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Abstract

The flow induced by an exhaust opening will form a capture envelope in the presence

of a crosswind. All streamlines located within the envelope will lead to the opening; those

outside the envelope will lead to infinite downstream. The capture performance of the

opening under crosswind then is determined by the extent of the capture envelope.

In this study, the opening on an infinite wall served as a model of an exterior hood

used in a local exhaust device. The flow field was computed by potential flow theory by

superposing the exhaust airflow on the uniform crosswind. The boundary of the capture en-

velope then was determined from the limiting streamlines found by iterative computation.

The geometrical parameters of the envelope normalized to the diameter of the opening

were found to be a function of the ratio of exhausted face velocity at the opening to the

crosswind velocity, cf VV / . Based on the results obtained by extensive computations, and

a pattern modified from the classical "Rankine's nose" problem, the empirical geometry of

the envelope was obtained. The result was consistent with the case of "Rankine's nose" at

∞→cf VV / ; while 2/ <cf VV , the pattern was further modified to fit the computed re-

sults.
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Introduction

The presence of a crosswind will affect

the performance of an exterior hood dramati-

cally[1-2].  Based on the knowledge from a

classical “Rankine’s nose” or “semi-infinite

body” problem, in which the opening shrinks

to a sink the exhaust airflow combining the

crosswind forms a capture envelope in front of

the hood[3-5]. All streamlines within the en-

velope lead to the hood opening, those outside

of the envelope lead to infinity. Therefore,

contaminant released inside the envelope

tends to be captured by the hood; otherwise, it

tends to escape the hood.

Theoretically, the flow field must be

available in order to evaluate the capture per-

formance of an exhaust opening in the

presence of a crosswind. Earlier theoretical

studies of hood performance mainly concern-

ed the airflow velocity generated by the

hood[2, 6-9]. The researches on the capture

performance are relatively limited.

In this study, the hood was modelled by a

circular opening on an infinite wall. The cap-

ture envelopes formed by the combination of

the exhaust airflow and a uniform crosswind

was computed numerically based on the po-

tential flow theory. The general geometric

pattern of the envelope then was determined

by compiling the results from extensive com-

putations. By employing potential theory, a

finite exhausting opening in a crosswind is

essentially an extension of the Rankine’s nose

problem. The potential theory is the simplest

method to calculate the flow field generated

by this system. Several studies have con-

firmed that the potential flow theory gives a

plausible flow field induced by an exhaust

opening, as compared with the results ob-

tained by experiments or more sophisticated

computations[1,6-7,9]. A recent study con-

ducted in a wind tunnel also justified the ex-

istence of capture envelopes and their consis-

tency with computation based on the potential

flow theory[10].

Coordinate System and Flow Field

The center of a circular opening with a

diameter D  is located at the origin. The

opening lies on an infinite wall defined by z =

0. A uniform crosswind with velocity cV  is in

the x-direction. Hence, the z-axis is the cen-

tral axis of the opening. The airflow is ex-

hausted through the opening with a flow rate

Q   (Fig.1). The normal component of the

exhaust flow is uniform on the opening face.

Therefore, the normal airflow on the opening

is )/(4 2DQV f π= . Both crosswind and ex-

haust are assumed to be potential flow. Only

the flow field within 0≥z , or in front of the

opening, is considered. The infinite wall ef-

fectively reflects the flow field back into itself.
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Therefore, the imaging technique can be em-

ployed, and the exhausting effect is doubled.

Figure 1 The coordinate system with a cir-
cular exhausting opening on an in-
finite wall in the presence of a
cross wind and the geometry of a
resulted capture envelope governed
by sx , 0y , 0z , ∞y  and ∞z .

The flow field was established by direct

superposition of the uniform crosswind on the

exhaust flow. With any given starting point (x,

y, z) in front of the opening, the streamline, or

the trajectory, can be computed numerically,

by using Runge-Kutta 4-th order scheme[11],

from

ocdt

d
VV

x += , …………………………… (1)

where x  is the space vector, and cV
and oV  are the velocity vector of the cross-

wind and the exhaust airflow, respectively.

The capture envelope was revealed after suffi-

cient starting points were used for streamline

computation. A point is inside the envelope if

a streamline starting from it leads to the

opening; otherwise, it is outside the envelope.

Therefore, with given Q , D , cV , x  and y ,

by judging the destination of the streamline

starting from ),,( zyx , the boundary of the

envelope ),( yxfz =  can be found by itera-

tive computation. The streamline on the

boundary is a limiting streamline.

