q,, where Q is an A,[T ]-automorphism of
P,[T] and Q' is an A,[T]-automorphism of P,[T]. Hence, we have surjections
Al = praQ7l: P[T] = Ap[T] and A, = ®0) R AL[T] Q' P,JT] —
A,[T] such that (Ay), = (éz)b. Therefore, they patch up to yield a surjection
A: P[T] - A[T]. Hence, P = P[T] has a unimodular element. This proves the
result. O

COROLLARY 5.4. Let A be a regular ring of dimension d containing an infi-
nite field k and let P be a projective A[T]-module of rank n, where 2n >
d—+3. Suppose Igf(T) has a unimodular element for some monic polynomial f(T) €
A[T]. Then P has a unimodular element.

Now we prove our second result which is a complement of the ‘subtraction
principle’ (3.7) and is labeled as the ‘addition principle’. For this result we need
the following lemma which is proved in ([5], Corollary 2.14) for n = d and in ([7],
Corollary 2.4) in the case P is free. Since the proof is quite similar to the free case,
we omit it.

LEMMAS.5. Let A be a ring of dimension d and let P be a projective A-module of
rank n, where 2n >d + 1. Let J C A be an ideal of height n and let ¢: P/J P ——
J/J 2bea surjection. Then, there exists an ideal J' C A of height > n, comaximal
with J and a surjection ®: P ——> J N J' such that ® ® A/J = ¢. Further, given
finitely many ideals J, ..., J. of height n, J' can be chosen to be comaximal with
Ny J;.

THEOREM 5.6 (Addition Principle). Let A be a noetherian ring of dimension
d. Let J1,J, C A be two comaximal ideals of height n, where 2n >d + 3. Let
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P = Q ® A be a projective A-module of rank n. Let ®: P — J; and V: P —
Jo be two surjections. Then, there exists a surjection ®: P —> Jy N J, such that
PRA/JI=0QA/Jiand VRA/J, =0 A/J;.

Proof. Let J = J; N J,. Since J/J? = J1/1126912/J2, ® and V¥ induces a
surjection y: P —> J/J? such that y® A/J;, = ®R®A/J, and y @ A/J, =
YA/,

Applying (5.5), we get an ideal K of height n which is comaximal with J and
asurjection I': P > JN K suchthat ' ® A/J =y ® A/J. Hence,

TRA/J=d®A/], and T®A/H=V®A/D.

Applying (3.7) for the surjections ® and I', we get a surjection A: P — J,NK
suchthat AQA/(LNK)=T®A/(J,NK). Hence, AQA/J, =V ®QA/J,.

Applying (3.7) for the surjections W and A, we get a surjection A:
P —» K suchthat AQ A/K = AQA/K. Since AQA/K =T'®A/K, we
have AQA/K =T®A/K.

Applying (3.7) for the surjections A and I', we get a surjection ®: P ——>
suchthat O ® A/J =T'Q® A/J.Hence, DRQA/J1 =DPRA/Jiand OR A/ J,
W ® A/J,. This proves the result.

O Il ~

In a similar manner, using (4.11), we have the following ‘addition principle’ for
polynomial algebra.

THEOREM 5.7 (Addition Principle). Let A be a regular domain of dimension d
containing an infinite field k and let n be an integer such that 2n >d + 3. Let
P = P, ® A be a projective A-module of rank n and let I,1' C A[T] be two
comaximal ideals of height n. Assume that we have surjections I': P[T] —— [
and ©: P[T] —> I'. Then, we have a surjection V: P[T] — I N I’ such that
URA[T]/I =T QA[T]/I and ¥V ® A[T]/I' = ©Q A[T]/I'.
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