Geometry of a Capture Envelope

At 0→D , the boundary of a capture

envelope becomes a Rankine's nose with a

infinite wall as its central plane, the geometry

of the boundary is describe by[5]

( )
( )2

2

/12

/21

∞

∞

∞ −

−=
Rr

Rr

R

x

x

x , …………………… (2)

in which, 22 zyrx +=  is the radial coordi-

nate related to x-axis,

cV

Q
R

π
2=∞

,……………………………… (3)

is the radius of the envelope normal to x-axis

at −∞→x , or infinite upstream. The “2” in

above equation is the effect of the imaging by

the infinite wall. For a finite opening, ∞R  can

be defined as
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due to 4/2DVQ fπ= .

Define sx  and 0r  as the extent of the

Rankine's nose in the direction of x and xr
measured from the origin, respectively. Since

a Rankine's nose bears the geometry relation

of 2/∞= Rxs  and 2/0 ∞= Rr , Eq.(2) then

can be rewritten as
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 ,……………………… (5)

For a finite opening, as modified from

Eq.(5), the cross section of the envelope on

the xy- and xz-plane ( 0=z  and 0=y , re-

spectively) normalized to D  were assumed to

be

2
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and
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respectively. In above equations, )(xyy cc =
is the cross section of the envelope on xy-

plane, )(xzz cc =  is the cross section of the

envelope on xz-plane, 0y  and 0z  are the

extents of the envelope along the y - and z -

axes, respectively, ∞y  and ∞z  are the ex-

tents of an envelope at −∞→x  in y- and z-

directions, respectively. The cross section of

an envelope normal to the x-axis, assumed to

be a half-ellipse, is given by

2
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As seen in Eqs.(6) to (8) and Fig.1, the

geometry of an envelope is controlled by five

parameters: sx , 0y , 0z , ∞y  and ∞z .

After normalized with D , these

parameters were found to be a function of

cf VV /  only. Through extensive computations

by varying cf VV / , the normalized parameters

on the center-plane (xz-plane) was found to be

fit by

( ) 1
1/78.2exp

2/78.2
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=
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s
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and

( )
)/1(3)/(24

/3/4
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cfcf

cfcf
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D

z

++
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==∞ , …… (11)

Equation (9) is deduced from the stagna-

tion point on the flange.  The radial exhaust-

ed velocity related to the z-axis on the flange
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was found empirically to be

( ) 

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in which, 22 yxrz += is the radial coordi-

nate related to z-axis. The stagnation point

then can be found by csrz VxV =)( , which

gives Eq.(9).

The extent of the envelope on z-axis was

determined by computing the opening face

velocity required to contain a given point on

z-axis in the envelope. The required opening

face velocity was fit by

1
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which gave Eq.(10).

The other parameters then were deter-

mined by the flow conservation and a half-

elliptic cross section of the envelope normal

to the crosswind. As shown in Fig. 2(a), the

uniform crosswind enters the capture envelope

at infinity upstream ( −∞→x ) is exhausted to

the opening, this gives == ∞∞ 2/zyVQ cπ
4/2DV fπ , and

( ) ( )
( ) 6/8
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Dz

VV

D
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…………………………………………… (12)

Figure 2 The flow conservation in the capture envelope.
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Also, as shown in Fig. 2(b), at the cross

section on the yz-plane (x = 0), half of the

crosswind enters the opening, the other half

enters the envelope downstream, this results

in 8/2/2/ 2
00 DVzyVQ fc ππ == , and


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Eqs.(9) to (13) are compared with the corre-

sponding computations in Fig.3.

The computed results of Dy /∞  and

Dz /∞  shown in Fig.3 were determined by

extrapolation. The extent of the envelope in y-

and z-directions are computed at an upstream

far away from the opening, say 2/5/ −=Dx ,

as 5cy  and 5cz , respectively. From Eqs.(6)

and (7), it gives
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Figure 3 The computed results of Dy /0 , Dy /∞ , Dz /0 , Dz /∞ , and Dxs /  in term of

cf VV /  and the corresponding fitting curves defined by Eqs.(9) to (13).

Vf /Vc
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As ∞→cf VV / , Eqs.(9) to (13) give

2/)2/(/ cfs VVDx → , Dy /0  and Dz /0

2// cf VV→ , Dy /∞  and

cf VVDz 2// →∞ , the extents exactly de-

fine a Rankine nose imaged by an infinite wall.

While 7/ >cf VV , the differences of all the

extents to the corresponding limiting values

will generally be smaller than 5%, from

Eqs.(2) and (4), the boundary of the envelope

may be approximated by
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As observed in the experiments conduct-

ed in a wind tunnel. The empirical extents of

the capture envelope on the central plane were

found to be[10]
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respectively. Figure 4 shows the comparison

between above parameters and those fitted

from the computation, as described by Eqs.(9)

to (11). The comparison reveals a significant

over-estimation on Dz /∞  by computation.

However, an extent of a capture envelope at

the infinite upstream of the crosswind is very

difficult to be determined accurately in a real

flow. The finite flange used in the experi-

ments may account for the deviation. Figure 4

also shows a slight over-estimation of Dz /0

by computation, the computational result is

still acceptable for the purpose of hood design.

While 0/ =cf VV , the computation gives

5.0/ =Dxs  due to infinite exhaust velocity at

the edge of the opening. The fitting from the

experiments, which were conducted at

3/ >cf VV , gave 0/ =Dxs . The difference

between both fittings of Dxs /  becomes sig-

nificantly at 2/ <cf VV , which is too low for

a common hood operation.

Figure 5 shows the cross sections of the

envelope determined by both computation and

approximation described by Eqs.(6) to (8).

The approximated cross sections are generally

consistent with those determined by computa-

tion. However, at lower cf VV / , as the cross

sections become flatter, the approximation

fails to describe the cross section accurately,

particularly in the z-direction. However, the

figure does justify that the envelopes have a

half-elliptic cross section normal to x-axis.

At Small Vf / Vc

For smaller cf VV / , the results obtained
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Figure 4 Extents of the capture envelope at the central plane. The solid lines indicate the fitting
from the computation in this study (Eqs.(9), (10) and (11)); the dashed lines indicate
the empirical relation determined from the experiment (Eqs.(16)-(18))[10].

by potential theory may no longer be valid

since the resulted envelope becomes too close

to the flange and opening where viscosity and

rotation along with boundary layer, turbulence,

separation and vena contracta become too

significant to be neglected. In the potential

theory, singularity is formed at the edge of the

opening, where the flow velocity becomes

infinitely large, a phenomenon can never oc-

cur in the real flow. Therefore, while cf VV /
is extremely small, the boundary of the captu-

re envelope may cross the opening face, and

part of the exhausted airflow may re-enter the

flow field. However, for theoretical complete-

ness, we still conduct following analysis at

small cf VV / .

Figure 6 shows the cross section of the

envelope normal to the y-axis on xz-plane at

different cf VV / . The coordinate x and z  are

normalized to sx  and ∞z , respectively.

While 2/ >cf VV , the pattern of the cross

section does not vary significantly, and can be

approximated by Eq.(7) properly. As cf VV /

becomes smaller, the xz cross section is as-

ymptotic to a pattern described by
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c
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 ……… (19)

with 02zz =∞ . Eq.(7) is no longer an appro-

priate approximation. From Eqs.(9) and (10),

a s  0/ →cf VV ,  2/1/ →Dxs  a n d

)2/(/0 cf VVDz → , the slope of the envelope

boundary on xz-plane (measured from z-axis)

Vf /Vc
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Figure 5 Cross sections of the capture envelope normal to x-axis at (a) 3/ =cf VV ; (b)
5.0/ =cf VV . The solid lines are computed results; the short-dashed lines are approxi-

mated results using Eqs.(6) to (8); the long-dashed lines are modified fittings, as de-
scribed by Eqs.(20).
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then is cfs VVzx // 0 −→− . This is due to a

uniform exhaust velocity close to fV  in the

proximity of the opening. Also, as

0/ →cf VV , 2/1/ →Dxs , 2/1/0 →Dy
and DzVVDz cf /// 0=→∞ . Therefore, the

straight line defined in Eq.(19) starts from the

stagnation point on the wall (near the down-

stream end of the opening), and ends at a

point perpendicular to the upstream end of the

opening.

In order to perform a smooth transition

from Eq. (7) to Eq.(19), a modified equation

was introduced to describe the cross section of

the envelope on xz-plane:

( )
( )[ ]β
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c

c
s

 , ………………… (20)

in which α  and β  are two parameters the

shape of the cross section depends on. It re-

quires that 1→α  and 0→β  at

0/ →cf VV  to be consistent with Eq. (19);

and 2→α  and 2/1→β  at ∞→cf VV /  to

be consistent with a Rankine’s nose described

by Eq.(7).

Based on the computation on the cross

section on the xz-plane, it was found that
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Equation (22) makes the contour defined by

Eq.(20) satisfy ),0,0(// 0zVVdzdx cc =  at

0zzc = , where ),,( zyxV  is the exhaust ve-

locity at a given point (x, y, z). Along the z-

axis, from potential flow theory, the analytical

solution of the exhaust velocity is[9]

( ) 
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 , …… (23)

The fittings of the cross section on the

xz-plane were compared with the computa-

tional results in Fig.7. Figure 5 also shows the

further modification improves the fitting

dramatically at low cf VV / .

To complete the evaluation of the fitting,

Fig. 8 shows the cross section of the envelope

on xy-plane. The fitting based on Eq.(6) gen-

erally match the computed results, though the

fitting cross section crosses the opening

slightly (about 3% in radial direction) at

1.0/ =cf VV . Figure 5(b) also reveals in a

small fitting error on the cross section normal

to x-axis at 5.0/ =cf VV . Notably, as

0/ →cf VV , the cross section on xy-plane

defined by Eq.(6) approaches

( )20/1 yy
D

x

D

x
c

s −=  , ………………… (24)

it is a half-circle surrounding the opening at

the downstream side.
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Figure 6 Cross sections of the capture envelope on xz-plane at different cf VV / .

Figure 7 Cross sections of the capture envelope on xz-plane at different cf VV / . The computa-
tional results are shown by the solid lines; the modified fittings, as described by
Eqs.(20) to (21), are shown by the dashed lines.
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Figure 8 The cross section of the capture envelope on xy-plane, the solid lines are computed
results, the long-dashed lines are fitting results (Eq.(6)), and the short-dashed lines are
the edge of the opening.

Required Flow Rate to Capture
Pollutant from a Point Source

Practically, it is necessary to evaluate the

required flow rate to contain a given point (x,

y, z) inside a capture envelope. To achieve

this goal by employing fitting developed pre-

viously, a procedure is proposed as follows:

1. Give an initial cf VV /  from given (x/D,

y/D, z/D) by using Eq.(15). It gives a re-

quired facing velocity at opening relative to

the crosswind to contain the given point in-

side the envelope.

2. Calculate Dxs / , Dy /∞ , Dz /∞ ,

Dy /0 , Dz /0 , α , and β  from available

cf VV /  by using Eqs.(9), (12), (11), (13),

(10), (22) and (21), respectively.

3. Calculate Dyc /  by solving Eq.(6), it

gives
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in which
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4.Determine Dzc /  from Eq.(8) as
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5. Determine the other Dx /  from Eq.(20) by

considering the case of DzDzc // ∞≥  as
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in which X  is a large value, say 100.

6. Vary cf VV /  until DxDx // 1−  converge

to an acceptable tolerance. The Newton-

Raphson scheme can be used for this pur-

pose.

Then cf VV /  calculated in Step 1 is

served as an initial guess value. The second

row in Eq.(28) is to provide a slope for con-

vergence. Nowadays, this iteration can be

performed in a commercial spreadsheet pack-

age, such as Microsoft™ Excel®, by invoking

Solver function.

Conclusions

The capture envelope formed by the air-

flow induced by an exhaust opening combined

with a uniform crosswind was computed based

on the potential theory. The geometry of the

capture envelope normalized to the diameter

of the opening was found to be a function of

cf VV / , the ratio of the face velocity at open-

ing to the uniform crosswind velocity. While

2/ >cf VV , the geometry of the envelope can

de described by the pattern modified from

Rankine's nose. For even larger cf VV /
greater than 7, the geometry of the envelope

was found to be similar to the Rankine's nose.

At smaller cf VV / , the geometric pattern

modified from the Rankine's nose fails to

describe the envelope. A further modification

was made to result in a good fitting.
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抽氣開口在側風㆘所形成的捕集區―

數值計算
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摘　要

吸氣開口於側風㆗會在開口前方形成㆒捕集區，所有位於捕集區內的流線均會

導入開口：所有位於捕集區外的流線則導入側風㆘游無限遠處。吸氣開口對氣流的

捕集能力可由捕集區所涵蓋的範圍決定。

在本研究㆗，㆒位於無限平面㆖的圓形開口用以模擬計算外裝形氣罩的捕集能

力。流場則採用勢流理論計算，將吸氣開口所產生的流場直接疊加於橫向均勻流場。

捕集區的範圍則可利用分隔流線求得。經初步探討發現捕集區範圍參數對開口直徑

的比值與側風對開口面平均風速比值， cf VV / ，相關。將多次計算結果加以整理後，

更發現捕集區的幾何形狀可根據 Rankine’s 鈍體幾何形狀修正而得。當 ∞→cf VV /
㆖述結果與 Rankine’s 鈍體幾何形狀完全相符。當 2/ <cf VV  時，則需更進㆒步的

修正，使捕集區經驗幾何形狀與計算結果更為吻合。

關鍵詞：勢流、氣罩、Rankine’s 鈍體、捕集區
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